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IMAGINARY NUMBERS

Square root of a negative number is called an imaginary
number.

Ilustration 1

J-1,-4,4-7,4J~18, and so on are all imaginary

numbers.

J=1 is denoted by the Greek letter i (pronounced as
iota), where i is a number such that i =—1. Thus,

V=2=12i, J-3=13, J-4=2i

NOTE

|fa<0,then\/—=\/HI.

The symbol ‘" was first introduced by the famous
mathematician, Leonhard Euler (1707-1783) in 1748,
possibly because ‘i’ is the first letter of the Latin word
‘imaginarius’.

INTEGRAL POWERS OF I
We have

i=J-1,7=-1.

3

Therefore,
P=Pxi=(1)xi=—i,

F=Pxif=()x()=1

TRICK(S) FOR PROBLEM SOLVING

m Foranyne N

1. 7= (%)= (-1)"= [

1, when n is even
—1, when nis odd

i, when n is even

2. P = (P i=(-1)i=| _
—i, when nis odd

m The sum of four consecutive powers of / is zero. For
example,

O+ 4P+ =0

m Also, for any n € N, the value of /" is found out by writing
this as 1 and solving i".
I-n

m Thus, any integral power of i can be expressed in terms of
+1 or £i.

For any two real numbers a and b, Ja x \Jb = ab istrue
only when at least one of @ and b is either zero or positive. If
both a and b are positive real numbers, then the calculation

J-ax-b=J(=a)(=b) =ab is wrong.

The correct calculation is

J-a x{=b = =1y J=1b)
=(iNa) (iVb)
=2 (Nax<b)=(1) (Jab)
- Jab
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Thus, the calculation J=2x=3 = m
6 is wrong.
The correct result is V=2 x -3 = (ix/i) (i\/§ )
=72 x \3)
=6

SOLVED EXAMPLES

A8 A8
1. The value of (%) +(%) is equal to
(A) 4 (B) 6 (©) 8 (D) 2
Solution: (D)

We have, (%]8 {%8

T .. U ¥ T .. T ¥
=|CcOoOS—+1i1Sm — | +|CcCOS ——1SIn —
4 4 4 4

=Ccos2m+isin 2w+ cos 2wr—isin 27

=2cos2mr=2(1)=2

2. Ni—=i s equal to

[By De-Moivre’s theorem]

1

A) N2 B) —— (C)0 D) —in2

( (B) 2 ©) (D)

Solution: (A, D)

We have, i=0+i~1=%(0+2i)
+i2+2-1-i)=% (1 +i)?

I+N

(

- 1

V=t

\/—i=_T i)
Hence,

NN +T

3. The value of the sum Y (i" +i"1), where i = V-1,

1+1)

[(1+i)—(1—i)] =+2i

equals n=1
(A) i B)i-1 (C) —i (D) 0
Solution: (B)

13 13

S +i" =Y i1+

n=l1 n=1

—(1+) {( ZB)}
1-i

i(l-1)
(1+)[1 :l

=(1+i)i=—1+i

4. The least positive integer n for which

1+i) 2 . 1+x2
— | = —sin
1-i T 2x

, where x > 0, is

(A) 1 (B) 2
©) 4 (D) None of these
Solution: (C)
1+x2
For sin! "oy tobe defined,
2
RPN
2x
2
or 1+x <1
2x
or 1+x°<2x
or (l—x)ZSOOrx=1
Now,
n "2
(l+z) =1:>((1+1) ] e
1—i 2
COMPLEX NUMBERS

An expression of the form x + iy, where x and y are real

numbers and i = \/—_1 , 1s called a complex number. It is
usually denoted by z, i.c.,
z=Xx+1iy

x is called the real part and y the imaginary part of z and
may be denoted by Re (z) and Im (z) respectively.

Ify =0, z is called purely real and if x = 0, z is called
purely imaginary.

The set of complex numbers is denoted by C.

If x =0 and y = 0, the complex number reduces to
0+ i-0=0, which is called the zero complex number.

OIMPOKTANT POINTS

m We observe that the system of complex numbers includes
the system of real numbers, i.e, R c C.

m Every real number is a complex number.

m O is both purely real and purely imaginary number.

m A complex number is an imaginary number if and only if its
imaginary part is non-zero. Here, real part may or may not be
zero. 4 + 3/ is an imaginary number but not purely imaginary.

= All purely imaginary numbers except zero are imaginary

numbers but an imaginary number may or may not be
purely imaginary.

N
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EQUALITY OF COMPLEX NUMBERS

Two complex numbers are said to be equal if and only if
their real parts and imaginary parts are separately equal.

1e., a+ib=c+id

= a=c and b=d.

ie., Z,=2,

= Re (z;))=Re (z,) and Im(z))=1Im (z,)

CAUTION

Inequality relation does not hold good in case of complex
numbers having non-zero imaginary parts. For example, the
statement 8 + 5/ > 4 + 2/ makes no sense.

Algebra of Complex Numbers

Addition
For two complex numbers z, = a; + ib, and z, = a, + ib,,
their sum is defined as

z=z,+zy=(a;+a,) +i(b,+b,)

Subtraction

For two complex numbers z, = a, + ib, and z, = a, + ib,, the

subtraction of z, from z, is defined as
zi—z,=z,+(—2zy)=(a,—ay) +i(b,—b,)

Multiplication

Multiplication of two complex numbers z; = a + ib and
z, = c +id is defined as

2,2, = (ac — bd) + i(ad + bc)

TRICK(S) FOR PROBLEM SOLVING

The product of complex numbers can be easily computed if
we actually carry out the multiplication as given below:

(a +ib) (c+ id) = ac + iad + ibc + i°bd
=ac+i (ad + bc) — bd
= (ac — bd) + i (ad + bc)

Division
Division of two complex numbers
zy=x,+iy; and z,=x, +iyp,,
where x, + iy, # 0, is defined as
X iy, (o +iy) (x5 —iyy)

z, Xy tiy, (g tiy) (g —i,)

_ 0% +y1y2+i(x2y1 _x1y2)

2 2
X5 +y,
_ 0%t n i(X ) —x1))
2. 2 2. 2
X, ) X, + )

Multiplicative Inverse of a Non-zero
Complex Number

Multiplicative inverse of a non-zero complex number z = a

+ ib is defined as
4 1 1 1 a—ib a—ib
E _

a—ib  a +b*

z a+ib - a+ib
a . b

= —1i
a’ +b? a* +b?

e, 'olel),ZmE)]

|z |z

SOLVED EXAMPLES

5. The number of integral solutions of the equation
(1—-i)"=2%are
A1
© 0
Solution: (C)
Let £ be an integral solution of the given equation.

(B) 2
(D) None of these

k
Then, (1 -i)'=2"= (1 -if|=2"= (ﬁ) =2k,
which is possible only if k£ = 0.

6. Let z; and z, be two non real complex cube roots of
unity and |z — z,]* + |z — z,|* = A be the equation of a
circle with z|, z, as ends of a diameter, then the value

of 1is
(A) 4 (B) 3 ©) 2 (D) V2
Solution: (B)
We have,
- of+z- =2
= A=|o- =0+ o' - 20

=0’ +w-2|=]-1-2/=3

CONJUGATE OF A COMPLEX NUMBER

Conjugate of a complex number z = a + ib is defined as

z =a—ib.

For example, 445/ =4 —5iand 4-5i =4+ 5i.
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°IMPOKTANT POINTS

Geometrically, the conjugate of z is the reflection or point
image of z in the real axis.
Y
2
3
> P@)
©
£
[*))
©
E
0
X
© -0
k Q)

Properties of Conjugate
1. (ZT) =z
. z=z if and only if z is purely real
z=—z if and only if z is purely imaginary
.z+z =2Re(z)andz— z =2iIm (2)

. Zl+22 = Zl+Z2

1T =470

212y = 2172y

2)-2

8. | —| == 52 #0

2 2

9. Ifz=f(z,), then Z =£(z,)
10. (z_) - @)

11. 2,2, + z,2,=2Re (2 2,)=2Re (7, 2,)

N AW

a+ib
c+id

Method of Writing the Complex Number
in the form A + iB

We have,
a+ib _(a+ib)(c—id)
c+id (c+id)(c—id)

[Multiplying the Nu. and the Dn. by
the conjugate of the Dn.]

_ (ac+ bd)+i(bc —ad)

A+ d?
_ac+bd l_bc—ad
ct+d? ct+d?

=A+iB,

where
ac + bd
A=
e +d?
and
_bc—ad
A +d*

TRICK(S) FOR PROBLEM SOLVING

To put the complex number atib in the form A + iB we

+id
should multiply the numerator and the denominator by the
conjugate of the denominator.

MODULUS OF A COMPLEX NUMBER

Modulus of a complex number z = a + ib, denoted as mod
(z) or |z|, is defined as

lz2| = Va* +b*, where a = Re (z), b =Im ().
Sometimes, |z| is called absolute value of z. Note that |z| = 0.
For example, if z= 3 + 2i, then |z| = /3’ +2° = Ji3.

Properties of Modulus

1. |z/20and |zj]=0ifand only ifz=0,i.e.,x=0,y=0
2. 2=z =l-z2=|-Z].
3. zz =
4. -z <Re (z) S|z and — |z] £ Im (2) < |z
5. 2" =2I"
6. |z,2,| =z |z,
7 Zi|_ |z, |
Z, 1z, |

8. [z £z <z +z)

9. 21—z 2|z —|z)]
10. [z, + 2, +12, - 2, =2 (12, + )
1. 2+ 5L =5+ +2Re (7, 2,)

12. |z - zf =l + o ~2Re (2, 7))

2 2 2
13. |z;+ 25" = [z)["+ |z,

z, . . . 2
= — is purely imaginaryor Re [ — | =0

Z,



Complex Numbers 3.5

z+1 1
°IMPOKTANT POINTS IS
i i [ 2 1+ ..
ieomfetlrlcallly |z| r_epresents the distance of point P from - 2z _ 1y (by componendo and dividendo)
e origin. i.e., |z| = OP 2 1-iy
Y . 2
1+ NIES
= =P =N o
PQ) =iy 1+y?
9. If|z—i| < 1, then |z + 12 — 6i
(A) <14 (B) <16
(C) >14 (D) =14
o M X Solution: (A)
- Given, lz—i<1
Now, lz+12—6i| =] (z—1i)+ (12 — 5i)|

TRICK(S) FOR PROBLEM SOLVING

<lz—il+ 12 - 5i

Most of the complex equations are solved using the property

7z = |z|% (v lzy + 2l <yl + 12D

<1+13=14

12 - 6i| < 14.
SOLVED EXAMPLES Hence 2+ 12 - 6i] <

10. The maximum value of |z| when z satisfies the condi-

7. The solution of the equation |z —z=1+2i is . 2 .
3 3 tion z+; =2is
(A) = -2i (B) =+2i
2 X 2 (A) -1 B) 3 +1
©) 2- 5 i (D) None of these ©) B3 D) 2+ 3
Solution: (A) Solution: (B)
We have, ol —z=1+2i We have, lz| = z+%—% < z+z +£.
— z z z| |z
= NXTH+YT —(x+iy)=1+2i, 2
= <2+ = =z <2 +2
where z=x+1iy |z |
2 2
= |z" =2zl + 11 +2=(z2|-1)"<3
. [0 v landy—_2 o - 2 (- 1)

= —B<l-1<V3 21-3 <iz/<1+3

[Comparing real and imaginary parts]
That is, the maximum value of |z| is 1 + V3.

3

= x=> andy=-2. 11. If || = Max. {|z— 1|, |z + 1]}, then

The solution of the given equation is % -2i. (A) |z+ 7 | = 1 B)z+z =1

2
8. 1If = _1 is purely imaginary, then ©) |z+z|=1 (D) None of these
z+
(A) 2> 1 B) <1 Solution: (C)
(C) |Z| =1 (D) None of these We have, |Z| — |Z . 1|
Solution: (C) = P=lz-1P =z =E-1)(z-1)
-1

Let = =iy, where y is real = zzZ =zzZ —z—z+1=>z+z =1

zZ+
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Also, |Zl=z+1|= |z =|z+ 1]
= zz =+ 1)(z+1)=zz +z+z +1

= z+z =-1,

z+z|=1
z=2 . . . .
12. If > (z #-2) is purely imaginary then |z| is equal to
z
A1 (B) 2 © 3 (D) 4

Solution: (B)

Let z=x+1iy
Then, z=2 _ x+iy =2 _ (x=2)+iy
z+2 x+iy+2  (x+2)+iy
_ (=2 +iy]l(x+2)—iy]
(x+2)2+y2
_ @4y’ - +idy)
(x+2)% +y2
. z-2 . . .
Since is purely imaginary,
z+2
x2+y274=0
= Ct+y=d=f=4= =2

SQUARE ROOTS OF A COMPLEX NUMBER

Let z = a + ib and let the square root of z be the complex

number x + iy. Then

m =x+1iy
or (a+ib)=(x+iy) ="+ Q)i
Equating real and imaginary part, we get
a=x2— )
and b=2xy
Now, x2+y2: \/()c2 —)/2)2+4xzy2

=va* +b*

Solving the equations (1) and (3), we get

\/a2 +b° +a

and

(1
2)

€)

From Eq. (2), we can determine the sign of xy. If xy > 0,

then x and y will have same sign. Thus,

2 2
Javib =+ | || N £D"*al

2 2

If xy <0, then

\/a2 +b% —a

2 2
Jaxih =+ | | YD Ha]

2 2

TRICK(S) FOR PROBLEM SOLVING

Square roots of z=a + ib are:

+ /'Z'+“+f/|2'_a for b> 0 and
2 2

| 121z <o
2 2

Ja+tb ++a—-th =% \/5{ \/az+b2+a}

where b > 0

N N N I

where Im(z) > O

myxerg_ergz;tJE{Aﬁfiﬁ_a}

where b > 0
= Jz -z =+ x/z{\/|z|—a}t
where b > 0

\laz+b2 —a

SOLVED EXAMPLES

13. If Ja—ib=x— iy, then Ja+ib =
(A) x+1iy (B) x—1iy
(C) y+ix (D) y—ix

Solution: (A)

We have, Ja—ib =x—iy

= a—ib=(x—iy)’=x"=3x iy +3x (iy)’ — (iv)’

= (x3 — 3xy2) —i (3x2y *)’3)
a+ib=(> =30 +i 3y —))

=3 3% (i) + 3x ()’ + (iy)’

= (x+iy)’

. a+ib =x+iy.




14.

15.

16.

The complex number z satisfying the equations |z —i| =
lz+1]=11s

(A) 0 B) 1+i
©C) —-1+i D) 1-i
Solution: (A, C)
Letz=x+iy. Then,

@+ iy) — il = |+ i) + 1] = 1

or 2+ =12 =@+ +y? =1

Ay =2+ l=xr 4y 20+ 1

ie., xX=—y (1)
and X+ -2+1=1 2)
From Eq. (1) and (2), x* + x* + 2x=0; orx (x + 1) =0
x=0,-1;
y=0,1

z=x+iy=0,-1+1i.

The complex number z satisfying the equations

|zl —4=]z—1i]—|z+ 51 =0,1s
(A) 3 —i (B) 2 \3-2i
(C) =23 -2 (D) 0

Solution: (B, C)
We have two equations

Z|~4=0and |z—i| |z + 5i] =0

Putting z = x + iy, these equations become

k+iy=4ie,x*+)°=16 (1)
and |x +iy—i| = |x + iy + 5i
or -1 =X+ +5)7
ie. y=-2 2)

Puttingy=-21in(1),x*+4=16 or x==2.
Hence, the complex numbers z satisfying the given
equations are

zy=2-2i,and z, =—2 - 2i.
Ifiz3+22—z+i:0,then

(A) <1
© =1

Solution: (C)

(B) |z/> 1
(D) 21=0

Given, 2+ —z+i=0
= iZ2(z-)—(z—i)=0

= -Gz -1)=0=z=i

Complex Numbers 3.7
1
or = - ==
1
Now, z=i=>z|=i=1
and F=—i= P =]
= ZP=1==1

Thus, in both cases |z| = 1.

17. The greatest value of |z + 1] if |z+ 4| <3 is

(A) 4 B) 5

(©) 6 (D) None of these
Solution: (C)

We have,

z+1|=z+4-3|=|(z+4)+ (- 3)|
Slz+4|+-3|=|z+4[+3

<3+3=6 (v lz+4|<3)

Hence, the greatest value of |z + 1] is 6.

ARGAND PLANE AND GEOMETRICAL
REPRESENTATION OF COMPLEX NUMBERS

Let O be the origin and OX and OY be the x-axis and y-axis
respectively. Then, any complex number z = x + iy = (x, y)
may be represented by a unique point P whose coordinates
are (x, y).

The representation of complex numbers as points in a
plane forms an Argand diagram.

The plane on which complex numbers are repre-
sented is known as the complex plane or Argand’s plane
or Gaussian plane. The x-axis is called the real axis and
y-axis the imaginary axis.

The complex number z = x + iy is known as the affix
of the point (x, y) which it represents.

POLAR FORM OF A COMPLEX NUMBER

Let O be the origin and OX and OY be the x-axis and y-axis
respectively. Let z = x + iy be a complex number repre-
sented by the point P(x, y).
Draw PM 1 OX. Then,
OM =x and PM =y. Join OP

Let OP =rand ZXOP = 6.
Then

z=x+iy=r(cos O+isin 0)

This form of z is called polar or trigonometric form.
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Comparing real and imaginary parts, we get
x=rcos 60 (1)
and y=rsin 0 2)
Squaring Eq. (1) and (2) and adding, we get

1’2=)c2+y2 or r=«1x2+y2 =z

Thus, r is known and is equal to the modulus of the complex
number z.
Substituting the value of 7 in Eq. (1) and (2), we get

Y
—= 0

and sin 8=
x2 +y2 x2 +y

cos 0=

Dividing Eq. (2) by (1), we get tan g=2
x

The form z =r (cos 6+ i sin@) = re'
number z is called exponential form.

Any value of @ satisfying (3) is known as amplitude
or argument of z and written as 6= arg (z) or 6=amp z.

QIMPOKTANT POINTS

The unique value of 6 such that — 7 < 6 < 7 for which x =
rcos @and y =rsin 6, is known as the principal value of
the argument.

9 of the complex

The general value of the argument is (2nz + 6),
where n is an integer and @ is the principal value of arg (z).

While reducing a complex number to polar form, we
always take the principal value.

The complex number z = r (cos 6+ i sin 6) can also
be written as rcisé.

N

TRICK(S) FOR PROBLEM SOLVING

m If x>0, y>0 (ie, zis in first quadrant), then

argz = O=tan ' (X)
X

m If x<O,y>0 (ie, zis in second quadrant), then

argz=0=rx—tan" (y]
I

m If x<0,y<O (ie, zis in third quadrant), then

argz=60=—-rx+tan’ (X) .
X

m If x>0,y<O0 (ie, zis in fourth quadrant), then

argz=60=— tan™ (M)
X

= Argument of the complex number O is not defined.

) 0, if x>0
m arg (x +i0) = T i x<O

n/2, if y>0

m arg (O+1iy) = {3”/2 <0

Properties of Argument
1. arg (z,z,) = arg (z)) + arg (z,)

2. arg (i) =argz, —argz,

2

3. arg (é) =2argz
z

4. arg (Z")=nargz
5. Ifarg (Z_zJ = 0, then arg (Z—IJ =2km— Owhereke I
Z] Z2

6. arg z=—argz

7. arg (zz) =arg (|z |2) = arg (positive real number) =0

SOLVED EXAMPLES

18. The inequality |z — 4 | < |z — 2| represents the region
given by,
(A) Re(2)>0
(B) Re(z)<0
(C) Re(2)>3
(D) None of these

Solution: (C)

Given lz—4[<|z-2)
= x—4) +iy P <|(x=2)+iy
= =47+ <(x=2)*+)*
= —4dx<-12=>4x>12;x>3
= Re (z) > 3.
19. Ifz, = cos (lr)+zsm( ) r=1,2,3,..., then

212223 .00 =
(A) i
©) 1

(B) —i
(D) -1



20.

21.
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Solution: (A)

. T T
Since z.=cos |— |[+isin|—],
' 3" 3
r=1,2,3, ...
we have, Z)"Zy Zy ...

T .. T T .. T
=| cos=+isin— || cos— +isin—
( 3 3)( 3? 32)
T .. T
COS?,—3'|'ISII’13—3 ...00

T
=cos|—+
3

= COS

T .. I . .
=cos — +isin —=0+i-1=i
2 2

10
The value of Z(sin @—icos ﬂ] is
= 11 11
A) 1 B) -1 ©) i (D) —i
Solution: (C)
We have,
‘0( . 2mk 27rk)
Z sin —icos ——
P 11 11
10( 2 . 2mk 27l'k)
= 2 —i“ sin———icos——
o 11 11

10 10 2@k
2rk 2rk i
=—i c0s ——+isin — | =—1i e 11
g( 11 11 ) 2

k=1
10 27k
=—1 Ze 1
k=0
=—i (sum of 11th roots of unity — 1)
=—i(0-1)=1i

The inequality |z — 4| < |z — 2| represents the region
given by
(A) Re(2)>0
(C) Re(2)>2
Solution: (D)
We have,

(B) Re(z)<0
(D) None of these

-4 <|z-2|= z—4f < |z -2

23.

24.

= b+ iy — 4 <y + iy — 2
(Putting z =x +iy)

= -4+’ <(x—2)*+)°

= )c278x+16-i-y2<x274x+4-+-y2

= “4x<-12=x>3=Re(2)>3
The argument of —iV3 is
' 1+iV3
T 2r 4r 2r
A) — B) — C) — D) - —
(A) 3 (B) i © 3 (D) 3

Solution: (D)

-3 _ (-3 _ —2-243i

1+if3 4 4
_ 1 V5
2 2
arg (—%—? ] =—(n—tan'\3)=— 2%:
arg bi (b>0) is
(A) 7 <B>§ ©) % (D) 0

Solution: (B)
Since b > 0, bi represents a point on the positive side
of the imaginary axis on which the argument of every

point is i
5

Letz, (k=0,1,2, ..., 6) be the roots of the equation

6
(z+1) +2 =0, then z Re (z;) is equal to

k=0

3 7 7
(A) 0 B) 5 © - B (D) B
Solution: (C)
Let =X+ iy,
we have (z;+ 1)+ z,Z =0
= G+ 1) ==z s +1] =)
= 2t 1= [z = P+ iy + 17 = b + vyl

= (g P Hri =xi+i
= 2x,+1=0 or x,=-

1
2

6 6
7
Thus, ZRe (z;)= Zxk =——.
k=0 k=0 2
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25. Ifarg (z) <0, then arg (—z) —arg (z) =

(A) 7 (B) -1 NOTE

T T o, _-i "
© ) (D) 9 cos 9= & +Ze and sin 6= < 'e

Solution: (A)

As —0=arg (z) <0,
SOLVED EXAMPLE

we take z=r[cos (- 8)+isin (- )]
. ~4n+1
=7 (cos 6—isind) 26. For any integer 7, the argument of z = (\/734-—1)4 is
(1-i3)*"
~ ) = ®) =
\ , 6 3
™\ n 21
had D) &
N © > D) 3
r (E) All of the above
@ Solution: (A)
= —z=r(-cos 6+isinb) We have, i
3+0)™"
=r[cos (m— 0)+isin (7— 0)] z= W
—i
- arg (—z)=n—6 4n+l
Thus, i%
arg (z)—arg(z)=n—60+(0)=7 2e Sanl i(4n+1)%
e
4n = T
PARTICULAR CASES OF POLAR FORM {281';’] i, S
1. I=1+i0=cos0+isin0
2. -1=—1+4+i0=cosw+isinxm i(12n+l)£ . ni
. ) T .. T =2 6 =2.e2 . g6
3. i=0+il=cos — +isin — ' )
2 2 =2-ed® (M=)
4. -i=0+i(-1)= cos(—£)+isin(—£) T
2 2 Sooargz= o
5. 1—i=+/2]cos I lyisinf -2
. 4 4 LOGARITHM OF A COMPLEX NUMBER

log (x +iy) = log, (rem) =log, = log, r+i0

=log, Jx* + %) +itan”! (Z)
X

log, (z) = log, |z| +i arg (z)

a
|
+
~.
@,
=]
|
4;|§|’
N—_——
—

. \/§|:cos( 3;)

EULERIAN REPRESENTATION OF A
COMPLEX NUMBER

Since ¢’ = cos @+ i sin 6, thus any non zero complex num- CAUTION
ber z=x+ iy = r (cos 8+ i sin ) can be represented in

Eulerian form as Since the argument of a complex number is not unique, the

” log of a complex number cannot be unique. In general,
i P
z=re"=r(cos O+isin §), log, (2) = log, |z| +i [2km+arg (2)], ke |

where |z| = r and = arg (z).
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s /gNOTE

in . .

=~ ir i
logi= | 2 = —  log (log i) =1 =
og i = loge 2,og(og/) og(z)

=log i + log (g) = g +log (1/2).

VECTORIAL REPRESENTATION OF A
COMPLEX NUMBER

If P is the point (a, b) on the argand plane corresponding to
the complex number z = a + ib.

Then - o
OP =ai+bj,
0P| = Na® +b> =
and
arg(z) = direction of the vector OP =tan™' (é)
a
De’'Moivre’s Theorem

If n is any integer, then

(cos O+ sin 6)" = cos n@+1i sin nO

TRICK(S) FOR PROBLEM SOLVING

m [f nis any rational number, then cos n@ + i sin n@is one of
the values of (cos 6+ i sin6)".
m (cos O+isin@)”"=cos (-n)O+isin (-n)O
=cosn@—isinn@
m (cos O—isin@)" = [cos (-0) +isin (-6)]"
= cos (—n@) +isin (—nB)
= cos n@— isin n@
n ; = (cos @+ isin 9)’1 =cos 8—isin @
cos 0+ isin@

m The theorem cannot be applied to (cos 6 + ising)” i.e., 8
must be same with cos and sin both.

m The theorem is not directly applicable to (sin 8+ i cos8)”,
rather

n
(sin @+ icos@)" = [cos(ﬂ - 9) + i5in(£ — 9):|
2 2
:cosn(g - 0) + isin (E - 0)
2 2

m (cos@, +isinB,) (cos 6, +isin 6) ... (cos@, +isin 6))
=cos (6, +6,+...+6,) +isin (6, +6,+...+6,)

SOLVED EXAMPLES

27. If z=cos @+ isin 6, then

(A) z"+in=2cosn0
z

(B) z”+in =2"cos nf
zZ

©) z"—Ln =2isinn
z

(D) z"—%:(Zi)” sin nf
z

Solution: (A, C)

We have, |
—=————— =cos f—isin 6.
z cos O+isin 6
Z"=(cos O+ isinh)" = cos nf+ i sin nb,
1 . .
and — =(cos 8—1isinf)" = cos n—i sin n6

n
z

1
Hence, z" +— =2cosnf

z
and z"—— =2isinné.
Z}’l
22"
28. Ifz=cos 6+ i sin 6, then 3 =
z7" +1
(A) icotnf (B) itan né
(C) tan n@ (D) cotnb

(n 1s an integer)
Solution: (B)
We have,
22" -1 _ (cos O+isin 0)*" -1
2" +1  (cos O+isin 6)" +1
cos 2n0 +isin 2n6 —1
" cos 2nB+isin 2n0+1

(Using De Moivre’s Theorem)
_ (1-2 sin® nB) +2isin n6 cos n—1

- (2(:os2 nB—1)+2i sin n6 cos n6+1

.. 2 .2
_ lsm2n(9 cos 1?0+l sin” n0 (v P =)
cos” n@+isin nb cos nb

isin n6 (cos nf+isin nf)

= — =i tan n6.
cos nB (cos n@+isin n)
29. Ifa=cos a+isina, b=cos f+isinf,
. a b c
c=cos y+isin yand —+—+— =—1, then
b ¢ a

cos (B—7y)+cos (y— a)+cos (a— f) =
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(A) 0 B) 1
(C) -1 (D) None of these
Solution: (C)
We have,
1 1
— =coso—isino, — =cos f—isinf
a b
Now % = (cos a+isina) (cos f—isinff)
or g =cos (a— ) +isin(a— )
- b .
Similarly, — =cos(B8—7y)+isin(S-7)
c
and € —cos (y— o) +isin(y— o)
a
Putting these values in 44 b +<& = -1,
c a
we get

[cos (a— B) + cos (B—y) + cos (y— )]
+ i [sin (a— B) +sin (- ¥) + sin (y— )]
= 1=—1+40i
Comparing real part on both sides, we get
cos (a— ) +cos (B—y) +cos (y— ) =-1
30. Ifnis a positive integer, then ( B+ D"+ ( oy i"is
equal to

(A) 2" cos % (B) 2"*! cos %

(C) 2" 'cos % (D) None of these
Solution: (B)

Let \/5 =rcos @ and
so that

1=rsin @

7 =4 and tan 6?=L =r=2, 9:%

NE)
n
B+iy=2" (cos %ﬂ'sin %J

or (V3 +i)'=2" {cos (%Jﬂ'sin (%)} (1

Similarly,

3 —iy=2" {cos (%J—isin (%)} (2)

Adding Eq. (1) and (2), we obtain

3 +i)”+(fi)”=2-2”cos(%)

=2""1cos (ﬂ)
6

31. If(sin 6, +icos 6)) (sin B, +icos &) ... (sin 6, +1i cos
6,) = a + ib, then a* + b* =
(A) 4
© 1

Solution: (C)
Given expression

H(cos(z— 9,.)+i sin
2

r=1

K .
cosz E_GF +1i sin

r=1

(B) 2
(D) None of these

o)
)

VR
SRR

~
Il M:
—

=cos a+1isin ¢,

- (7
where o= Z(——Or)
r=1 2
=a+ib
a* + b* =cos® o+ sin* = 1.
32. If 22— 2zcosf@+ 1 =0, then z* +z * is equal to
(A) 2co0s28 (B) 2sin20 (C) 2cosf (D) 2sin6

Solution: (A)
We have,
22— 2zc0s0+1=0

++/ 29—
Z:20056_ 4cos” 0O 4=cos0i /cosze—l

2

=cosO++—sin’ @ = cos O+ i’ sin’ O

= cos@ = isiné.

When z=co0s6+ isin@
2+ 2 %= c0os20+ isin2 0+ (cos20— isin2 6)
=2c0s26
and when z=c0s6— isinf,

2+ 272 =c0s20— isin20 + cos20 + isin20
=2co0s26

ROOTS OF A COMPLEX NUMBER

If z=r (cos 6+ isinf) and n is a positive integer, then

1 1[ (2k7t+9) . (2kn+9)]
z" = rn| cos +isin ,
n n

where k=0,1,2,3,...(n—1).

Cube Roots of Unity

Let z=1"
= z-1)(F+z+1)=0

or 2-1=0
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1 —1+i3  —1-i\3

’ 2 72
—1+i\/§
2

a)zz—l_zl\/g

Thus cube roots of unity are 1, @, o

ie., z=

Put =

B

then

Properties of Cube Roots of Unity
L l+0+@°=0
2. =1
3. 0"=1,0""" =0 0" = i
4

.o=0and (D) =0,00=0,0=c3 ,

2mi
o=e 3
5. Ifa+bw+ c(ozzo, then @ = b = ¢ provided a, b, c are

real.

6. If these roots are marked on the argand plane, then
these are vertices of an equilateral triangle with
circumcentre at origin, as shown in the Fig. 3.1.

Imaginary
axis

N3 Real axis
0)

Fourth Roots of Unity

The four, fourth roots of unity are given by the solution set
of the equation x-1=0

= E-DE+1)=0=>x=%1,+i

Fig. 3.1

Fourth roots of unity are vertices of a square which lies on
coordinate axes.

Some Useful Relations
1. x2+y2=(x+iy) (x—1ip)
2. x3+y3=(x+y) x+ymw) (x+ya)2)
3.0 =) (- yo) (- ya)
4. > + Xy + y2 =(x—yw) (x fya)z), in particular, X +x+
l=(x— o) (x— &)

5. xzfxy +y2=(x +yw) (x +ya)2), in particular, X ox+
1=(x+ o) (x+ &)

6. x2+y2+zzfxyfxzfyz=(x+ya)+za)2) (x+yw2+za))

7. x3+y3+z373xyz=(x+y+z)(x+a)y+wzz)(x+(02y
+wz)

SOLVED EXAMPLES

33. If 1, @, @ be the three cube roots of unity, then (1 + @)
(1+ a)z) 1+ a)4) (1+ a)8) ... to 2n factors =

A1 B) -1

) 0 (D) None of these
Solution: (A)

We have,

1+ o) (1+ &) (1+ o) (1+ ) ...to2n factors
=l+o)(l+D(1+a o) (1+a &) ..to2n

factors
=(1+o) (1+a)(1+w(+a) ... to2n factors

(cw=a’=..=1)
=[(1+w) (1 + w) ... to n factors]

[(1+ &) (1+ @) ... to n factors]
=(1+0)"(1+D)"=[1+0) 1+
=(l+0+d+)'=0+1)=1

(cl+o+at=0,a=1).

34. If 1, w, o are the three cube roots of unity, then (1 — @
+ a)z) (1- o + o) (1- o'+ a)g) ... to 2n factors =

(A) 2" (B) 2%

(C) 2* (D) None of these
Solution: (B)

We have,

(1-w+d®)(1-o+ 0" (1- o'+ )
(1- 0"+ @' ... to 2n factors
=(l-0+dD) (-0 +0)(-0+d)
(1- o + ) ... to 2n factors.
[ o' = , o = wz, ®'® = wand so on]
=(-20) (- 26°) (- 2) (- 267) ... to 2n factors
= (2% &) 2° @) ... to n factors
[+ (-20) (-207) =2 @ =27
=Y =2
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3s.

36.

37.

38.

Solution: (B)
\/—1—\/—1— - to o = .
We have, (x—1)+8=0
(A) 1 (B) -1 © o D & - -1y =—8
Solution: (C, D) x—l=( 8)”3=72,72w,72a)2
Let x= \/_1_\/_1_ [—1—.. to oo Hence, x=-1,1-2m,1 —2a’
Then x=-1-x or x¥=-1-x 39, (i+3) 0+ +3)204+210=
or X+x+1=0 Eég(l) Eg;;}l i
one of these
—-1£41-4-111  —1+4-3
X = 21 = B Solution: (C)
—-1+v3i 2 2
—1+/3i We have, i+3 :—\/_l._. :ﬁ
=—— " =@ or a)z 2 1 1

2

{\/3+ij6+(i—\/§)6 and 2 i

—_ — 7 2
5 - 1-\3i 2 20

2 2 (i+\/§)100+(i—\/§)100+2100
A) 2 B) 2 C) -1 D) 1 100 100
(A) (B) © (D) (20" (202)" oo
Solution: (A) ; ;
We haVC, 2100
_ & 100 00 100
VB+i i3+t (1B = (@ +a")+2
2 2i 2 — 100 (0+ a)2)+2100
P 2 _ 1_ .
and - NG _ i i3 i 1-+/3i - iaf — 9100 5100 _ o
2 2i 2
6 6 nth Roots of Uni
0 B+i i3 .6 PP Y
ence, > + 7 = (o)’ + (-ia’) Since 1 = cos 0 + i sin 0, therefore,

1/n _ PR 1/n
= % + ©?) (1) =(cos 0 +1isin 0)

2rr+0 . 2mr+0
+isin

=-1(1+1)=-2. = oS ;r=0,1,2,...,(n—1)

n n

The common roots of the equationsz3+2zz+22+1:0 2nr 2

and 2% 4+ 219 4 1 — 0 are =cos — +isin —;r=0,1,2,...,(n—1)
n n

A) -1, @ (B) -1, & ,2rm

©) o, o (D) None of these =e " ;r=0,1,2,..,(n—1)

Solution: (C) — 1’ e(i27r/n), e(i47r/n), . e[iZ(nf 1)n/n]

3 2 _
We have, zZ+2z242z+1=0 “lLad o, ..o\
= C+1)(F+z+1)=0 (i270n)

where or= e

Its roots are — 1, @ and @?. The root z = — 1 does not

1985 , _100 Properties of nth Roots of Unity

satisfy the equationz " +z 4+ 1 =0 but z= wand

= satisfy it. Hence, @ and @’ are the common L l+a+cd+...+a" '=0

roots. 2. 1-0- 0 ... =1)"!

If the cube roots of unity are 1, @, a)z, then the roots of 3. The n, nth roots of unity lie on the unit circle |z| = 1 and
the equation (x — 1)* + 8 = 0 are form the vertices of a regular polygon of n sides.

(A) -1, 1420, 1 +2a° (B) -1, 1 -2, 1 —2a? 4. nth roots of unity form a G.P. with common ratio
5 > ’ > (i27/n)
(C) -1,-1,-1 (D) None of these e
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SOLVED EXAMPLES

40. If » is non-real and r = éﬁ, then the value of
(1 +r+rt 472 —r_l) is equal to
(A) 2 (B) 4
©) 8 (D) None of these
Solution: (B)

|1+r+r2+r72—r71|=|1+r+r2+r3—r4|

[ P=1=r -FP=lorr’=p

and r-r=1 or r’1=r4]
=\l+r+r2+r3+r4—2r4|
1_ 5
— 2% =|o- 2| (=1
1-r
=2if'=2()=2 (v |f=lasr=1)

2, 2
2\1+r+r +r7—r| — 22 =4

41. The values of(16)1/4 are

(A) £2, 2 (B) +4,+4

(C) %1, (D) None of these
Solution: (A)

We have

(16)4 = 214 = 2 (1)1
=2 (cos 0+ sin 0)1/4

=2 {cos % (2km+0)+i sin % (2k7r+0)},

k=0,1,2,3
=2X1,2X0,2Xx-1,2XxX—-i=42, +2i

GEOMETRY OF COMPLEX NUMBERS

1. Distance Formula: The distance between two points
P(z)) and Q(z,) is given by PO = |z, — z,| = |affix of
O — affix of P| (see Fig. 3.2)

Qzy)

P(z4)
Fig. 3.2

2. Section Formula: If R(z) divides the line segment
joining P(z,) and Q(z,) in the ratio m, : m,(m,, m, > 0)
then

. . L mz, +myz
(i) For internal division, z= ——2—2-1

ml + m2
(ii) For external division, z = Mzp ~MaZy
my —ny
3. Equation of the Perpendicular Bisector: If P(z,) and
0(z,) are two fixed points and R(z) is moving point
(see Fig. 3.3) such that it is always at equal distance
from P(z,) and Q(z,) then locus of R(z) is perpendicu-
lar bisector of PQ
ie., PR=QRor|z—z||=|z—z)

2 2
= e =2\ = |z -z

Plz)

Qi)

Fig. 3.3

After solving,
2(5-5)+2(z-5) =l -

4. Equation of a Straight Line
(i) Parametric form: Equation of a straight line join-
ing the points having affixes z; and z, is z =1 z; +
(1 —=1)z,, where t € R
(ii) Non-parametric form: Equation of a straight
line joining the points having affixes z, and z, is

z z 1
zy z; 1 =0

TRICK(S) FOR PROBLEM SOLVING

= Three points z,, z, and z; are collinear if,
zy zy 1
z, z, 1=0
zy z3 1
m [f three points A(z,), B(z,), C(z5) are collinear then slope
of AB = slope of BC = slope of AC

21 =2 _Z=23 _ =73

= - = - = == =
Zy=2Z, Z,—2Z3 Z41—Z3
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(iii) General equation of a straight line: The general
equation of a straight line is of the form az +az
+ b, where a is complex number and b is real

number.
(iv) Slope of a line: The complex slope of the line
az+az +b =01is — g =— w and real
a coeff. of z
slope of the line az +az +b is _Re(a) = —i
(a+7) Im(a)
(a-a)

(v) Length of perpendicular: The length of perpen-
dicular from a point z, to the line az+az +b =0

|z, +az, +b| |z, +az, +b|

is given by |a| n |E| 2|a|
5. Equation of a circle
(i) The equation of a circle whose centre is at point
having affix z, and radius 7 is |z — z, | = .
(i) If the centre of the circle is at origin and radius r,
then its equation is |z| = r (see Fig. 3.4).

P@)

Fig. 3.4

(iii) |z—z,|<rrepresents interior of a circle |z —zy| =r
whereas |z — z,| > r represents exterior of the circle

|z —zo| = 1.
AC = 4ABe®  or (z3—2)) = (z, — 7)€"
Z3—z .
or 3 L _ e
274

(iv) If 4, B and C are three points in argand plane such
that AC = AB and LCAB = 6 then use the rota-
tion about 4 to find eig, but if AC # AB use coni
method.

(v) If four points z,, z,, z3 and z, are con-cyclic then

(z4—21) (25 —23)

(z4-25)(z1—23)

or arg (z,-23)(z24—-2)) 470
(z1-23)(z24—23) o

=real

TRICK(S) FOR PROBLEM SOLVING

If z is a variable point and z,, z, are two fixed points in the
argand plane, then

1. |z—z,| = |z—-z,| = Locus of z is the perpendicular
bisector of the line segment joining z, and z,.

2. |z=z| + |z—2z,| =constant (# |z; — z,])
= Locus of z is an ellipse

3. lz=zyl + |lz=2,] = |z — 25|
= Locus of z is the line segment joining z, and z,

4. lz—zi| - lz-2z,| = |z—-2z,]
= Locus of z is a straight line joining z; and z, but z
does not lie between z, and z.

5 |z-2zy| - |z-2z,| =constant (# |z, — z,])
= Locus of z is a hyperbola.

6. |z—z1|2 + |z—22|2 = |z, —22|2 = Locus of zis a
circle with z; and z, as the extremities of diameter.

7. lz—z,| =k |z—2z,|, (k# 1) = Locus of z is a circle.

8. arg [sz a (fixed) = Locus of z is a segment of
z-2,
circle.

z—2z 7 . . ,
9. arg (1J: + =~ = Locus of zis a circle with z, and
z-2,

z, as the vertices of diameter.
z-2z . . .
10. arg | —— | = O or # = Locus of z is a straight line
z—2z,
passing through z; and z,.

TIME SAVING TIPS

[z = |Z] ] S zy +2;] < Mzq] + | 2]
Thus |z,| + |z, | is the greatest possible value of |z, +z,|
and | |z;]| — |z,] | is the least possible value of |z, + z,]|.
1
m If |z+—| = g, the greatest and least values of |z| are
z
) a+\a® +4 —g+Va®+4
respectively and .
2 2
m The area of the triangle whose vertices are z, iz and z + iz
1
is — |z|2.
2
m The area of the triangle with vertices z, wz and z + wz is
V3
— |zl
4

m If z;, z,, z; be the vertices of an equilateral triangle and z,
be the circumcentre, then z7 + 75 + z5 = 325 .

m If z,, z,, z5 be the vertices of a triangle, then the triangle is
equilateral iff (z, — 22)2 + (z, — 23)2 + (25— 21)2 =0
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2.2, 2_
or Z7 + 25 + 25 =242, + 2,25 + 237,

1 1 1
or + + =0
21—z, Z,—23 Z3—2Z

The equation |z — z|2 + |z - zzl2 = k (where k is a real

number) will represent a circle with centre at 1 (zy + z,)
2

1 1
andradius = \J2k-12,- 2, I provided k> 5 |z, —2,1°

The one and only one case in which [z,| + |z,| + ... +
|z,| = |zy +z,+ ... +z,| is that the numbers z,, z,, ... z
have the same amplitude.

n

If three points z,, z,, z3 are connected by relation az, +
bz, + cz3 = O where a + b + ¢ = O, then the three points
are collinear.

If z is a complex number, then €” is periodic.

If three complex numbers are in A.P, then they lie on a
straight line in the complex plane.

SOLVED EXAMPLES

42. The centre of a square ABCD is at z= 0. If 4 is z|, then

the centroid of triangle ABC is
(A) a cosz+i sinz
3 2 2

(B) 23—1 (cos +1i sin 7)

T . T
C cos—+i sin—
©) z ( 2 1 2)
(D) None of these

Solution: (A)
Since A is z, and ZAOB = %

S Bisz| cosZ4isint
2 2

B B:)

C D

Also, ¢ is z,(cos 7+ i sin 7)
.. Centroid of AABC is

z T .. T ..
?1(1+0055+151n5+cosn’+1smrc)

43.

44.

45.

L A4+0+i-1+0)=2L;
3 3

zZ] T .. T
= —| cos—+isin—
3 2 2

If z, and z, (# 0) are two complex numbers such that
B 1 1, then
42,
(A) z,=tikz;, ke R B) zy=kz, ke R
(©) z,=2 (D) None of these
Solution: (A)
We have,
Zl_Zz _ 21/22_1 -1
Zl +z 2 ZI/ZZ +1
= I [ 3 W
&) Z2
= ZL lies on the perpendicular bisector of the
Z2
segment joining A4 (-1 + 0i) and B (1 + 07).
4 .
— =aiforsomea € R
22
1
= 2 _ 1 2

z, ai a

z, =1 kz, for some k€ R

Ifz=x+1iyand ‘@’ is a real number such that |z — ai| =
|z + ail, then locus of z is

(A) x-axis (B) y-axis

(©) x=y (B) x*+y=1

Solution: (A)

We have, |z — ai| = |z + ail

= k+i(y-af =k+i@+a)l

= x2+(yfa)2=x2+(y+a)2

= 4ay = 0; y = 0, which is x-axis.
The locus represented by |z — 1| = |z + 1] is

(A) acircle of radius 1

(B) an ellipse with foci at 1 and —i

(C) aline through the origin

(D) acircle on the join of 1 and —i as diameter

Solution: (C)

We have, lz—1]=]z+1|
= (x—=1)+iy|=x+i(+1)
= -1+ =x+(y+ 1)

=  x+y =0, which is a line through the origin.
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46.

47.

The centre of a regular polygon of # sides is located at
the point z = 0, and one of its vertex z; is known. If z,
be the vertex adjacent to z,, then z, is equal to

2
(A) z, (cos—”iism—”)
n n

/4 .
B) z, (cos—iism—)
n

n

(©) z, (cosl tisin 1)
2n 2n

(D) None of these
Solution: (A)

Let A be the vertex with affix z,. There are two possi-

e . . 2r
bilities and can be obtained by rotating z, through —
either in clockwise or in anti-clockwise direction. "

L2
n=ze " (- [zl =1z1)
o}
C B
@) Alzy) @)
The locus of the complex number z in the Argand
plane if l_lz‘ =1,is
zZ —1
(A) acircle (B) x-axis
(C) y-axis (D) None of these
Solution: (B)
Letz=x+1iy
1—i
Given, Zl=1
z—1i
I—i(x+i
= i)
X+iy—i
- I+y —ix ~1
x+i(y -1
JA+y)? +x?
- (A+y)+x"
Vx2+ (@ —1)?
= 1+ +x°=x"+ (- 1)
= 1+ +2y+x ="+ 2y +1
= 4y=0

= y =0, which is the equation of x-axis.

48.

49.

50.

The equation |z — 1\2 + |z + 1|2 = 4 represents on the
Argand plane

(A) a straight line

(B) an ellipse

(C) acircle with centre origin and radius 2

(D) a circle with centre origin and radius unity

Solution: (D)

We have, - 1P +z+17=4 (1)

= G-+ +@x+1)*+)' =4
(Putting z =x +iy)

= 203 +)y +1)=4
x2+y2=1 or |z|2=1
= Izl =1 (since |z| cannot be —ve)

Thus, the Eq. (1) represents all points z on the circle
with centre origin and radius unity.

The locus of the point z satisfying the condition
z-1 & .

=— is
z+1 3

(A) a straight line

(C) aparabola
Solution: (B)

arg

(B) circle
(D) None of these

-1
We have, arg z .
z+1 3
x+iy-1 =« . .
= arg ———— =—  (Puttingz=x+1
g x+iy+l 3 ( & »)
= tan_li—tan_lizz
x—1 x+1 3
41
o Arg —=Argz — Arg z,
2
Yoy
- tan~ 1 X =1 x+1 _ 7
»? 3
1+ 5
x°—1
2y /4
= —— 5 =tan — = NE)
x“+y -1 3
2, 2 2 L
= X" +y — — y—1=0, which is a circle.

V3

n
If w= (u) , n integral, then ® lies on the unit
1+iz
circle for
(A) only even n
(C) only positive n

(B) only odd n
(D) alln



51.

52.

53.
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Solution: (D)
o\ . n
We have, w= st B N
1+iz i(z—i)

[

|@| =|(=i)"| = |-|" = 1 for all n.

@ lies on unit circle for all n.

Theequationz z +a z + a z+b=0,b € Rrepresents
a circle (not point circle) if

(A) laf>b (B) |a* < b
(©) la|>b (D) |a|<b
Solution: (A)

We have, zzZ +az +az+b=0

= zZ +az +az+aa =aa —-b
= (z+a)(Z+a)=aa-b
= z+af=la~b

This represents a circle (not point circle) if |a|* > b.

If z* = (z — 1)*, then the roots are represented in the
argand plane by the points that are

(A) collinear

(B) concyclic

(C) vertices of a parallelogram

(D) None of these

Solution: (A)

We have, F=@e-1!
1 2nri
s _ 2Znmt
z
Since for all these values of z,
-1 . o .
o =150 they lie on the line bisecting perpendic-
z

ularly the join of z=1 and z=0.

The equation z* + Z * — 2|z + z + Z = 0 represents a
(A) straight line (B) circle

(C) hyperbola (D) parabola
Solution: (D)
We have, Az 2P +z+7 =0

:>(x+iy)2+(x7iy)272(x2+y2)+x+iy+x7iy=0
(Putting z =x + iy)

= 27 42(y) -2 -2 +2x=0
1
= —4y2+2x=0 or yzzzx,

which is a parabola.

54.

55.

56.

57.

58.

Let z, and z, be two non real complex cube roots of
unity and |z — z,|* + |z — 2°]* = A be the equation of a
circle with z, z, as ends of a diameter, then the value

of Ais
(A) 4 (B) 3 (©) 2 (D) V2
Solution: (B)
We have,
- of+|z- =2
= A=lo- | = |0’ + 0 - 20|

=l +o-2/=|-1-2/=3

The region in the Argand diagram defined by |z — 3| +
|z + 3| < 6 is the interior of the ellipse with major axis
along

(A) real axis
©) y=x
Solution: (A)
The equation |z — (3 + 0i)| + |z — (-3 + 07)| < 6 rep-
resents the interior of ellipse with foci at (3, 0) and
(-3, 0). So, major axis is along real axis.

(B) imaginary axis
D) y=-x

If the area of the triangle on the argand plane formed
by the complex numbers —z, iz, z — iz is 600 square
units, then |z] is equal to
(A) 10
(©) 30

Solution: (B)
Area of the triangle on the argand plane formed by the

(B) 20
(D) None of these

complex numbers — z, iz, z — iz is % |z|2.
3
5 z* = 600 = |z| = 20

Ifiz+ z |+]z— z | =8, then z lies on
(A) acircle

(B) a straight line

(C) asquare

(D) None of these

Solution: (C)

We have,

= 2x|+2y|=8 or

z+z |+|z—Z|=8

[+ =4

If Im (Z+21) =0, then z lies on the curve
z+2

(A) x2+y2+2x+2y=0

(B) x2+y2—2x=0

C) x+y+2=0

(D) None of these
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59.

Single Option Correct Type

1.

Solution: (C)

Letz=x+1iy
y 4 i
Then, z+2 x4y +20 x+(y+2)i
z+2 xX+iy+2 (x+2)+iy
_ b+ +2)i [(x+2)~iy]
(x+2)* +?
(P 4y 2420 +2p)+i(2x +2y +4)
(x+2)2+y2
Since Im (Z+2ZJ=0=x+y+2=0
z+

which represents a straight line.

The cube roots of unity

(A) lie on the circle |z] = 1

(B) are collinear

(C) form an equilateral triangle

(D) None of these

Solution: (A, C)

Clearly, cube roots of unity 1, @, @ satisfy |z| = 1.

2 2
Also, - of= (3) +(£] =3
2 2

= 1-o0l=+3
lw—a? =|3il=3

and 11— af| =

(1 i3
12 2

3 i3
+_

2 2

=3.

Therefore, 1, @, @ form an equilateral triangle.

. If|z— 1|+ |z + 3| £ 8, then the range of values of |z — 4|

is
(A) (0,8)

© [1,9]

Solution: (C)
lz—1]+]z+3]<8

z lies inside or on the ellipse whose foci are (1, 0)
and (— 3, 0) and vertices are (— 5, 0) and (3, 0).

Y

(-5, 0) 3,0 o) W(s, 0) X

Now, |z — 4| is distance of z from (4, 0). Minimum
distance is 1 and maximum is 9.

(B) 10, 8]
D) [5,9]

Given

EXERCISES

If a, b, ¢, p, g, r are three complex numbers such that

LA S + i and £+ll+£ = 0, then the value
a b ¢ p q r
2 2 2
of p_2+q_2+r_2 is
a b ¢
(A) 2i B) i
(C) -2i (D) None of these

. The complex numbers sin x + i cos 2x and cos x —

i sin 2x are conjugate to each other, for
(A) x=nx B) x=0

C) x= (n+%) p/a

(D) no value of x

. If z; and z, are two non-zero complex numbers such

that |z, + z,| = |z,| + |z,|, then arg z, — arg z, is equal to

(A) -7 (B),g ©) 7 (D)%

. The number of solutions of the equation 2+ |z|2 =0,

wherez € Cis
(A) one
(C) three

(B) two
(D) infinitely many

. If wis the nth root of unity, then

I+o+d+...+d)is

(A) 2 (B) 0 ©) 1 (D) -1

. The complex number which satisfies the equation

z+2 z+1|+i=01is

(A) 2—i B) 2-i
©) 2+i (D) 2+i
. z;, z, are two non-real complex numbers such that
21422 — . Then z,, z, and the origin
Z2 7



10.

11.

12.

13.

14.

15.
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(A) are collinear

(B) form right angled triangle

(C) form right angle isosceles triangle
(D) form an equilateral triangle

. a—ib | .
tan [z log - ] is equal to
a+ib
2ab a* -b?
) (B)
a” +b 2ab
2ab
© — (D) ab
a —b
If (/3 +1)'% =2% (a + ib), then b =
(A) 3 (B) V2
©) 1 (D) None of these

The real value of « for which the expression
l-isin o . .
———  is purely real is
1+2i sin &

(A) 2n+1) g (B) (n+1) %

(C) nr (D) None of these

The locus of z which satisfies the inequality
log 5 |z — 1| > log, 5 |z — i| is given by,

(A) x+y>0 (B) x—y<0

(©€) x+y<0 (D) x—y>0

If centre of a regular hexagon is at origin and one
of the vertices on argand diagram is 1 + 2i then its
perimeter is

A 25 B 62 (©4V5 D) 645

If z|, z,, z; are three complex numbers, then z; Im
(zy23) +z,Im (z32z,) +2z31Im (z}z,) is equal to

A1 (B) -1
) 0 (D) None of these
4
) -
It =2 s purely imaginary number, then Zi”%
ZZ Zl +Zz
is equal to
3 2 4
A) = B) 1 C) — D) —
(A) > (B) © 3 (D) 9

If x° = (4 — 3i)°, then the product of all of its roots is
(where 8=—tan' (3/4))

(A) 5° (cos 560+ i sin 56)
(B) —5° (cos 560+ i sin 56)
(C) 5° (cos 56— i sin 56)
(D) —5° (cos 56— i sin 56)

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

|z, + 25| = |z;] + |z,| is possible if

(B) z, L

2
(D) 21| =1z,

If z=x + iy, x, y real, then |x| + |y| < k |z|, where £k is

equal to
(A) 1 (B) V2
(D) None of these

©) V3

FA+)A+2)(A+30)...(1+ni)=a+iffthen2 x5

x10...(1+n*)=

(A) a—if (B) o -

(C) o+ ﬂz (D) None of these
Letz, =a+ib, z, = p + iq be two unimodular complex
numbers such that Im (z,z,) =1.

If o, =a+ip, ®,=b+iq,then
(A) Re (0 @y) =1

(C) Re (0 @) =0

(A) 2=z

(C) argz, =argz,

(B) Im (0, ®,) =1
(D) Im (@, ,)=1
If \3/a+ib=x+iy, then £+2:

X oy

(B) 4(* ")
(D) None of these

(A) 4 (X +)7)
©) 2(" )

Ifz=a+ib where a >0, b > 0, then
1

NG

(D) None of these

(A) [z[2 Lz (a—b) B) 2 —= (a+D)

v

©) < % (a+b)

The complex numbers z,, z, and z, satisfying ———3 =
Znhn—2Z
1-3i 2773
2

(A) of area zero
(C) equilateral

are the vertices of a triangle which is

(B) right angled isosceles
(D) obtuse angled isosceles

If(1+x+x°)" =ay+a, x+ayx* + ... + ay, x*", then
ag+as+agt...=
(A) 3"

(C) 3n—2

(B) 3}1 -1
(D) None of these

If 1, ay, a,, ..., a,_, are the n nth roots of unity, then
(I-a)(d-a)(l-ay..(1-a, )=

(A) n+1 (B) n

(C) n—1 (D) None of these

The closest distance of the origin from a curve given
as = 0 (a is a complex number) is

(B) M ©) Re a D) Im a

A) 1
W 2 |al |a
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26.

27.

28.

29.

30.

31.

32.

33.

34.

|z— 1]+ |z + 3 | £ 8, then the range of values of |z — 4] is

(A) (0,8 (B) [0,8] (C) [L,9 (D) I[5,9]
The roots of the equation Z+1=0are
(A) 1)) B) 22

©) % (=) (D) None of these

The integral solution of the equation (1 —i)" =2" is
(A) n=0 B) n=1
(C) n=-1 (D) None of these

The greatest value of the moduli of complex numbres

z——|=2is

z

®) 5 -1

(D) None of these

z satisfying the equation
(A)

(C)://5;+1

The locus of the complex number z in an argand plane
satisfying the equation -
Arg (z+1i)—Arg (z—1) :5 is

(A) boundary of a circle
(C) exterior of a circle
2

(B) interior of a circle
(D) None of these

is always real, then
z—

(A) zlies only on a circle

(B) zlies only on the real axis

(C) z lies either on the real axis or on a circle
(D) None of these

21_222
TZ1%2

z, and z, are two complex numbers such that

is unimodular whereas z, is not unimodular. Then |z,| =
A1 (B) 2 ©3 (D) 4

If for the complex numbers z, and z,, |z, +z,| = |z, — z,|,
then amp z, ~ amp z, =

A)

T
© 7

T
B) —
(B) 5
(D) None of these

The locus of the complex number z in an argand plane
satisfying the inequality

|z —-1]+4 2) .
lo ——— | >1 | where |z—-1]#—| is
812 (3|z—1|—2 |z =1 3

(A) acircle

(B) interior of a circle
(C) exterior of a circle
(D) None of these

36.

37.

38.

39.

42.

. The equation 2 +iz—1=0has

(A) three real roots

(B) one real root

(C) no real roots

(D) no real or complex roots

If all the roots of z° + az> + bz + ¢ = 0 are of unit
modulus, then
(A) |a| £3
(©) || £3

(B) |b|>3
(D) None of these

Let z; and z, be two complex numbers such that
aA,n 1, then

2 A

(A) z,, z, are collinear

(B) z,, z, and the origin from a right angled triangle
(C) z, z, and the origin form an equilateral triangle
(D) None of these

IfS(n)=i"+i", where i = V-1 and n is a positive
integer, then the total number of distinct values of S (n)
is
(A) 1 (B) 2 ©) 3 (D) 4
1 1
J— + JR—
Z1 22

Ifz, #—z,and |z, + z,| = , then

(A) atleast one of z,, z, is unimodular
(B) z, X z, is unimodular

(C) both z,, z, are unimodular

(D) None of these

. Ifz=x+ iy satisfies amp (z — 1) = amp (z + 3i) then the

value of (x — 1) : y is equal to
(A) 2:1
(C)1:3

B)-1:3
(D) None of these

. If z, z,, z4, z, are the four complex numbers repre-

sented by the vertices of a quadrilateral taken in order

Zy — Z;
such that z, — z, = z, — z; and amp —*—"
A

_r then
the quadrilateral is a
(A) square

(B) rhombus

(C) rectangle
(D) a cyclic quadrilateral

Let z be a complex number with modulus 2 and argu-

2r .
ment 3 then z is equal to

(A) ~1+i3 B) 1-i3
© -1

2 (D) None of these



43.

44.

45.

46.

47.

48.

49.

50.
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2
_ 1 .
If log\/g [%] < 2, then the locus of z is
(A) |z[<5 (B) lzl=5
(©) |z|>5 (D) None of these

If |z| = 1, then the value of (Z _1) is
z+1

(A) 0
(C) purely imaginary

(B) purely real
(D) complex number

If z; and z, are complex numbers, such thatz, +z, is a
real number, then

(A) z=-2,

(B) z,=z;

(C) z, and z, are any two complex numbers

D) z,=72,2,=2,

The locus of the points representing the complex num-
bers which satisfy |z] -2 =0, |z—i| — |z + 5| =0 is:
(A) acircle with centre at origin

(B) a straight line passing through origin

(C) the single point (0, —2)

(D) None of these

Let the affix of 2 — 4i be P. Then OP is rotated about
O through an angle of 180° and is stretched 5/2 times.
The complex number corresponding to the new posi-
tion of P is
(A) 5-10i
(C) -5+ 10i

(B) 5+10i
(D) None of these

If P, P’ represent the complex number z, and its addi-
tive inverse respectively then the complex equation of
the circle with PP’ as a diameter is

ENER
™ = (2]

(C) zz +7zz (D) None of these
If a, b, ¢, p, q, r are three non-zero complex numbers
such that £+z+£ =1+iand £+é+£ = 0, then
a b c p q r
2 2 2
value of Z-+ L+ s
2,270 2
a b” ¢
(A) 0 (B) -1
(©) 2i (D) —-2i
)
Ifz,, z, are two complex numbers such that =1
z+2z,

and fz; = kz, where k € R, then the angle between
(zy—zp) and (z, + z,) is

51.

52.

53.

54.

55.

56.

57.

58.

2k a4 2k
+1J (B) tan (l—kZ]

(A) tanl(kz
(C) =2 tan (k) (D) 2 tan (k)

24 2
1
1+x%= 3x , then Z(x" ——n) is equal to
n=1 X
(A) 48
(C) +48(0w— )

(B) —48

(D) 148w

For all complex numbers z,, z, satisfying |z,| = 12 and

|z, — 3 —4i| = 5, the minimum value of |z, —z,| is

(A) O (B) 2 ©) 7 (D) 17

For any two complex numbers z; and z, with |z,| # |z,
2 2

‘\/521+l\/§z_2‘ +‘\/§Z_1+l 222‘ iS

(A) less than 5 |z,* + |z,

(B) greater than 10 |z,z,|

(C) equal to 2|z,* + 3 |z,

(D) zero

If the complex numbers z,, z,, z; are in AP, then they
lieona

(A) circle (B) parabola

(C) line (D) ellipse

If the roots of (z — 1)* = 2a(z + 1)* where @ is a
complex cube root of unity are plotted in the argand
plane, they lie on

(A) a straight line
(C) an ellipse

(B) acircle
(D) None of these

Let AyA4,4,454,A5 be a regular hexagon inscribed in a
circle of unit radius. Then the product of the lengths of
the line segments AyA4, 444, and 4yA, is
3 3V3
(A) = B) 33 (©3 33
4 2
If z, and z, are the two complex roots of equal magni-

(D)

. . T .
tude and their arguments differ by > of the quadratic

equation ax* +bx+c¢=0 (a #0) then a (in terms of b
and ¢) is

b* b?
A) — B) —
2c c
©) 2b—c (D) None of these

Common roots of the equations 2427 4+2241=0
and 2% + 2" 4 1 =0 are
(A) o,

) -1, o, &

B) 1, 0, &
(D) -0, — o
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59.

60.

61.

62.

63.

64.

65.

66.

67.

.1 .
sin”! [—(z—l)jl , Where z is non-real, can be the angle
i

of a triangle if

(A) Re(z)=1,Im(z)=2

(B) Re(z)=1,-1<Im(2) <1
(C) Re(z)+Im(2)=0

(D) Re(z)=Im (2)

5 2
Ifx*> — x + 1 = 0 then the value of Z(x"+in) is
n=1 X

(A) 8
©) 12

(B) 10

(D) None of these
1+i

—— and i as
2

(B) equilateral

(D) right-angled

The triangle formed by the points 1,
vertices in the Argand diagram is

(A) scalene
(C) isosceles

If the quadratic equation z* + (a + ib)z + ¢ + id = 0,
where a, b, ¢, d are non-zero real numbers, has a real
root, then

(A) &*—abd—c*=0
(C) & +abd+c*=0

(B) d*—abd +b*c=0
(D) None of these

If |z -1 £2 and z, = 5 + 3i, the maximum value of |iz
+ 2| is
A7

(©) 13

B) 9
(D) None of these

The solutions of the equation z (z - 21'): 2 (2+1i)are

(A) 3+i,3—1i
(C) 1430, 1—i

(B) 1+3i,1-3i
(D) 1-3i,1+i

Let o, S be real and z be a complex number. If 2* + oz
+ =0 has two distinct roots on the line Re z = 1, then
it is necessary that

(A) Be (1, ) (B) fe (0, 1)

(©) e (-1,0) D) [BI=1

If w(1) is a cube root of unity, and (1 + a))7 =A+Bo.
Then (4, B) equals

A 1, 1) ®B) (0, 1)

2
z

© (1,1 (D) (1,0)

Ifz#1and

is real, then the point represented by
7 —

the complex number z lies

(A) either on the real axis or on a circle passing
through the origin.

(B) on a circle with centre at the origin.

(C) either on the real axis or on a circle not passing
through the origin.

(D) on the imaginary axis.

68.

69.

70.

71.

72.

73.

74.

75.

Two circles in complex plane are
Cilz—il=2

C,: |z—1-2i|=4. Then

(A) C, and C, touch each other.

(B) C, and C, intersect at two distinct points.
(C) C, lies within C,.

(D) G, lies within C;.

. .1
The conjugate of a complex number is —— . Then the
complex number is b=

-1 1
(A) P (B) ]

i—

-1 1
© 5 P

4 . .
z — —| =2, then the maximum value of |z| is equal to

z
(A) 3 +1 B) J5+1
©) 2 (D) 2+2
Ifzzye C, 2%, + 2% € R, z,(z°, — 32%,) = 2 and z,(37°,

—2%,) = 11, then the value of 2%, + 2%, is

If

A) 2 (B) 3 (€) 4 D) 5
If y1-C?> =nc—1 andzzeie,
then i(1+nz)(1+ﬁ)=
2n z
(A) 1+ ccosf (B) 1—ccosf

(C) 1+2ccosO (D) 1—-2ccosO

Let ‘a’ be a complex number such that | a | < 1 and z|,
Z,,..., Z, be the vetices of a polygon such that z, = 1 +
a+a*+ ...+ d', then the vertices of the polygon lie
within the circle

B) [z—a|=——

1
(A) |z]=—— T

[1-al
1

|1-al

©

(D) None of these

z —

l1—a

All the roots of the equation a123 + a222 +ayz+a,=3,
where |a] < 1,i=1, 2, 3, 4 lie outside the circle with
centre origin and radius

1
(A) 3
© 1

2
B) —
(B) 3
(D) None of these

If z* = (z — 1)*, then the roots are represented in the
argand plane by the points that are

(A) collinear

(B) concyclic

(C) wvertices of a parallelogram
(D) None of these



76.

77.

78.

79.

80.

81.

82.

83.

84.

85.
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The maximum value of |z| when z satisfies the condition

z+—| =21s

z

(A) 3 -1 B) V3+1
©) 3 D) V2+3
If|z+ z | +|z— z | =8, then z lies on

(A) acircle (B) astraight line
(C) asquare (D) None of these

The complex number which satisfies the equation
z+ 42 lz+1]+i=0is

(A) 2-i (B) —2—i
©) 2+i D) 2+i
tan | i lo aib is equal to
& a+ib q
2ab -b?
A) —— B
W) = ®)
© - 20 (D) ab
Iz, +22| = \zl\ + |z,| is possible if
_ 1
(A) z,=2, B) z,=—
2
(C) argz =argz, (D) [z =1z,

If z =x + iy, x, y real, then |x| + |y| < k |z|, where k is

equal to
(A) 1 (B) 2
(D) None of these

©) 3

Ifz=a+ibwherea>0,b>0,then

f (a—Db) (B) [zl 2

©) < —= (a+b)

JE

(A) |22 (a+b)

\/‘

(D) None of these

If(1+x+x)" =ag+a, x+a, x> + ... + ay, x™", then
ag+as+agt ... =

(A) 3" (B) 3"~

(C) 3" 2 (D) None of these

The closest distance of the origin from a curve given
as az +az +aa =0 (ais acomplex number) is
la| Re a

Im a
B B D
(B) 5 B) ] (D) al

(A) 1

The integral solution of the equation (1 —i)" = 2" is
(A) n=0 (B) n=1
C) n=-1 (D) None of these

86.

87.

88.

89.

90.

91.

92.

The locus of the complex number z in an argand plane
satisfying the equation

Arg (z+i)—Arg(z—i) = % is
(B) interior of a circle
(D) None of these

(A) boundary of a circle
(C) exterior of a circle

If for the complex numbers z, and z,, |z, +z,| = |z, — 2,
then amp z, ~ amp z, =
A) 7

T
©) 2

b4
B —
(B) )
(D) None of these

The locus of the complex number z in an argand plane
satisfying the inequality

|z
log,, 3]

-1/ +4 2
dz=li+d > 1| where |[z—1|#—] is
z—1|-2 3
(A) acircle

(C) exterior of a circle

(B) interior of a circle
(D) None of these

Let z; and z, be two complex numbers such that
Z + 22 _ 1, then

Z2 21

(A) z,, z, are collinear

(B) z,, z, and the origin from a right angled triangle
(C) z,, z, and the origin form an equilateral triangle
(D) None of these

If P, P’ represent the complex number z, and its addi-
tive inverse respectively, then the complex equation of
the circle with PP’ as a diameter is

A == (z_l] (B) zz+2,7, =0
Zl z
(©) zz|+zz, (D) None of these

If a, b, ¢, p, q, r are three non-zero complex numbers

such that £+q + =1+iand £+é+£ =0, then
a b c p q r
2 2 2
value of p_2+q_2+r_2 is
a b° ¢
(A) O B) -1 (C) 2i (D) —2i
Ifz,, z, are two complex numbers such that| 2L —2(= |
z+z,

and 7z, = kz, where k € R, then the angle between

(zy—zp) and (z; + z,) is
2k 2k

(A) tan! (m) (B) tan! (m)

(D) 2 tan'(k)

(C) —2tan"'(k)
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93.

94.

9s.

96.

97.

98.

99.

24 1V
1+x° = \/gx,then Z(x” ——) is equal to
xn

(B) —48
(D) 1448w

n=1
(A) 48
(C) +48(w— o)

For any two complex numbers z, and z, with |z,| # |z,|
2 2
‘\/Ezl-‘ri\/gz_z‘ +‘\/§z‘1+i 222‘ is

(A) less than 5 (|z,* + |z,
(B) greater than 10 |z,z,]
(C) equal to 2|z,* +3 |z,
(D) zero

If the roots of (z — D® =20z + 1)25 (where w is a
complex cube root of unity) are plotted in the argand
plane, they lie on
(A) astraight line
(C) an ellipse

(B) acircle
(D) None of these

If z, and z, are the two complex roots of equal magni-

tude and their arguments differ by % , of the quadratic

equation ax* +bx+c=0 (a #0) then a (in terms of b
and ¢) is

b’ b’
A B) —
2c c
b
©) o (D) None of these
c
The complex numbers z,, z, and z; satisfying A%
T4

143
2

are the vertices of a triangle which is

(A) of area zero

(B) right angled isosceles
(C) equilateral

(D) obtuse angled isosceles

z,, z, are two non-real complex numbers such that
IR Y Then, z,, z, and the origin

Z2 A

(A) are collinear

(B) form right angled triangle

(C) form right angle isosceles triangle

(D) form an equilateral triangle

If z, and z, (+0) are two complex numbers such that

l r 1 1, then

Zl + 22
(A) zy=ikz;, ke R B) zy=kz|, ke R
(©) z=z, (D) None of these

100.

101.

102.

103.

104.

105.

106

107.

Ifa, b, carereal, >+ b* + > =1 and b+ ic=(1 +a)z,

then 1+z.z =

—iz

a—ib a+ib
(A) (B)

1+¢ 1+¢

a+ib a—ib
© (D)

1-¢ 1-¢

If z,, z, are two complex numbers and wk, k=0,1, ...,
n—1
n— 1 are the nth roots of unity, then 2 |z, + zzwk &
k=0
2 2
(B) =n(lz)]" + |z[)

(D) can’t say

(A) <n (] + 5P
(©) >n (1] + [z

The equation |z — zl|2 + )z - 22|2 =k, k € R represents
a circle if

1 1
(A) k2—|zi-zf B) k<|z-2

1 1
(©) k25\21+22|2 (D) kSE|zl+z2|2

f(z) when divided by z — i gives remainder i; when
divided by z + i gives remainder i + 1. When f{(z) is
divided by 2% + 1, the remainder is

(A) éz+(i—%) (B) éz—(i+%)

i 1 - 1
C) —z+|i+—= D) —z+|i+—=
()22 (1 2) ()22(1 2)
The value of the expression (w— 1) (w— o) (0— &)
v (0— @), where w is the n™ root of unity, is

(A) naf! (B) nd'

© (-1t D) (1) d"
Ifiz—il=1andarg(z)=6,0€ (0, g), then the value
of cotO — 2 is equal to

z
(B) i

(A) 0 ©) —i (D) 1
. 4430 .
. The reflection of the complex number - in the
straight line iz = is +2i
(A) 2+i (B) 2—i
©) 1+2i D) 1-2i
Ifi=-1 , then
334 365
1 i3 1 i3) .
445 ——+— +3|—=+— is equal to
2 2 2 2
(A) 1-i3 B) —1+i3

(©€) i3 D) - 3i



108.

109.

110.

111.

112.

113.

114.

115.

Complex Numbers 3.27

Let bz+ bz =c, b #0, be a line in the complex
plane, where b is the complex conjugate of b. If a
point z, is the reflection of a point z, through the line,
then z,b+z, ) =

(A) 4c (B) 2¢
©) c (D) None of these
Let z, and z, be roots of the equation 2+ pz+q=0,

where the coefficients p and ¢ may be complex
numbers. Let 4 and B represent z; and z, in the com-
plex plane. If ZAOB = o # 0 and OA = OB, where O

) o
is the origin, then p* = k cos® P where k =

(A) g (B) 2¢

(C) 4q (D) None of these

If z,, z,, z3 are complex numbers such that |z;| = |z,| =
1 1 .

23| = | —+—+—| =1, then |z, + 2z, + z5| is
1 5 A

(A) equalto 1
(C) greater than 3

(B) less than 1

(D) equalto 3

If 2 <1, |@| < 1, then |z — @]

(A) < (2 ~|@])? ~ (Arg z - Arg @)’

(B) < (1~ |@)’ + (Arg z — Arg )’

(€) < (1~ @)’ +2 (Arg z ~ Arg )’

(D) None of these

Suppose, z,, z,, z; are the vertices of an equilateral
triangle inscribed in the circle |z| =2. If z; = 1 +i NG)
then z, and z; are equal to
(A) —2,1-i3

C) —2,1+i3

(B) 2,1-i3
(D) None of these

3n . s
Ifk= > where 7 is an even positive integer, then

k
>3, =
r=l1
(A) 0
(C) -1

B) 1
(D) None of these

If a and b are real numbers between 0 and 1 such that
the points z; = a + i, z, = 1 + bi and z; = 0 form an
equilateral triangle, then ¢ and b are

(A) 2+3,2-3 B)2-3,2-3
(€) 2-3,2+43 (D) None of these

Let z, and z, be complex numbers such that z; # z,
and |z;| = |z,|. If z, has positive real part and z, has
Zl +z 2
Z1722

negative imaginary part, then may be

116.

117.

118.

119.

120.

121.

122.

A) 0
(C) real and negative

(B) real and positive
(D) purely imaginary

If the complex numbers z,, z,, z; are the vertices 4,
B, C respectively of an isosceles right angled triangle
with right angle at C, then
(z)— 29 =k (z, — 23) (23 — 2,), where k =

(B) 2

(D) None of these

(A) 1
© 4

If the origin and the two points represented by com-
plex numbers 4 and B form vertices of an equilateral

. A B
triangle, then —+— =
B 4

A) 1 (B) -1
(C) 2 (D) None of these

If 2v2x% = (V3 - 1)+i (33 + 1), then
x= cos% Qnr+k)+i sin% 2nr+ k);

n=0,1, 2,3, where k=

4 St
(A) o (B) o
© Z—z (D) None of these
§(3 +2) i (sin 29T _ i COS 2q_n) i =
= P pt T 1)
(A) 8 (1—1i) (B) 16 (1 —i)
(C) 48 (1—1) (D) None of these

The three vertices of a triangle are represented by
the complex numbers 0, z; and z,. If the triangle is

equilateral, then
2 2 _ 2 2 _

(A) z{ +z5+2,z,=0 B) z{ +tz5=2z2
2 2 2 2

(©) z5—z{ =2,z D) z{—z5=z2,2,

If |z — 25i] £ 15, then [maximum amp (z) — minimum
amp (z)| is equal to

(3 4 (3
(A) sin (g)cos (g)

7o (3
(B) 2+cos (SJ

(3
(C) m—2cos (g)

a3
(D) cos (5)

If22+(p+iq)z+r+is=0wherep, q, r, s are
non-zero, has real roots, then
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(B) pgr=r>+p’s
(D) grs= p2 + qu

(A) pgs=s"+q’r
(C) prs= q2 + rzp

123. If z, and z, are any two complex numbers, then

[,2 2 [,2 2
Zl+ Z1 —Zy Z17\Z] 72

+

is equal to

(A) |21+ 2 (B) Iz

(©) |z, (D) None of these
124. If z =x + iy lies in IlIrd quadrant, then Z also lies in

the I1Ird quadrant if Z

(A) y>x>0 B) y<x<0

(C) x<y<0 D) x>y>0

125. If in an argand plane points z,, z,, z; are the vertices

of an isosceles triangle right angled at z,, then
(A) 20 +2z) +27 =22, (2, +23)

(B) 212 +z§ +z§ =22z, (z; +zy)

©) 212 +z§ +22§ =22,(z,+2z3)

(D) 2212 +Z§ +Z32 =22,(z,+2z3)

126. In the Argand diagram, if O, P and Q represent
respectively the origin and the complex numbers z

and z + iz, then the ZOPQ is

b4 T T 21
(A) 2 (B) 3 © 5 (D) 3

127. If z satisfies |z + 1| < |z — 2|, and @ =3z + 2 + i, then
B) o+ 1| <|o-7|
(D) |w+ 5| < |w—4

A) o+ 1< |o- 8|
©C) o+ >7

128. If P (x) and Q (x) are two polynomials such that f(x) =

P (x*) +x Q (x°) is divisible by x> + x + 1, then

(A) P (x)is divisible by (x — 1) but Q (x) is not divis-

ible by x — 1

(B) O (x) is divisible by (x — 1) but P (x) is not divis-

ible by x — 1
(C) Both P (x) and Q (x) are divisible by x — 1
(D) f(x) is divisible by x — 1

129. If o= cos 8—” + i sin 8—” , then
11 11
Re(a+0(2+0f+0{4+055)isequalto
1 1
A —
(A) 5

(B) - >
(©) 0

(D) None of these

130. Let p be a complex number such that |a| < 1 and z,,
z,, ..., z, be the vertices of a polygon such that z, = 1

+a+d +...a" then the vertices of the polygon lie

within the circle

131.

132.

133.

134.

135.

136.

137.

138.

1

T

(A) lz—al= (B) [z 1]

1=l
1

 |1-a

(©) ‘z —% (D) None of these
—a

If 4, B, C are the angles of a triangle and e, P oC
are in A.P,, then the triangle must be

(A) right angle
(C) equilateral

(B) isosceles triangle
(D) None of these

. m
o2mi cot™p | P +1 _
pi—1
A) 0 B) 1
) -1 (D) None of these
If z; and z, represent adjacent vertices of a regular
I
polygon of n sides and if Im (z)) =2 - 1, then n
is equal to Re (z1)
A) 4 (B) 8
(C) 16 (D) None of these
If z,, z,, z; are non-zero, non-collinear complex num-
2 1 1
bers such that — =—+—, then the points z, z,, z;

lie EERE

(A) in the interior of a circle

(B) on a circle passing through origin
(C) in the exterior of a circle

(D) None of these

If |z — 25 i| £ 15, then the least positive value of arg
z1s 4

—1 4 —1—
(A) m—tan 3 (B) tan” " 3

4
(C) —w+tan” ! 3 (D) None of these

If |z—4 + 3i] < 2, then the least and the greatest values
of |z| are
(A) 3,7
©) 3,9

(B) 4,7

(D) None of these

If z,, z, are two complex numbers and ¢ > 0 such that

Iz, + 2,P < (1 +¢) |z, + k |z, then k=

(Ayl-¢ (B)c—1 (O l+c' D) 1-¢"

If |z— 4+ 3i| < 1 and m and » are the least and greatest

4,2

+x"+4

values of |z| and & is the least value of 2T T on

the interval (0, o), then £ is equal to *

(A) m (B) n

(C) m+n (D) None of these



139.

140.

141.

142.

143.

144.

145.
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If n > 1, then the roots of 2" = (z + 1)" lieon a
(A) circle

(B) straight line

(C) parabola

(D) None of these

Let z be a complex number satisfying Z4+z+1=0.
If  is not a multiple of 3, then the value of 2" + z*" =

(A) 2 (B) =2

© 0 D) -1

If 1, o, o, o and o, be the roots of x* — 1 = 0, then
-0 O-0, O-0; O—0,

w* -0 w* -, w* -0, o* -0y

A) 1 B) o

(©) o (D) None of these

If z; and z, both satisfy the relationz + z = 2|z — 1

and arg (z; — z,) = z, then the imaginary part of

(z)+zy)1s

(A) 0 B) 1

©) 2 (D) None of these

All the roots of the equation a, 2° + a, z* + a,z +

a, =3, where |a;| < 1,i =1, 2, 3, 4, lie outside the
circle with centre origin and radius

1
(A) 1 (B) 3
©) % (D) None of these
If ! + ! + ! + ! =, where a, b, ¢ are
a+tw b+w c+w d+w

real and @ is a non-real cube root of unity, then
(A) a+b+c+d=-2abcd

1 1 1 1
(B) + + + =
I1+a 1+b 1+c¢ 1+d
1 1 1 1 2
© 2t 2t 2t 2 2
a+o° b+ c+w° d+w w

(D) abc + bed + abd + acd =4

fz+zy+z;=4,z,+z, 0+ z4 @ =B and z, + z,
o + z; =C, where 1, @, «” are the three cube roots
of unity, then |[4> + |B]? + |C]* =

(A) 3 (2 + 2 + 1)

(B) 2 (121 + Iz + Iz5)

©) (1 + [z +1z5P)

(D) None of these

146.

147.

148.

149.

150.

151.

152.

1 .
If o, B are the roots of z + —=2(cos 6+ sin 8) Then,

(A) lo—i]> |~ (B) la—il < |-l
(©) la—il=li-p (D) |o—il=|B~1

If at least one value of the complex number z = x + iy
satisfies the condition ‘ z+ \/3 ‘ =a*~3a+2 and the
inequality ‘ z+ i\/E ‘ <a*, then

(A) a>2 (B) a=2

(C) a<2 (D) None of these

If o is the nth root of unity, then 1 + 2o+ 308+ ... t0
n terms is equal to

A) ——" B) -

(A) o) (B) —a
2n 2n

C) — D) —

© - (D) 1oy

Let O, A, B be three collinear points such that
OA4 - OB = 1. If O and B represent the complex
numbers o and z, then 4 represents

1
B) -
z z
© = (D) 2
ABCD is a rhombus. Its diagonals 4C and BD inter-
sect at the point M and satisfy BD =2AC. If the points
D and M represent the complex numbers 1 + 7 and

2 — i, respectively, then 4 represents the complex
number

@A)

(A) 3—L or 3+~ B) 3+ or 1421
2 2 2 2

(C) 3—iorl-3i (D) None of these

The locus represented by the complex equation
z—2—il=]z|sin (%— argz) is the part of

(A) apair of straight lines
(B) acircle

(C) aparabola

(D) arectangular hyperbola

If z,, z,, z; are three points lying on the circle |z] = 2,
then the minimum value of |z, + 22|2 + |z, + z3|2 +
|z3 + zl|2 is equal to
(A) 6

©) 15

(B) 12
(D) 24
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More than One Option Correct Type

153.

154.

155.

156.

157.

158.

159.

The centre of a regular polygon of n sides is located
at the point z = 0, and one of its vertex z, is known. If
z, be the vertex adjacent to z,, then z, is equal to

2 .2
(A) z, (cos il i sin _n)
n

n

b3 .
B) z (cos — +isin —)
n

n

2 .2
©) z; (cos T _isin —ﬂ)
n

n
b3 . T

(D) zl(cos——ism —)
n

n
Ji—+=i s equal to

1
A) V2 (B) —=
iN2
If z,, z,, z3, z, are the four complex numbers repre-
sented by the vertices of a quadrilateral taken in order

Z,—z T
4 "1 == then
Z7Z

©) 0 (D) — 2

such that z; —z, =z, — z; and amp
the quadrilateral is a

(A) square

(B) rhombus

(C) rectangle

(D) a cyclic quadrilateral

The sum

4n+1 m+1{ . (zﬂ_kj . (271']()} " .
z z sm| —— |—1COS| —— 18
m=1] k=1" m m

(A) independent of n
(B) purely imaginary
(C) purely real

4n+1

(D) aroot of x +1=0

z,=a+ib and z, = ¢ + id are complex numbers such
that |z;| =|z,/ =1 and Re(z,z,) =0.If w, =a+icand
wy=b+id(a, b, c,de R),then

(A) fwi[=1 (B) wyf=1

(C) Re(wyw,)=0 (D) Re(ww,) =1

Ifarg (23/8) = % arg (z 24712 ), then
(A) /=1 (B) z=
(C) Re(2)=0 (D) Im(z)=0

Ilez + 2222 + 232 =22,(z; + z3), where z|, z,, z; are the
vertices of a triangle, then the triangle is

(B) right angled

(D) obtuse angled

(A) isosceles
(C) equilateral

160.

161.

162.

163.

164.

165.

If |z; — z,| = |z;| + |z,|, then

(A) arg [Z_IJ =z

Zy 2

1

(B) arg(z ]:(2n+1)7r,ne 1
2

(D) zy=1z,,le R

If z, =a +ib and z, = ¢ + id are two complex numbers
such that |z,| =|z,| = 1 and Re (z, . Z, ) = 0 then for the
pair of complex numbers @, = a + ic and w, =b + id
(A) Re (@) ,)=0 (B) Re (0, ,) =1
©) lo|=1 (D) None of these

Ifz,, z,, zy are the vertices of an equilateral triangle in
the complex plane and z,, is the centroid, then
1 1 1
(A) + +
21_22 22_23 Z3_Zl
2 2 2
B) (z1—z) " +(zy—2z3) +(z3—2)"=0

(©) 212+z§+z32=3z§

=0

2 2 2
D) zi+z5+z5=212,+ 2,23+ 23 2,

Ifa, b, c, ..., k are the roots of the equation
X p X p, X
(P1s Py - P, arereal) and (1 +a%) (1+b%) ... (1 +12)
=x2+y2, then

(A) x=1-p,+p, ...

(B) y=pi—ps+ps— ...

©) x=1+p,+p,+...

(D) y=py+ps+ps+....

Ifz,, z,, z; and z, are the vertices of a square PORS in
order, then

(A) zy+zy =23+ 72

(B) 21—zl =lzy—z3l = lz3 —z4 = |24 — 24

+...+p,_1x+p,=0

(©) lz3 -z =lz4 — 2,

(D) The real part of f1723
22_24

1S zero

If z,, z,, z; are the vertices of an isosceles triangle and
right angled at z,, then
(A) 2+ 27 4222 =2 (2, +23) 2,
(B) 2242y =22)(z, + 23— 7))
©) (z1-2)" +(5-2)" =0
zZy—Zz
(D) 1=
75

is imaginary



166.

167.

Complex Numbers 3.31

A, B, C are the points representing the complex
numbers z;, z,, z;, respectively on the complex
plane and the circumcentre of the triangle ABC lies
at the origin. If the altitude AD of the triangle ABC
meets circumcircle again at P, then P represents the
complex number

168.

(C) arg (z—lJ
2

(D) AOAB is isosceles

+Z
2

If f(x) and g(x) are two polynomials such that the
polynomial % (x) = x f(x°) + x’g(x°) is divisible by
¥4 x+ 1, then

Passage 1

_ Z,Z
(A) ~Fiz73 ®) -—= (A) f()=g (1) (B) f(1)=—g(1)
3 - 1=
© S D) - 02y (©) h(1)=0 D) h(-1)=0
z, z 169. If o is the fifth root of unity, then
Al
If the points 4 and B are represented by the non-zero (A) [T+a+ o +al+d |=0
complex numbers z, and z, on the argand plane such (B) 1+ a+d +a)=1
that |z, + z,| = |z, — z,| and O is the origin, then €)1 +a+add =2 cos*
(A) orthocentre of AOAB lies at O T 5
. .z +2z, D) 1 +o=2cos—
(B) circumcentre of AOAB is ———= 10
Passage Based Questions
(©) (@+b)" cos | Mtan~ 2
If n be a rational number, then n a
cos n@+isin n@ (D) None of these
is the value or one of the values of (cos 6+ i sin 6)". 172. The values of (16)"* are
If p and ¢ be the integers prime to each other (g # 0), (A) £2,£21i (B) +4,+4
then all the values of (cos 8+ i sin )" are given by (C) 1, =i (D) None of these
. 4 _
cos| (2kx + 0) PlLisin (2 +6) P ’ 173. The roots of the equation z* + 1 =0 are
q q (A) (£1£0) (B) (x2£2))
1
where k=0,1,2,...q—1. (C) — (1 £9) (D) None of these
There are apparently two different ways of calculat- V2
ing the values of (cos @+ i sin 6)”4, (where p and ¢ are Passage 2

integers prime to each other and ¢ # 0), namely,

1. by writing (cos 6+ i sin 6y’ as

{(cos O+ sin O},

2. by writing (cos 6+ i sin )7 as

{(cos 6+isin 6)"17.

It can be easily seen that if p and ¢ are prime to each other,
the ¢ values in each case are the same, so that each of the
two ways will yield the same result.

170.

171.

16
The value of 2 (sin 2r_7'c +1icos Zr—ﬂ) is
par 17 17

(A) 1 B) -1 ©) i (D) —i
One of the values of (a + ib)"" + (a — ib)"" is

(A) 2 (a*+b*)"" cos (ﬂtan_1 é)
n a

(B) 2 (d*+ b cos (ﬂtan‘l Il)
n a

If z=r (cos 8+ i sin 6) and n is a positive integer, then

1n l/n[ (2k7f+9) . (2kn+0):|
2= ] cos +isin ,
n n

where k=0, 1, 2, 3, ... (n — 1), gives n, nth roots of the
complex number z.

In particular, since 1 = cos 0 + i sin 0, therefore

()" = (cos 0 + i sin 0)""

2nr +0 . 2nr+0
=cos r + isin r ;r=0,1,2,...,(n—1)
n n
.2
=cos£+ismﬂ;r=0,1,2,...,(n—1)
n n
2rm

g

=e " ;r=0,1,2,...,(n-1)
-1, e(i2ﬂ/n)’ ol 4ﬂln)’ - i 2n-)7in)

=1L, o, ... "', where ar= ! 2"

These are the n, nth roots of unity.
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Clearly,

L l+a+cd+..+a"'=0

2. 1o ..o = 1)}

3. nth roots of unity form a G.P. with common ratio
(i27n)
e .

174. If 1, o, a)z, ... &' ! are the n, nth roots of unity and
z, and z, are any two complex numbers, then

n—1
2 z)+0'z, F =
k=0

(A) n [l + [z

(B) (n— 1) [|z,]* +[z]

©) (n+ 1) [,/ + 12,17
(D) None of these

175. If 1, ay, a,, ..., a, _, are the n, nth roots of unity, then
(I-ap(d-ay)(d-ay)..(1-a, )=
(A) n+1
(B) n
(€) n-1
(D) None of these.

176. If 1, o, o7, ...,o' " are the n nth roots of unity then

n—1
2 o is equal to
i=1 £«
_ n—1
(A) (n-227" +1 B) (n—-2)x2"
2" -1
_2 .27!—1
© (n=2)2 (D) None of these
2" -1
177. If 1, o, a)z, e @'~ ! are the n, nth roots of unity, then
(1-) (1-w’...(1- " ") isequal to
(A) 0 (B) 1
(©) n (D) n’
Passage 3

Solution of Equations
Certain types of algebraic equations can be solved with the
help of De’Moivre’s theorem

Equations of the type pz" + ¢ = 0:
If pz" + ¢ = 0, where p and g are complex numbers, and
p #0, then

Z'=—qlp

The roots of the given equation are, therefore, the n values
of (- q/p)l/ ". For example, consider the equation z’ + 1 = 0.

2+ 1 =0:>z7=—1=cis(2p+ 1), where p is an
integer.

Therefore, z=cis [2p + )W7],p=0,1, ..., 6

On putting p =0, 1, 2, 3, 4, 5, 6, the roots are seen
to be cos (#/7) £ i sin (7/7), cos (37/7) + i sin (37/7), cos
(57/7) £ isin (54/7), 1.

Equations of the type pz>" + gz" + r = 0, where p, ¢
and r are complex numbers and p # 0.

i 4t G —4pr
2p
Denoting these values of z” by o and 3, we have two equa-

tions " = ez and 2" = 3, each of which can be solved by the
method given in the above example.

z

Equations of the type a (pz + ¢q)" + b (rz +5)" =0:

o z + . .
The substitution 2= = 1 reduces the given equation
to the form 1zt
aw"+b=0 (1)

which can be solved by the method given above. If w, be
a root of the equation (i), the corresponding root z; of the
given equation is obtained by solving the equation

Pz vq +q
rZp +sF
178. The roots of the equation X+ +1 =0 are
cos (p—n)iisin (ﬂ], where p =
9 9
(A) 2 (B) 8 (C) 14 (D) 20

179. The roots of the equation 2 +472+16=0are
(A) £1+i3 (B) +1-iy/3
(C) +2+2,/3i (D) +2-2/3i

180. The roots of the equation (2 +z)° + (2 —2)° = 0 are

(A) +2i tan 77/12
(B) +2i tan 57712
(C) +2i
(D) +2

181. The roots of the equation AP+ —z+1=0are

cos(%ﬂj + isin (p?n) where p =

(A) 1,3,5,7,9
B) 1,3,7,9

(©) 3,5,7,9

(D) None of these



Match the Column Type

182.

183.

185.
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100
(1) If (\ﬁ +i) =2% (C) 2%
Column-I Column-IT (a +ib), then b=
2 2
r 7 (A)i-1 (V) 12- @) 2- &) +2 ) P+ D"
I) Ifz, =  |+isin| — -
M Iz, Cos(y) lsm(y)r G-0)(B-a)+..+ 4
=1,2,3,...,thenz,zyz; ... oo = n-D(n-o)(n-aH)=
() Ifi +22—z+i=0,then|z/= (B) 1 184.
- ©) 2 - -
(IIT) 1f z-2 (z #—2) is purely Column-I Column-IT
z+2 N6 ) 6
imaginary, then |z| = M \/§ R I \/E (A) — 7
(IV) The value of the sum D) i-1 2 2 2
13
. .n+l —
Z " +i"), (I If 21 is purely imaginary, (B) 0
n=1 z+1
where i= /-1, equals then |z| =
100 100
If 1, o, @ be the three cube roots of unity, then (1ID) (i +3 ) + (i -3 ) +21%= () 2
Column-I Column-II (IV) Letz,=(k=0,1,2,...6)bethe (D) 1
r . \/, roots of the equation (z + 1)’
O d+o)(d+a)(1+w) (A) {3 7_ & .
(1+ &%) ... to 2n factors +2° =0, then z Re(z;) 18
k=0
) (1-w+dd)(1-?+a" B) 1 equal to
(1-0'+ad.. to2n
factors =
Assertion-Reason Type
Instructions: /n the following questions an Assertion (A) is ~ 186. Assertion: The locus of the point z satisfying the
iﬁven ;;ollqwed by. a R.eason (R). Mark your responses from condition arg z -1 _r is a parabola
e following options: z+1 3
(A) Assertion(A) is True and Reason(R) is z
True; Reason(R) is a correct explanation for Reason: Arg Z—=Arg z)—Argz,
Assertion(A) 2
(B) Assertion(A) is True, Reason(R) is True; 187. Assertion: If the area of the triangle on the argand
Reason(R) is NOT a correct explanation for plane formed by the complex numbers —z, iz, z — iz is
Assertion(A) 600 square units, then |z| = 20
(C) Assertion(A) is True, Reason(R) is False Reason: Area of the triangle on the argand plane
(D) Assertion(A) is False, Reason(R) is True formed by the complex numbers —z, iz, z — iz is
Assertion: If a = cos o+ i sin o, b =cos S+ i sin B, 3|z2 .
= +isin ndz+é+£—71 then cos (8- 7) 2
c=cosyrismyand g oencos{PTY) o 1gg. Assertion: If |z — 1] + |z + 3| < 8, then the range of

C
+cos (y— ) +cos (aa— ) =-1
Reason: (cos o + i sin o) (cos o, + i sin o) =
cos(a + o) +isin (o + &)

values of |z — 4| is [1, 9]
Reason: |z — 1] + |z 4+ 3| £ 8 = z lies inside or on the

ellipse whose foci are (1, 0) and (-3, 0) and vertices
are (-5, 0) and (3, 0).
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189. Assertion: The greatest value of the moduli of complex

4 .
z——| =2 1s

z

numbers z satisfying the equation

\/§+1

Reason: For any two complex numbers z; and z,,
|21 — 2] 2 |21 = |z

190. Assertion: The locus of the points representing
the complex numbers satisfying |z| —2 =0, |z — i| —
|z + 5i] = 0 is the single point (0, —2)

Reason: If z is a variable point and z,, z, are two fixed
points in the argand plane, then |z — z|| = |z — z,| =
locus of z is the perpendicular bisector of the line
segment joining z; and z,.

Previous Year’s Questions

191.

192.

Assertion: If z, :% (I+17), then
P2)=(+2z) (1 +2) (1 +2z7) ... (1 +z™ =

1 . s
(I+19) (1 - T) , where n > 1 is a positive integer.
2

Reason: P, (z) =

Assertion: If amp . [z, (z; —z,)] = amp . [z5(z, — z))],
then 0, z,, z,, z; are concyclic.

Reason: For four concyclic points z, z,, z3, z,
(zy—23) (2, — 24)

(21— 24) (25 — 23

is purely real.

193. If wis an imaginary cube root of unity, then (1 + @

— w2)7 equals: [2002]
(A) 128 @ (B) —128 @
(C) 128 & (D) —-128 &

194. Letz, andz, be two roots of the equation 2 + az + b =0,
z being complex. Further, assume that the origin, z,
and z, form an equilateral triangle, then

[2003]

(B) a°=2b

(D) a*=4b

(A) &*=b
(C) a*=3b

195. If z and w are two non-zero complex numbers such
that | zw | =1, and Arg (z) — Arg (o) = % , then Zw

is equal to [2003]
A) 1 (B) -1
©) i (D) —i
196. If (ﬂ) =1, then [2003]
—i

(A) x=4n, where n is any positive integer
(B) x =2n, where n is any positive integer
(C) x=4n+ 1, where n is any positive integer
(D) x=2n+ 1, where n is any positive integer

197. Let z, w be complex numbers such that z +iw =0

and arg zw = . Then arg z equals [2004]
/4 hY/4

A)— B) —

(A7 B) 1
3 T

C)— D) —

© 2 D) 2

P 4

198.Ifz=x—iy and z3 = p+ig,then = 2, is equal to
+
1 [2004]
(A) 1 (B) -2
©) 2 (D) -1
If |22 1| = |z/*+ 1, then z lies on [2004]

199.

200.

201.

202.

(A) the real axis

(B) an ellipse

(C) acircle

(D) the imaginary axis.

If the cubes roots of unity are 1, @, @ then the roots
of the equation [2005]
(x— 1)3+8:0,are

(A) —-1,-1+20,-1 -

B) -1,-1,-1

©€) -1,1-2w,1-2a"

(D) -1,1+2w, 1 +2a’

If z, and z, are two non-zero complex numbers such
that |z, + z,| =|z,| +|z,| then argz,— argz, is equal to

[2005]
T
A) = (B) -
2
b4
© 0 D) -=
2
Ifw= and |w| =1, then z lies on [2005]
z— gl

(A) an ellipse
(C) astraight line

(B) acircle
(D) a parabola
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10
203. The value of Z(sinZk—ﬂ+ic052k—”) is
P 1 [2006]
(A) i B) 1
©) -1 (D) —i

IfZ2+z+1= 0, where z is a complex number, then
the value of

1Y (o, 1Y (5 1Y s 1Y
zH—| H | 5| 2
z z z z

204.

is [2006]
(A) 18 (B) 54
©) 6 (D) 12
205. If |z + 4] < 3, then the maximum value of |z + 1] is
[2007]
(A) 4 (B) 10
©) 6 D) o

. 1
206. The conjugate of a complex number is —— Then the

complex number is i-1 [2008]
-1 1
@A) — B) —
i—1 i+1
-1 1
© — D) —
i+1 i+1
4 . .
*207.1f |Z—-—|=2, then the maximum value of |Z]| is
equal to [2009]
(A) V3+1 B) 5+1
() 2 D) 2+ 2
208. The number of complex numbers z such that |z— 1|
= |z + 1| = |z—i| equals [2010]
(A) 1 (B) 2
(€) D) 0
209. Let ¢, §be real numbers and z a complex number. If
2+ azt =0 has two distinct roots on the line
Re(z) = 1, then it is necessary that [2011]
(A) Be(-1,0) ®) 1Bl=1
(C) Be(le) (D) e(0, 1)

210. If w( 1) is a cube root of unity, and (1 + a))7 =4+

Bw. Then (4, B) equals [2011]
@A) (1,1 B) (1,0)
© L1 D) (0, 1)

22

211. If z#1and is real, then the point which is rep-

[2012]

(A) either on the real axis or on a circle passing
through the origin

(B) on a circle with centre at the origin

(C) either on the real axis or on a circle not passing
through the origin

(D) on the imaginary axis

z—
resented by the complex number z lies

212. If z is a complex number of unit modulus and argu-

ment 6, then (”—f) equals [2013]
1+z

() 7-6 ®B) 6

€ 7-6 (D) -6

213. If z is a complex number such that |z| > 2, then the

minimum value of

1
zZ+—
2

[2014]
. 5

(A) isequal to >

(B) lies in the interval (1, 2)

S 5
(C) is strictly greater than 5

L 3 5
(D) is strictly greater than 5 but less than 5

214. A complex number z is said to be unimodular if
|z| = 1. Suppose z, and z, are complex numbers such

z, =2z
that =1

2 is unimodular and z, is not unimodular.

—414

Then the point z; lies on a [2015]

(A) straight line parallel to y-axis.
(B) circle of radius 2.

(C) circle of radius V2.

(D) straight line parallel to x-axis.

215. A value of 6 for which w is purely imagi-
1-2isin @
nary, is [2016]
1 V4
(a) sin”! (—J B) =
NG 3
n (3
c) — D) sin" | —
(c) 5 (D) ( 4]
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ANSWER KEYS

Single Option Correct Type

1.(A) 2.(D) 3.(AC 4D 5®B 6®B 7D 8 (C 9 (A 10.(C)
11. (D) 12. (D) 13.(C) 14.(B) 15.(B) 16.(C) 17.(B) 18 (C) 19.(D) 20. (B)
21. (B) 22.(C) 23.(B) 24.(B) 25.(B) 26.(C) 27.(C) 28.(A) 29.(C) 30.(A)
3. (C) 32.(B) 33.(B) 34.(C) 35.(C) 36.(A) 37.(C) 38.(C) 39.(B) 40.(C)
41. (C, D) 42. (A) 43.(A) 44.(C) 45.(B) 46.(C) 47.(C) 48.(A) 49. (O)
50. (C) 51.(B) 52.(B) 53.(B) 54.(A,C) 55.(B) 56.(C) 57.(A) 58.(A) 59.(B)
60. (A) 61. (C) 62.(B) 63.(A) 64.(C) 65 (A) 66.(C) 67.(A) 68 (C) 69.(C)
70. B) 71. (D) 72.(A) 73.(C) 74.(B) 75.(A) 76.(B) 71.(C) 78.(B) 79.(C)
80. (C) 81. (B) 82.(B) 83.(B) 84.(B) 85 (A) 86 (A) 87.(B) 88.(C) 89.(C)
90. (A) 91. (C) 92.(C) 93.(B) 94.(B) 95 (B) 96.(A) 97.(C) 98.(D) 99. (A)

100. (B) 101. (B) 102. (A) 103. (C) 104. (A) 105. (B) 106. (D) 107. (C) 108. (C) 109. (C)
110. (A) 111. (B) 112. (A) 113. (A) 114. (B) 115. (D) 116. (B) 117. (A) 118. (B) 119. (C)
120. (B) 121. (C) 122. (A) 123. (D) 124. (C) 125.(B) 126. (C) 127.(A) 128. (D) 129. (B)
130. (C) 131. (C) 132. (B) 133.(B) 134. (B) 135.(B) 136. (A) 137.(C) 138. (B) 139. (B)
140. (D) 141. (B) 142. (C) 143.(C) 144. (B) 145. (A) 146. (D) 147. (A) 148. (B) 149. (A)
150. (A) 151. (C) 152. (B)

More than One Option Correct Type

153. (A)and (C)  154. (A) and (D) 155. (C) and (D) 156. (A) and (B) 157. (A), (B) and (C)
158. (A), (B) and (D) 159. (A) and (B) 160. (B) and (C) 161. (A) and (C)
162. (A), (B), (C) and (D) 163. (A) and (B) 164. (A), (B), (C) and (D)

165. (A), (B), (C) and (D) 166. (B), (C)and (D) 167. (A), (B)and (C) 168. (A), (B) and (C)

169. (A), (B) and (C)

Passage Based Questions

170. (D) 171. (B) 172. (A) 173. (C) 174. (A) 175. (B) 176. (A) 177. (C) 178. (A), (B)and (C)
179. (A) and (B) 180. (A), (B)and (C) 181. (B)

Match the Column Type

182. (I) — (D); (Il) — (B); (Il)) — (C); (IV) — (A)

183. (I) = (B); (II) — (C); (III) — (A); (IV) — (D)

184. (I) — (C); (II) — (D); (I)) — (B); (IV) — (A)

Assertion-Reason Type

185. (A) 186. (D) 187. (A) 188. (A) 189. (A) 190. (A) 191. (A) 192. (A)

Previous Year’s Questions
193. (D) 194. (C) 195. (D) or (C) 196. (A) 197. (C) 198. (B) 199. (D) 200. (C) 201. (C)

202. (C) 203. (D) 204. (D) 205. (C) 206. (C) 207. (B) 208. (A) 209. (C) 210. (A)
211. (A) 212. (B) 213. (B) 214. (B) 215. (A)



Single Option Correct Type
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HINTS AND SOLUTIONS

P4

1. We have, —+7+£=1+i

a b ¢

2
= (£+ﬁ+f) =1-1+2i=2i
a b ¢

2
. L+1+L+z(ﬂ+ﬂ+ﬂ)=zi
bc ca ab

2 2 2
2 b
R L
a” b ¢ abc \p q r
PP
= S+l +—=2i

The correct option is (A)

. sin x 4+ i cos 2x and cos x — i sin 2x are conjugate of each
other

if  sinx+1icos2x= cosx —isin 2x
= sinx+1icos2x=cosx+1isin2x
= sinx =cos x and cos 2x = sin 2x
= tanx=1andtan 2x=1,

which is not possible for any value of x.
The correct option is (D)

. Since [z, + z,| = |z;| + |z,

B O, O where P is the affix of z|, O is the affix of origin
and Q the affix of z, must lie in the same straight line. Thus,
argz,—argz, =% 1.

The correct option is (A) and (C)

. Letz=x+iy, then

Al =0 @+ )+ +ipfF=0

= x27y2+2ixy+x2+y2=0

= 27+ 2ixy=0

= 2x’=0and2xy=0

= x=0andxy=0

Clearly y can be any real number. Hence, we will get

infinitely many solutions.

The correct option is (D)

. As wis the nth root of unity so, @' —1=0

= (0-D(+o+ad+ ... +d =0

Hence, | + o+ @’ +, ...+ &' '=0

or w—1=0ie,w=1

The correct option is (B)

. Sincez+ \2 2+ 1|+i=0
Cox+i(+ D+ V2 k+iy+1[=0

y+1=0

y=-1

x++2 x—i+1]=0

(" e+ iy + 1] is real)

= =2+ 1) +1]1=2+2x+2)
X +ax+4=0

= (x+2)7=0
or x=-2
z=-2—1.

The correct option is (B)

y4 . .
7. If =L =z the given equation becomes

z
zzfzz+ 1 :Oi.e.,zzfa)andfa)2
or, =ik =—0=z,=—2,0

2
OB =1z, - 0| = |z,
04 =z, - 0| = - 2,0| = |z| Fo| = |z,

and AB =z, —z|| = |z, + z,0|
=zl [1+ @] = |2 -] = |2,
Thus z,, z, and origin form an equilateral triangle.
The correct option is (D)
8. Leta=rcos Qand b=rsin O

tan 6= b
a
a—ib _ r(cos O —isin 0)
a+ib  r(cos B+isin )

=cos20—isin20=¢ 26

=(cos 0—i sinH)2

Now

—ib )
ilog u =iloge Y0=i(-2i6)=20
a+ib

Zb

—ib 2t 4

tan [iloga l :|=tan29:L20 =—4
a+i 1—tan” 0 1_b7

2ab a’

&b

The correct option is (C)

9. Since (/3 +1)'° =2 (a+ib)
(V3 =0)'1"=2" (a—ib)

s (B )P (VB )0 =2% i) =2'" (ib)

o 1013 1010 ] 4 3 10 = 210 ()

or (—2w)'"—2a)' " =2"" (ib)

or a)fa)zz(ib)or V3 i=ib

o b=+f3

The correct option is (A)
10. We have,

1—-isin o (I—isin o) (1—2i sin )

1+2isino  (1+2isin o) (1-2isin )

_ 1-3isina-2sin’a
1-4i*sin’ o
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_ —2sin? o) - 3isin & XXy oo Xg = 5° [cos (5m+560) +isin (57+56)]
- 1+4%sino ’ =5° (— cos 56— i sin 56)

which is purely real if sin =0, i.e., if &= nzx, where n is an =—5(cos 50+ i sin 56)

integer. The correct option is (B)

The correct option is (C) 16. Given |z, + 2, = |z)| + |z,

11. By the given condition, |z — 1] < |z — i
= k—l+i<px+i@-1)
= G-+ <P+ (-1
= <-2y=>x>y=x-y>0

Squaring, |z, + 2, = (2| + |2,))?

21 + 2ol + 2Re 2y 2ol = 24P + |25 + 2 [z |2
Re 7| | 7,1 =2 Iz] |z,

21125 | cos (6; — 6)) = |z)] Iz,

cos (6,—60)=1

6,-6,=0 or 6,=6,

or argz;=argz,

The correct option is (B)

Lo u e

12. Perimeter = 6 X distance of vertex 1 + 2i
from the centre (0, 0).
=6[(1-0)+i(2-0)]=6+/5

. Thy t option is (C
The correct option is (D) e correct option is (C)

13. Letz, =x, +1iy, 17. Foreverya € R, |a|= \/cTZ
Zy =Xy + iy, |a|2 =d’
Z3=x3+ iy, Now (x| = [y))* 2 0
525 = (5 — i) (%3 + iy) = b+ -2k 20

2 ] < e + b
bl + P+ 2 e ] < 2 e + 2
(X[ + D)% <2 (2 +5%)
(x| +bD* <22
o K+ <V2
The correct option is (B)
18. We have, |1 +i* x |1 + 2i? X |1+ 3i]* ... |1 + nif?

= (x5 + ypp3) + i (X173 — X305)
= Im (z,z3) =x03-x30,
zpIm (Zyz3) = (x; +iy)) (xpp3 = x307)
Similarly
7 Im (Z3z)) = (3, +0yy) (v —x3)
73 Im(Z)zy) = (5 +iy3) (¥, — X))
Adding we get the result =0

LI

The correct option is (C)

2, | o =|a+iB)
14. - 3. is purely an imaginary number, = (I+D)x(1+4Hx(1+9)...(1+n)=+f
2
2z .3 = 2x5x10...(1+nd)=a’+ B>
let ==L =ip or L == b (1 Th t ontion is (C
2, z, 2 e correct option is (C)
. 4 y 19. |z]=1,]z|=1
L. 4 Zfl—l %ib—l = d+b=1 ()
1~5| _|A -
— | =1z 1|3 P+q=1 2)
artn ! Zib+1 — , ,
2, 2 Im (z,z,) =Im (a +ib) (p —ig) =bp —aq
4 s bp—ag=1 (3)
3 9b* — : , :
2ib_1 T+l w0, =(a+ip)(b—ig)=(ab+pq)+i(bp—aq)
=2 1. - = (ab+pg)+i(1)
3. 2 . . =
Elb+1 %4_1 s Im (wlwz) =1
4 The correct option is (D)
Th t option is (B
. ¢ corree 50p ion is (B) 20. We have, Ja+ib =x+iy
15 x 2(4_‘:’;) y a+ib=(x+iy) = (¥ =307 +i 3x’y-)’)
i .
x0=5° (g—g) =57 (cos O+ sin 6)° soa=x"-3xy’and h=3x"y )’
.oa_ 2 2 _a2 2
where  6=—tan! (%):55 (cos 56+ isin 56) Ty =x"—3y" and ; =3x"-y
b
x=55/6(cos519+isin56)1/6 E+f=)6273y2+3xzfyz=4(xz—yz)

Xy
_ g6 |:cos(2kn+ 59) v Sin(zk”"‘ 59)] The correct option is (B)



21.

22,

23.

24,

25.

26.

As (a—b)* 20, d*+ b* = 2ab

But |z| = Va® + b7 ; so from Eq. (1), |2]* = 2ab
Y PP+ P2 d 4+ b+ 2ab
or |z + |z = (a + b)%
2|2 = (a + b)*
V2 |zl = a + b as |z] is positive.
1
|z] 2 —= (a + b)

N

The correct option is (B)

21—23_1—1'\/5 Z3
Z, —z3 2
- (-r _;
=cos | — |+sin| — | =¢ 7"
3 3
Zy — Z i
1 3=‘ in3 Z z
T2

and angle between z; —z; and z, — z5 is % .

.. triangle is equilateral.

The correct option is (C)

Putting x = 1, w, o respectively,

'=apta;tayt ... +ay,

(I1+ 0+ =ay+a, 0+a, @+ ... +ay, @"

(I+&+ oY) =ay+a, & +a, 0 + ... +a,, &

Adding these, 3" + (1 + 0+ @) + (1 + & + &*)"

=3ay+a,(1+ 0+ ") +a,(1 + & + o)

+a,(1+ @0 + )+ ...
3"+ 0"+ 0"=3a,+ 3a; + 3ag+ ...
3" =gy taytagt...

The correct option is (B)

Let l=x; . x"=1; ¥~ 1=0
X-l=(x-D@Ex—a)@x-ay)...(x—a,_ )
(—a) (F—ay) (—ay) ... (r—a, )

x"=1 1-x" )
= = =l4+x+x"+, .., +x
x—1 1-x

Putting x = 1, we get

(I-ap(d-ay)(1-ay)...(1—a,_))=n.

The correct option is (B)

n—1

The closest distance = length of the perpendicular from the

origin on the line az+az+aa =0
a(0)+al0|+aa _ |af _|al

T 2a 2 2

The correct option is (B)

Given |z— 1]+ [z+3| <8

z lies inside or on the ellipse whose foci are (1, 0) and
(=3, 0). Vertices are (-5, 0) and (3, 0). Now, |z — 4] is distance

of z from (4, 0).
Minimum distance is 1 and maximum is 9.

The correct option is (C)

Complex Numbers

27.

28.

29.

30.

We have, z* + 1 =0 = z* =1

= z=(cos m+isin ﬂ)”4

1 1
= z=cos 7 (2km+ m) + i sin 7 Q2kr+n),k=0,1,2,3.

T .. T 3z .. 3¢
= z=CO0S — +isln —,C0S — +isSin—,
4 4 4 4

S .. 5w ir .. Irn
cos — +isin—,cos— +isin—
4 4 4 4

1 1 1 1
=— (1+0), = (-1+0), = (-1-10), = (1 -i).
,—2( ,—2( ),—2( ),—2( )
Hence, the four roots of z* + 1 = 0 are —— (1 £9).

NG

The correct option is (C)
Put 1 =rcos @and— 1 =rsin 8

= r=2 and0=—%

Then given equation takes the form

(JIy [ (z) (4)] _y

or 2" |cos % _isin 2T |= 2"
4 4
Equating real and imaginary parts, we get
cos 7 =2" and —sin F =0
4 4
These are satisfied only for n = 0.

Hence, n = 0 is the only solution.
The correct option is (A)

We have, 2 =

Z—i 2|z - ‘i‘
z z

<2

‘4
= ld-|-
z
= [Z*-21]7-4<0 or (z2-1*-5<0
= (2-1°<5 or |zZ-1<=|7<+1

Hence the greatest value of |z| is J5+ 1.
The correct option is (C)
We have, Arg (z + i) — Arg (z — i) = %

= Arg (z+l) _z
z—1 2
Re (Z+l_) =
zZ—1
z+1 z+1
(f)*-( —‘) +i Z+i
212120:}(2_){_):0

2 z—1 zZ—1

U

= (+)(z+D)+(z-)(z-i)=0

= zz +i(z+z)-1+zz —i(z+z)-1=0
= 2(zz)=2

= zz=1 or |f=1

= =1
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31.

32.

33.

The equation represents a circle centred at origin and radius

1 unit.
The correct option is (A)

Letz=x+iy
2
Since Z—l is real = k (say), where k € R

(+ip)’
x+iy—1
= PH+2ixy-y=k(x-1)+iky
= ¥y =k@x-1) (1)
2y =hky (2)
Eq. (2) gives either y =0 or k= 2x
If k = 2x, then ¥ 7y2 =2x> —2x
= x’+)*—2x=0, which is a circle.
Thus, lies either on the real axis y = 0 or on a circle.
The correct option is (C)
-2
Clearly [1—°2| =1
A%
-2 z 0%
- | & iz 2 322 -1
2-zz, )\ 2-2z,
= ziz; - 22z, — 22z, +4z,z,
= 4-2%z, - 2212, + 22,72,
2 2 _ 202
= g+ =447 |z
= [P 1=kl 1=4 11 -]
= |af=4 (- lzal# 1)
= lzl=2
The correct option is (B)
Letz, =x, +iy,and z, = x, + iy,
Now z; +z, = (x; +x,) +i (v, +,)
and z; -z = (x; = X) +i (y; —»2)
As |z, +z,| = |z, — 2|, we get
(xy +x2)2 +0 +J’2)2 = (x, *xz)z + (O *yz)z
or, X;X,+y,»,=0 y (@)
1
Now amp z, —amp z, = tan_' XT Cfan ' 22
X2
N _Ja
=tan ! L2
1+20. 22
X X
—tan- ! 2N TN
X X+ 0V,
=tan ' o, by (1)

b1
lamp z; —amp z,| = e

The correct option is (B)

34. We have,

log o [ 2714 ) Sy Ciog, [ L
Z1/2 3z-1]-2 B2 {5

3s.

36.

37.

38.

39.

40.

41.

z-1+4 1
— <= <
3z=1]-2 2

(" log, x is a decreasing function if a < 1)

= [z-1|+4<3]z-1-2
= 2z-1>6=>z-1|>3
which is an exterior of a circle.
The correct option is (C)
Suppose x is a real root
Thenx’+ix—-1=0= x*~1=0andx=0
There is no real number satisfying these two equations.
The correct option is (C)
Let o, B, ¥ be the roots
o+ p+y=—a
Fal=la+B+y|<lof+[Bl+]y[=1+1+1
la| <3
The correct option is (A)
We have, a,.%
4
= 212 + Z; = Zl ZZ
= 4zt =nntnntnz
where z; = 0.
= 1z, z, and the origin form an equilateral triangle.
The correct option is (C)

1 2"+
Wehave,S(n):f’.,.f”zin_i_7 _!
i

_ (-D"+1

n

in

,n=1,2,3,4,...
i

values of S (n) are 0,—-2,2,0,-2,2, ...
Total number of distinct values of S (n) is 3.

The correct option is (C)

1 1
— + —
KIS

1
= |z, +1z) (1—] =0
1z 2, |

zi+z
We have, |z, +z,| = =12

1%

= |z1z)=1
The correct option is (B)
We have, amp (z — 1) = amp (z + 3i)
= tan' L:tan’1 y—”
x—1 b
= w=x-1D@+3)
= 3(x-1)=y
o (x=1D:y=1:3.
The correct option is (C)
We have, z, —z,=2,—-2z; or “723 = %

i.e., the diagonals bisect each other.

It is a parallelogram.

(" zy #£-2y)



42.

43.

44.

45.

46.

47.

Complex Numbers 3.41

Zy—Z T
amp —4+—1 =5
274

Also,

= angle at z, is a right angle.
It is a rectangle and hence a cyclic quadrilateral.
The correct option is (C) and (D)

2
Given: |z] =2 and arg (z) = ?ﬂ .

Ifz:r(cos9+isin9),thenr=2and9=2?ﬂ
2 .. 2n; 1 B
z=2]|cos—+isin— |[=2| ——+i—
3 3 2 2

=(1+iv3)

The correct option is (A)
|z 2] +1
lo — <2
gﬁ( 24|z
2
—|z|+1
EREL P
2+|z|
= [P —lz+1<6+3]
= =41 -5<0=(z-5) (2 +1)<0
= |z]-5<0,sincefz] +1>0=z] <5
The correct option is (A)
We have, |z =1, or

or x2+y271=0.

Now (z;l) _ |:(x—1)+iy]x[(x+1)—iy:|
z+1 (x+1)+iy (x+1D)—iy
_ Py D2y 20
(x+l)2 +y2 (x+1)2 +y2

2 +y*=1=0)
The correct option is (C)
Letz, =x, + iy,
n =x -y
Nowz,=z =z, +z,=2,+ Z
=X iy tx iy
= 2x,, which is real.
Hence, result holds if z, =7; .
The correct option is (B)
|z —i| = |z + 5i] represents equation of perpendicular bisector
of points (0, 1) and (0, —5) i.e., y = -2, now |z| = 2 is x* +
=4
= X+4=4=x=0
z represents a single point (0, —2).
The correct option is (C)

If a complex number z is rotated through an angle 180°, then
it’s new position is —z. So, 2 — 41 is —2 + 4i and stretching it 5/2
times means modulus 5/2 times of previous complex number

ie. % (-2 +4i)=-5 + 10i

The correct option is (C)

48.

49.

50.

Midpoint of P and P’ is centre of circle C such that

z+(~z) _
2
Centre of circle lies at origin.

0

Now, the equation of circle with centre at origin and radius
|z)] or |-zy| is

=0 =z - ~

2
= k=

The correct option is (A)

We have s
(1+i)2:(£+g+£)
a b ¢
2 2 2
= 1—1+2i=p—2+q—2+r—2+2 ﬂ+ﬁ+ﬂ)
a- b° ¢ bc ca ab
2 2 2
2ab b
= 21=p—2+q—2+r—2+ i
a b° ¢ par\p 4qg r
2 2 2
2ab
=P T 222 ()
a b c pqr
2 2 2
R S
a- b° ¢

The correct option is (C)

Interpretating according to Coni’s Theorem. Let the angle
between the lines joining

z),z,and z), —z, be &
475
z+ 2,

=cos a+tsin o

Using Componendo and Dividendo, we have

2z; l+cosa+isino

-2z, cosa—l+isino

2cos? Ed +i2$ingc0sg
2 2 2

Z

= — =
z ofa) .o o«
2 —2sin?| = | +isin—cos—

2 2 2

z . o

= —=icot —
Z, 2

X o
= iz;=-cot 522
But iz) = kz, [Where, k= —cot% (say):|
o
Now, k =—cot B

o
= cotz =—k=tan o=
2k
1- k2

2k
= o=tan! _l—kz =-2tan'k

k-1

= tano=-
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51.

52.

53.

54.

Z =2, .
=cos o+ isin &
Z+2,

Now,

where «is the angle between (z, — z,) and (z; + z,).

= o=-2tan 'kis the angle between (z, —z,) and (z, + z,).

The correct option is (C)

X - \/?_)x +1=0
_BeiE

X=——"— T

= r
2 2 2
1Y 1 nm
( "——) =(x2"+7—2)=—2+2c0s—
x" x" 3

24 2 24
1
= Z(X”—?) = 2(—2+2cos%)
n=1

n=1

T .. T
=cos —+isin—
6 6

=-48+2 cos£+ cosz—”+ et 00524—”
3 3 3

2r 23w\ . (24rm
+2| cos T+T .sin e
= —48
.
sin—
6

=0-48=-48
The correct option is (B)

C,(0, 0) is centre of bigger circle and C, (3, 4) is centre of
smaller circle

CB=r =12
CA=r,=5
C,C, =5, minimum value of |z, —z,| = 4B

(radius of bigger circle)
(radius of smaller circle)

B
Now, C,C, + C,A+AB=C\B
= AB=12-5-5=2
The correct option is (B)
[V2z, +i35,| V3% +id2 o[
= (V25 +iV35, ) (V25 - iV3 2,
+(\/§EI+1' 222)(\/521—1' 252)
=5(af + 20 >5 24| [z =101z 2

Since 4 - M > G - M for |z)| # |z,
The correct option is (B)

Let z,, z,, z; be affixes of points 4, B, C respectively. Since,
), Z,, zy are in A.P, therefore

2z,=z,+1z4

SS.

56.

57.

+
= =13
2
= B is the mid point of the line AC

= A, B, C are collinear
S Z5, 2,23 lieona line
The correct option is (A) and (C)

If zis a oot of (z — 1)® = 2@’ (z + 1)®, then
25

z—1 3 z—1
=20 = =2|af|=2
z+1 z+1
z—1 — 125
z+1

As 2" 21, we get z lies on a circle.
The correct option is (B)
1 3

We have (A0A1)2:Z+Z =1
= A4y, =1
3V (V3) 943
AOAl_(E) +(2J —T—S
Imaginary
axis
-1 /3 1,8
(34) == (%)
Az Ao
(-1,0) 1, 0)
1 -3 S
(387 8)
= A, =3

Similarly, Ay, = NG
Thus, (4y4,) (4y4,) (Ayds) =3

The correct option is (C)

b
Zy+zy=— —
a
215= —
z, =z,

From Eq. (1) and (2)

zi(1+i)= —
b b
= zi=— (1-i)= 2 = — (2i)=
1=5, (D=2 = 5 (20
From Eq. (2) and (3)
2 c —c . —b? 2
5y =—=—iD_—i=—iDa= —
ai a 2a a 2c

The correct option is (A)

Real
axis

(M
@
3)



58.

59.

60.

61.

62.

2422 42:41=0

= @+1)+22E+1)=0
= (E+1)(F-z+14+22)=0
= +D)EE+z+1)=0
= z=—1,a),co2

Now equation 2198

but not by —1. So, common roots are @ and .
The correct option is (A)

Zifl should be real

ie., Ly—l =y—i(x—1)isreal

= x—1=0ie,x=1

qz-1 L
sin”! Z— =sin”! y
i
-1<y<1
The correct option is (B)
Since, P-x+1=0
Solving for x, we have x =—wand x = &’

Casel: x=w

2
1
(o)
1 o"

n 2n2
((,D +w )

S=

Mo

= S=

Mo 3

n=1
= S=(1D+ )2+ 22+ (1) + (1)
CaselIl: x= &

The correct option is (A)

Complex Numbers

3.43

+2%41=0 gets satisfied by w and w?

(given)

(~.S=8)

Points 4, B and C are at equal distance from origin O and as
£ BOA = 45° clearly BC = AB. So, triangle is isoceles.

Imaginary
axis
+C(@O,1) 11
/.B <‘/§ 2
A 45°
A } Real axis
o A(1,0)

The correct option is (C)

Let o be a real root of the given equation.
Then, o + (a + ib) a+c+id=0

= o +aa+c=0andba+d=0

- (e e

63.

64.

65.

66.

67.

68.

2
d—z—ﬂ +c=0
b b
or d —abd+bc=0
The correct option is (B)
iz + 2y = \iz—i2+zo— 1|
=li(z—)+5+3i—-1]
=li(z—i)+ (4 +30)
iz +zo| < i (z— 1) + |4 + 3]
<12+5=7
.. Maximum value of |iz + zy| is 7

The correct option is (A)

z(z - Zi) =27 +2iz=2 (2 +1i) gives

X +y - 2y=4and2x =2,

on equating the real and imaginary parts.
y2—2y—3 =0givingy =3, -1

The solutions are 1 +3iand 1 —1i.

The correct option is (C)

Let the roots of the given equation be 1 +ip and 1 — ip, where

peR

= fB=product of roots
=(1+ip)(1-ip)=1+p*>1,Vpe R

= fe (1,)

The correct option is (A)

(1+w) =4+Bw

(-&*) =4 +Bw

—~&?=A+Bo

l+w=4+Bw

A=1,B=1

(4,B)=(1,1)

The correct option is (C)

Lo e e

z? 72

z-1 z-1

= zzz—zl=zz7 - 77

= |zP(z-2)-(z-2)z+Z2)=0
= (z-2[zP-(z+2)]=0

Either z= z = real axis

or |z|2:z+E =>zz-z-2=0
represents a circle passing through origin.
The correct option is (A)
Cilz—il=2=x"+(@x-1y=2?
Cylz—1-2il=4= (x— 1)* +(y —2)* =4
C,C, =2

r=2r=4

= CC<|rj—ry

= one circle lies inside the other. Now point (2, 2) lies

outside circle C, and inside circle C,.
= (, lies inside C,
The correct option is (C)
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69.

70.

71.

72.

73.

Put —i in place of i
-1

Hence —.
i+1
The correct option is (C)

4) 4 4 4
zZl=|lz——|+—|=|z|=|z——+—
z) z z z
4 4
= plSlz-—|+—=]z|<2+—
z| |z |z]

= |Z$-22-4<0

[z]-(5+D]llz|-(1-5)] <0

= 1-5<|z]<5+1

The correct option is (B)

We have, z,(z*, — 32%,) =2 (1)
and, z,(32%, —25,) = 11 )
Multiplying (2) by 7 and adding it to (1), we get

2 =322, + (32 2y — 2 =2 + i

= (g +iz)’ =2+11i 3)
Again, multiplying (2) by 7 and subtracting it from (1), we
get

231 - 322221 - i(322122 —232) =2-11i

= (z—iz,)’ =2—-11i 4)
Multiplying (3) and (4), we get

(22l +222)3 =4+121= 22l +222 =5.

The correct option is (D)

We have, y/1—c¢? =nc—1

2=’ +1-2nc

A )

20 1+ n?

Now, —(1+ nz)(l + ﬁ)
2n z

1 1
= 5 1+n2+n(z+fj
1+n z

- . (1+ n* + n(2c0s0))

= l-c¢

_1+n
2n .
= 1+ 5 [cos@=1+ccosb (Using (1))
1+n
The correct option is (A)
l_ak+l
Wehave,zk=1+a+a2+...ak= n
—a
1 _ak+l
= z— =
l-—a 1-a
1 ‘ |a‘k+l 1
= |z, — = clal< 1
K 1-a| |1-a| [1-a] - lal <1y

Therefore, vertices z|, z,, ..
circle.

., z, of the polygon lie within the

74.

75.

76.

77.

78.

79.

1

_l—a

1
1-al
The correct option is (C)
We have,

Bl = a2’ + ayz* + asz + ay

z

= 3< a2+ |ay2’] + |agz] + |ay)

3 2
= 3<ay| || +layl 127 + las| || + |ay|
= 3<|P+ P+ +1 (v lal < 1)
= 3<l+4lz+ P+ <142+ +... 00
1
= 3< =1-z< -
1-|z| 3
2
> —
3

The correct option is (B)

We have, z* = (z - 1)4

Z—l 2nmi
(—) =1"M=¢4 ,n=01,23.

z
Since for all these values of z,

z—

1 . . N .
=1 so they lie on the line bisecting perpendicularly

z
the joinofz=1and z=0.
The correct option is (A)

2 2
z+=-=
z z

2
z+=
z

We have, |z| = <

E
2 2
= |z|£2+g = <2z+2
= -2 +1<1+2= (2 - 1)*<3
= B<p-1<B=1-B <p<1+B
That is, the maximum value of |z] is 1 + \/5
The correct option is (B)
We have, z+ Z |+|z— Z |=8
= 2@x|+2/=8 or [+ =4
The correct option is (C)
Since z + \/§|z+l\+i=0
X+i(+ D+ V2 k+iy+1]=0
y+1=0
y=-1
x+ 2 x—i+1]=0
= =2+ 1)’+1]=20*+2x+2)
K Hdx+4=0

[ |x+ iy + 1] is real]

(x+2)7%*=0
x=-2
z=-2—1

The correct option is (B)
Leta=rcos @and b=rsin 0

tan 6= é
a



80.

81.

82.

83.

a—ib _ r(cos 6 —isin 0)
a+ib  r(cos @+isin 0)
=cos20—isin260=¢ %0

Now, =(cos 0—i sintﬁ’)2

b ilogedg=i(2i0)=20
+ib

tan |:i log a—l;b):| =tan 26

a+i
_ 2tan0 2%
C1-tan’0 l—ﬁ
_ 2ab «
a*—b?

The correct option is (C)
Given |z, + z,| = |z;| + |z,
. 2 2
Squaring, |z; + z,[" = (|z| + |z,])
2 2
= |z + |zl + 2Re |z)] |z

2 2
=z + |zl + 2 1z 2

U

2Re [z)] |2, [ = 2 |24 |z,

U

21| 12, | cos (6, — 6y) =z |z,
= cos(0,-6)=1=6,-6,=00r6,=6,
or, argz,=argz,
The correct option is (C)
Foreverya € R, |a| = \/572
|a‘2 — a2
Now, (|x] - p)* = 0
= b -2k b0
= 20 <+ b
= WP+P+2 K <2 k2P
= (W+ D)’ <262+ = (W + )’ <2
b+ < V2 [z
The correct option is (B)
As (a—b)*20,d*+b* 2 2ab
But |z| =va® + b ; so from (i), |z]* = 2ab
|z|2+a2+b22a2+b2+2ab
or, |2+ 2> = (a+b)%
222 = (a + b)*
2 |z = a + b as |z] is positive.
1
|z = 5 (a+D)

The correct option is (B)

Putting x =1, o, o, respectively,

'=ay+a tay+...+ay,

(I+ 0+ =ay+a, 0+a, @+ ... +ay, @"
I+ +0Y =ay+a, & +a, 0" + ...+ ay, ©"

Adding these, 3" + (1 + 0+ @) + (1 + & + &*)"

Complex Numbers 3.45

(i)

84.

85.

86.

87.

=3ay+a, (1 + o+ o) +a,(1+ @ + ')
+ay(1+ @+ )+ ...
3"+ 0"+ 0"=3a,+ 3a; + 3ag+ ...
o3l =agtagragt ..
The correct option is (B)
The closest distance = length of the perpendicular from the
origin on the line az +az+aa =0

_a(0)+al0|+aa _ |af _|a

2)a| 2al 2

The correct option is (B)

Putl=rcos @and—1=rsin 6
= r= \/5 and 9:—%

Then, given equation takes the form

(2 [cos (—%) +isin (—Z)] _py

or, 2"%|cos T _isin 22| = o
4 4
Equating real and imaginary parts, we get
cos 7 =2 and—sin ™% =0
4 4
These are satisfied only for n =0

Hence, n = 0 is the only solution.

The correct option is (A)

We have, Arg (z + i) —Arg (z— i) = %

4
= Arg (Z l) :E
z—1 2

U

U

)
zZ—1 zZ—1

= (+)(z +)+(@Ez-i)(z -)=0

= zz +i(z+z)-1+zz —i(z+z)-1=0
= 2(@zz)=2=z=lorlf =1

= [z=1

The equation represents a circle centered at origin and radius
1 unit

The correct option is (A)

Letz, =x, +iy,and z, = x, + iy,

Now z; +z, = (x; +x,) +i (y; +y,)

and, z; =z, = (x; —xp) +i (v, =)

As |z + 25| = |z; — z,|, we get

G+ 52+ 0+ 3 = —x) + (0 )’

or, XX+ ;=0 1)
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88.

89.

90.

91.

Now, amp z; —amp zzztan’1 hftan’1 %
X X2

N_N
X X 1 XY =W X
=tan ' "2 —tan ! BARZHH
1+ 0.2 XXy Y,

X X%

=tan ' o, by (1)

[amp z; —amp z,| = 5

The correct option is (B)

We have,
1
—J3>1=1lo —
gl/z(z)
|z—1+4 <l
3z-1]-2 2

[ log, x is a decreasing function if a < 1]

= [z-1]+4<3]z-1]-2
= 2iz-1>6=>z-1|>3
which is an exterior of a circle.
The correct option is (C)
We have, A4 o

Z 4
= 212 + z§ =z, z
= itz =+t
where z; = 0.
= 1z, 2z, and the origin form an equilateral triangle.
The correct option is (C)

Mid-point of P and P’ is centre of circle C such that

a+(=7) _
2
Centre of circle lies at origin.

0

Now, the equation of circle with centre at origin and radius

lz)| or |-z]is
2= 0] =z /’/ \\‘\\
2 2 / =
= |z =z] / \P( Z4)
v = - 1 \
= z "z = Zl Zl || :
- 7N ‘\ /’
z Z I 7
= =21= (71) P(Z1) AN /
zy oz z o e
The correct option is (A)
‘We have,
2
(1+i) = (£+g+f)
a b c
P (e, pa
= 1-1+42i=F+-5+—5+2[—+—
a- b ¢ bc ca ab
2 2 2
2abc( a
= 2z=p—2+q—2+r—2+ 244,r
a® b° ¢ pqr\p b ¢

92.

93.

S}

}’2 .
+7=21
c

2
p
= S+

a

%)

The correct option is (C)

Interpretating according to Coni’s theorem. Let the angle
between the lines joining

z,z,and z;, —z, be a
"%
z+2z,

=CcoS a+tsin

Using Componendo and Dividendo, we have

2z;  l+cosa+tsina

-2z, cosa—1+tsina

2cos? a +t2$ingcosg
2 2 2

- A _
z .o o Lo o
2 Dgin? (E) +¢sin ECOSE
z o o

= — =tcot— =>izy=—-cot—z,
z, 2 2

But 1z, =kz, {where, k= —cot% (say)}

Now, k=—cot L = cot % —k
2 2

=tan o=— 2k
-1 1-&*

2k
_l—kz =-2tan 'k

= tan o=

= a:tan’l(

)
z+ 2,

Now, =Ccos @+ isin

where «is the angle between (z, - z,) and (z, + z,)
= o=-2tan 'kis the angle between (z, —z,) and (z; + z).
The correct option is (C)

xz—\/gx +1=0
B+-4 3 T ..
= xX=——_——=-—=— =cos—+isin—
2 2 2 6 6
2
(o2 ()
X X
:72+2<:0sE
3

24 2 24
1
- Z(x”——n) _ Z(—2+2cos%)
n=1 X

n=1

=-48+2 l:cos§+ cos%r+ ...+c0524?n]

2r 23w\ . (24m
+2| cos| —+—— |.sin| ——
_ [ (3 6 ) ( 6 )]

. T
sin-—

—48

=0-48=-48
The correct option is (B)



94.

9s.

96.

97.

98.

‘\/Ezl+i\/§fz‘2+‘\/§il +i 222‘2
= (V25,435 ) (V25 - i3 2,
+ (V35 +iN25,) (V37 -iV25,)

=50z + 1P > 52 |z |z =101z 2

Since 4 - M > G - M for |z;| # |z,
The correct option is (B)

If z is a root of (z — 1) = 2@*(z + 1)*, then

=2|af| =2

25
z—1

I 25
( ) =20 =
z+1 z+1
z—1 —plis
z+1

As 2" %1, we get z lies on a circle.

The correct option is (B)

Zitz=——
a

5= —

2z, =iz

From equations (1) and (3), we have

z (1+0)= o :>21:;—2 1-19

b b
= le = E (*2l):§ 1

From equations (2) and (3), we have

=— =1
ai a
- —bz, c?
—i= i
2 2
2a a
2
b
a=—
2c

The correct option is (A)

Z— 23 _l—i\/g

Z, —z3 2
_7[ . —ﬂ i
=cos | — |+sin| — | =7
3 3
z,—z _
1~ 23 :‘e 171/3‘ -1
7%

. T
and angle between z; —z; and z, — z; is 3

triangle is equilateral.
The correct option is (C)

y4 . .
If =L =z, the given equation becomes

Ep)
2oz+41 :Oi.e.,z:fa)andf(o2
Z
of, —=—W=z=—2,0
Z

Z4

Z3

Complex Numbers 3.47

(M
@
3)

23

0B =z, - 0| =z
04 =z, - 0| = |-2,0| = |z,| -]
=1z,
and, AB=|z,—z|| =z, + 2,0
=l 1+ 0| = |2 -] = |z,
Thus, z;, z, and origin form an equilateral triangle.
The correct option is (D)

z—z2 z)/z, —1
We have, |—2|=1=|"2—| =
zZ+ 2, z)/z, +1
z z
= -1 =2L+1
Z Z

y4 . . .
= L lies on the perpendicular bisector of the segment
z

2
joining 4 (-1 + 07) and B (1 + 0i).
2 = qi for some a € R

=5)
z, 1 =i

= —S=—=—
zp ai  a

z,=1kz, for some ke R
The correct option is (A)

We have,
. b+ic
1+iz ll+a _l+a-c+ib
l—iz_l_ib"'J l+a+c—ib
1+a

_[M+a-c+ib][1+a+c+ib]
[+a+c—ib][l+a+c+ib]
_ Zo

C(l+a+e)+b

Now, R(z)=(1+a—c)(l+a+c)—b*
=(l+aP-F-P=1+a+2a—(1-d%
=2a2+2a=2a(1+a)

and, 1,(z))=2b(1+a).

Thus, zo=2(1+a) (a+ib)

Also, denominator of (1) = 1 + a* + ¢ + 2a + 2¢ + 2ac + b*
=2+2a+2c+2ac
=2(1+a)(1+c¢)

I+iz _a+ib

(M

Therefore, — =
—iz 1+c¢
The correct option is (B)
We have,

|z, +zzwk|2 =(z,+ 2z, wk)(zl +z, wk)

ky = = —k
= (z;y+z,w") (Z; + W)
[Wk _ GmkIn) _y (K _ iC2mkin) _ W—k]

=1z +]z P +7 W + 775w
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102.

103.

104.

Therefore, we have,

n—1 n—1
2‘|z1 +zzwk P =n( z & +1]z, |2)+Elz2 zwk
k=0 k=0
n—1
+ 2z, 2 wk
k=0

n—1 n—1
=n(z [ +]z 2)[Zwk=0= zw"].
k=0 k=0
The correct option is (B)
We have, |z —z,* + |z -z, =k
= 2|z +|z [ +|z, —2Re(z7)-2Re(zZ,) =k

= 2[zP-2Re{z(z+ %)} = k(7 [ +|z,[)

_ 1
= |zf -Re{z(z+3)}= E(k-|z1 P =1z

2
zZ+z, 1 , 1 2 2
= |z—-———=| ==zt ==(k=-|z| |z
e I ELE S R TSP
otz 1 1
2 2 =
- ‘2_% :51{_1{\21\ +1z, P —2Re(z,5,)}
1 1 2
:Ek—z|zl—zz\
L+ 1
= [z-1>2 ZZ(zk—|21_Zz\2)

. . . . Z+z
which will represent a real circle having centre at ~L—-2

1 1
andradius=5«/2k—|zl — z, [*, provided sz\ZI —z,

The correct option is (A)

Let oz + B be the remainder when f(z) is divided by 241
Then, we have

flo)= (z2 +1)g(z)+A4z+B
Given: f(z) when divided by z — i gives remainder i
= f)=i
= F+D)gl)+Ai+B=i
= Ai+B=i 1)
Also, f(z) when divided by z + i gives remainder i + 1
= f(-)=i+1
= F+1)g-i)-B=i+1
= —-Ai+B=i+1 2)
Solving equations (1) and (2), we get
A=i2andB=i+1/2

. (i o1
remainderis | —|z+|i+—
(2) ( 2)

The correct option is (C)

We have,

F-1=x-1)@x-w) x—wd) .. x—n""
Yol oD@ wd) o
X =W

105.

106.

107.

Putting x = w on both sides, we have

w—1)w-wd)...(w—w")= lim x”—l(g)

Xow X — W

= lim =nw
X—ow ]
The correct option is (A)
We have,
z-i=doa=z=i+ca
=cos a+i (1 +sin @)
1 1+sino
0=arg (z) = tan™"
cosa
1+sina
= tan 0=
cosa
2 cosa 2
cotf ——= -

z l+sina cosa+i(l+sina)

cosor  2[cosor—i(l+sina)]

l+sina  cos? o+ (1 +sina)®
coso 2[cosoa —i(1+sino)]

1+sina 2(1+sino)

=1
The correct option is (B)
We have,
L4430 (4+3)(1-20)
1420 (1+2i)(1-20)
_10-5i
S5
which represents the point whose coordinates are (2, —1)

2

=2-i

Also, we have,

iz=2z

= ix+ip)—(x—-i)=0

= ix+y)—-(x+y)=0

= (-1)x+y)=0

which represents the line y = —x

[Putting z = x + iy]

Hence, reflection of the point (2, —1) in the line y = —x gives
the point (1, —2) which is equivalent to 1 — 27 in the argand
plane.

The correct option is (D)

We know that w= —%+§i

334 365
Thus,4+5[—1+i\/§] +3(—1+i\/§]

2 2 2 2
=4+50 +300%
=4+5(@) " 0+3 () &
=4+5()"Mw+3 ()3 &
=4+50+30=14+20+3 (1 + 0+ &)
=14+20+30)=1+20=1-1+3 i=3 i
The correct option is (C)



108.

109.

Complex Numbers 3.49

The given line is AZ)
bz+bz =c (1

Let 4 (z;) be a reflection of +

B in the line (1).

(z2) ( ') . 0

Let P (z) be any point on the line

(1). We have,
AP = BP
= |4P}=|BP}

= |-z =~z B(Z,)
= (z-z)(z-2))=(z-2)(z - 7,)

= (2, —z))z+(2y—2)) Z +21Z —2,2, =0 2)
Since (1) and (2) represent the same line, we get

b b
— = = 76 — =k (say)
Ty Ty 2151755

= k(Z,-7)=b,k(z-2)=b, k(2,7 —2,2,)=c¢
Now, z,b+7, b

= B (kG -z)) 45 k(5 -F)
kiziz,-21 2 +2 5= 57§

=k(z, 2, —z,7)=c.
The correct option is (C)
We have, z; +z,=—pand z,z, =¢q
We know that
a- @ (cos a+ i sin @)
7 |zl
(*- OA =0B) a
o A

Since |z| = |z

z; _ cos a+isin
weget — = ———
z, 1

Applying Componendo and Dividendo, we get

zj+2z, coso+isino+1
z,—z, cosa+isino—1
o ... o o
2cos® =~ +2isin — cos —
_ 2 2 2
.20 .. o
—2sin® = + 2isin — cos —
2 2 2
o a .. o
2 cos — | cos —+isin —
2 2 2 . o
= =—icot —
..o o .. 2
2isin — [ cos —+isin —
2 2 2
= P =icot —
Z— 2, 2

Squaring we obtain
2

o
P e
(zy+2))" —4zz, 2
2
o
I Y
p-—4q 2

= p’=—p*cot? % +4q cot? %

110.

111.

112.

o
= p2 =4q cos? =

k=4q
The correct option is (C)
Since [z)] = |z, = |z = 1,
we get, 2,2, =z,2, =2323 = 1.
1 1

1
I 5 I

Now, 1 = =|z; +z, +2,|

= ‘Zl +2z, +z4 ‘z |z + 2, + z4).
The correct option is (A)
Letz=r; (cos a+isin )
and, @=r, (cos B+isin f) = Argz=a, Arg o= f8
ol =ryp, ol =r,.
Given: |zZ|< 1, |@o|<1=r <1, <1
Now, consider |z — a)|2 =|(r, cos a—r, cos fB)
+i (ry sin a@—r, sin B’
=(r, cos 0— 1, cos B)* + (r, sin &~ r, sin By
= rl2 (coszoc+ sin2a) +r22 (c052ﬁ+ sinzﬁ)
=2 r, r, (cos acos B+ sin arsin ff)
=241 =271 rycos (- P)
=(r =)’ +2r 7,y [1—cos (a— P)]

o-p
=(r—r) +4r sinz( ) )

o-p g
S(r—r)+4x1x1 (T)
or, |z—af < (2| - |af)’ + (Arg z — Arg ©)*.
The correct option is (B)
A(z,), B(z,), C(z3) lie on |z| = 2 whose centre is at O(0, 0)
and radius 2.
=1+ 3 i hence |zl =2 and Arg (z)) = %

Y

A(z)

B(z,)

C(z3)

In turn |z,| = |z;] = 2 and Arg (z,) = Arg (z;) + 120° = 180°
oz =2
Further, Arg (z;) = Arg (z,) + 120° = 300°
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113.

114.

Hence, z;=2 |:cos (27[ - %) +isin (271’ - 7;)]

=2 cosﬁ—isinz =2 l—£
3 3 2 2
=1-3i

Thus, zy=—2andz;=1 ~i\3

The correct option is (A)

We know that,

(1+x0)"=1+%C x+3Cyx* + ...+ 7"Cy X" 1)

(1-x)"=1-""C, x+>"Cy® + ...+ (= 1) "Cy, ¥ (2)
Subtracting (2) from (1) gives

1+ —(1=x)" =2 "C x +"Cy X +7"Cs 2 + ...]
=2x ["C, +"Cy X +"Csxt + L]

Putting x =/ V3, we get

(L+i3)"—(1-i3)™

=2i B C, -3 x3C, + 32 x VT ]

Therefore, *"C, —3 *"C; + 3% x *"Cs ...

L - 3n 1 3n
mﬁwuﬂJb (1-i3)™"

3n

1 w1 iWBY) (1 i3

= x| 2+ D2 2
2i3 2 2 2 2

23n—1 o o

= T [(cos nm+ i sin nx) — (cos nx—i sin nm)]
i
23n—1

= 2i sin nr=0 as n is an integer.

NG

The correct option is (A)

We know that the triangle with vertices z, z,, z3 is an
equilateral if
vz =z vtz
The triangle with vertices z, = a + i, z, = 1 + bi and
z3 =0 will be equilateral if
(a+i+(1+biy+0=(a+i)(1+bi)+0+0
= - 142ai+1-b+2bi=(a—-b)+i(l +ab)
= d-b=a-b 1)
and2 (a+b)=1+ab 2)
[Equating real and imaginary parts]
(1) =>@-b)la+b-1]=0
= a=bora=1-b.
Subsitituting the value of a — b in (2), we get
2(a+a)=1+d>=d*-4a+1=0
SR
Since0<a<land0<b<1,

a=b=2-3.
Substituting @ + b =1 in (2), we get
2=l+a(l-a)=d°*—a+1=0

115.

116.

117.

which gives imaginary values of a and b.
Hence,a=b=2— \/§
The correct option is (B)

Letz, =x; +iy,and z, = x, + iy,
2

where, X, £ Xy y £y and x + yE = x2 + 33
Now, 2! tz _ (xp+xy)+i(y +y,)
7=z (q=x)+i(n =)

_ [(xl +x)+i(y + J’z)] [(xl —xy)—i(y _J’z)]
(o =x)" + (= 2)°

[(3‘12 - xf) + (ylz - J’§ N+ilxy = yx; + 3%
_ X — X X)) — X+ X))
(o =x2)* + (1 =)

_ 2i(xy; = 11X%p)
(x, —x2)2 +(n _y2)2

= a purely imaginary or 0 if _n
X 0N
r =2 then x; + iy, =k (x, + iy,)

X2 Y2

If k=1, z, =z,, which is not true and if k # 1, |z,| # |z,].

z+ 2,
)

is purely imaginary.

The correct option is (D)

Since |CA| = |CB| and LACB =90°
(z,-z3)=%i(z,—23)

= (-2 =—(z, -2

= 222+z32—22223 = —212 —232 —2ziz4

212 +z§ —2z12z) = 2(z123— 212, — 2, Z3 + 222)

= (5-2) =2z - 2] [z3- 2]

The correct option is (B)

LetdA=z,B=z,and C=2z;,

where 4, B, C are vertices of equilateral triangle.

Given that third point C is origin, so z; = 0.

Let zy—zy=,z3—z;=f,z,—z,= ¥

o, zy=0,—z1=f,z,—z,=y
o+ PB+y=z,—z,+z,—2,=0

or, a+ B +y =0

Since the triangle is equilateral triangle,
BC=CA=4B

or, [(z;=0)=[0—-z|=|z; -2

or, |of=[8=1/

or, |off =|pf =

or, ao=BB=y7 =k (say)
_ k = k  _ k
“‘wﬂ_ﬁ’y_y

(M



118.

119.

Substituting values of B and 7 in (1), we get

k k k
—+—=+—=0
a By
or, l+l+l:0
a By
or, i+L+ ! =0
Z TA AaT%

or (2, —2))—2y(z —2,) + 2, 2, -0
: =
212,(2, - 25)

or, 212 —Z1Zy—Z1Zy+ 222 +2z,2,=0

2 2 _
of, z; +z, =212,

2 2

z z
o, ——+-"2 =1
012 414
Z Z
or, L+2 =1
Z 4
A B
or, —+— =1.

B A4

The correct option is (A)

Given2\2x* = (3 —1)+i (3 +1)
x4= \/5—1 4 \/§+1
202 22

= kY= @2+ \/§+12—1
SR W) 22 )

L=t
a1 |[VBH1 -1
and, arg(x’)=tan [( ) J/[Z\EJ]

=tan 341 =75= o
3-1 12

¥*=11cos 2n7z:+5—ﬂ +isin 2n7r+5—n-
12 12

Using (cos 6+ i sin 6)" = cos n@+ i sin n6, we have
1 Smy .. 1 S

x= cos — | 2nwt+— |[+isin — | 2nw+ — |;
4 12 4 12

n=0,1,2,3
The correct option is (B)

10
2 2

E sinﬂ—icosﬂ
11 11

q=1

. 2 . 4rm
= {sin — +sin — +...+ 10 terms
11 11

. 2w 4r
i4cos — +cos — +...+ 10 terms
11 11

Complex Numbers 3.51

120.

121.

. (27: 97:). 10m (27: 97r). 107
sm|—+—|smn — COS| —+—|SsiIn——

11 11 11 11 11 11
. T . T
sin — sin —
11 11
=0-i(-1)=i (1
32 10 ’
.2 2
S= 2(3p+2) 2 smﬂ—icosﬂ
=] i 11 11
p= q=
32 32 32
=Y Bp+2)i’ =3 Y pi’+2Y i’
p=1 p=1 p=l1
=34+2B 2)

Now, A=i+2+3"+...+32i"
= Ai=F+2°+...+31°1+32%
= A1 -D=i+i+... +P*-32%

-1 32
= -32i=-32 [ i2=1]
i
4= -32i _ 32i(1+1i) —16(1—i) 3)
1-i 2
and, B=i+i+..+i%=0 4)

Hence, S=3x16(1-i)=48(1-1).
The correct option is (C)
Since the triangle is equilateral

Iz =0l =z =2 =0 -z

2 2 2
= gl =z =z

= 215 =@-2)X(5-7)=5 5
z Z zZ1—Z
Now, z,5 =z, 2, >+ ==2=1_22
1z 2 4 — E———
! Z 2 Z 4

(z1—2))2,
2 2 !
215,=(2—2) (71— 2) =221~z =25 +2,2,

Also, z,z, =(z,—2))(Z, — 7,)=(2,—2))

= 212 +z§ =z, 2,
The correct option is (B)
We have, max. amp (z) = amp (z,),

min. amp (z) = amp (z).

X
15 3
Now, amp (z,) = 6, =cos | —=|=cos! |2
pr==cos* () =" 3

and, amp (z)= — + 6,

. 1 (15)
=— +sin | —
2 25

.1 (3
= — +sin | =
2 5

EISER

3
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122.

123.

124.

03

|max. amp (z) — min. amp (z)| = p

T .1 3
—+Ssm ——cos
2 5

—+———Cos ——cos
2 2 5 5

=7—2cos! (E)
5

The correct option is (C)

T 13 ,13‘

Putting z = x + iy, we get
(x+iy)2+(p+iq)(x+iy)+r+is=0
= (xz—y2+px—qy+r)+i(2xy+py+qx+s)=0
= xz—y2+px—qy+r=0 (1)
and, 2xy +py+gx+s=0 2)
If the roots are real, then y =0

(1) gives x* + px +r=0 3)
and (2) gives pgx +s =0 4)

From (4), x =— 2
q

2
Putting in (3), we get % _ps +r =0
q q
or, 1*—pgs+rq =0=pgs=s"+rq.
The correct option is (A)
We know that |z, +22|2 + 1z, 722|2
=2 [‘21|2 + |Zz|2] 1)

2

z\z -2 |
2 2

2 2 2 2 2

z+4z) — 2 +2 |z = (zy = z3)|

2 2 2 2
=20z"+2|z —z3 |+2 ]|z |
2 2 2 2
=207 + 2z +2 |z -2z |
2 2
=214z 2 — 2+ 2z + 2l 2 — 2

2
=(z1+ 2| + 1z, - 2))

2

Now, [ +|z - 212—22

2

2
+ Z1=\Z — %,

[By ()]

Taking square root of both sides, we get

’2 2
Zl+ Zy —Zp

The correct option is (D)

2_ 2
+z =z =z | =z 2+ |z - 2.

Since z = x + iy lies in the third quadrant
x<0,y<0.Again z =x—iy
z _x—iy _ (x=i)(x-iy) _ xz—yz—Zixy
2 x+iy 22+ 22+ y?
2_ 2
- 2
=2 4B
X"ty X" +y
2_ 2
- 2
where, A= 5 y2 and B=— 2xy2
X"ty X" +y
Sincex <0,y <0
-2
2 xy2 <0
X" +y
B<0

125.

126.

Now,

wo| W

lies in the I1Ird quadrant if 4 < 0

ie., ifx*—)y*<0orx’<)?ie., ifx<y<O0.
The correct option is (C)
Let B4 =BC
= |z *Zz|2 =lz; *22‘2
= (z,-2) (2, - 25)=(z53-2)(Z3 — Z,)
Again,

ZABC =90°

BA
arg — =90°
BC

Zy—Z Zy—Z
= arg =2 =90° = real part of 1—2 =0
EEREp) 34
1|z -z Z, —Z-
- LAazR ATh )
2| z3-2zy, Z3-17,
Y
AZ)
a(zy)
B(Z,)
0 X
Z,—Z Z, — Z- Z1—Z Z,—Z
o ATh __ATH  ATH _HThH
375 35 174 35

Dx@= (-2 =)’

= le +222+z32 =22,(z; +2zy)

The correct option is (B)

Letz=r (cos 6+ i sin 6), then

z+iz=r(cos O+ isin 6) + ir (cos 6+ i sin 6)
=r[(cos 8—sin 6) + i (sin 6+ cos )]

=27 |cos (9+£)+isin (9+E)
4 4

0
In AOPQ,
PO* =1+ (x/zr)2 - 2r(\/§r) cosﬁ
2 2_ 2 4
=P +27 27 =y
PO=r,
Vg
Z0OPQ = —
Q 2

The correct option is (C)

(M

@



127.

128.

129.

130.

Complex Numbers 3.53
Given |z + 1| < |z - 2| 131. We have, ¢, ¢, ¢ are in A. P.
and, w=3z+2+1i = 2B = i
©=3z +2-i = 2(cos B+isin B)
O+ 0=3(z+z)+4 ) =(cos A +cos C) +i (sin 4 + sin C)
Now, |z + 12 <|z—2 = 2cosB=cosAd+cosC
= (z+1) (z+]) <(z-2) (z-2) and, 2sinB=sinA4 +sin C
= (E+D(Z +D<(E-2)(z -2) = 2cos B=2cos A+Cc0s A-¢ (1)
= zz +z+z +1<zz -22-2z+4 diC j c
= 3z4+43z <3= z+z <1 (ii) and, 2 sin B =2 sin ; cos ; 2)
From (i) a;’d (1“)’ :Vig;’t o Dividing (1) by (2), we get
O+ 0 <3x1+4=T= 0+ 0 < 4+C B 1B
Clearly, |+ 1] < |w— 8| gives cot B = cot 5 =tan 5 =eos —=0
2 2
o+ 17 <|o-3 3B 7 x o
= (0+1)(®+1)<(@—8)(® —8) = 5 =5 o B=o=4+C=—.
=S 00+o+0+1<oo-80 —-8w+64 Putting this value in (1), we get
= 9 (w+0)<63=w0+ 0 <7 T T A-C A-C
. 2cos — =2cos — cos | —— | =>cos [ —— [ =1
The correct option is (A) 3 3 2 2
2 —(r_ _ A-C
We have, x> +x + 1 = (x 20))(x @) ( ):OorA:C:> depeco T
Since f(x) is divisible by x* + x + 1, f(@) = 0, f(’) = 0 2 3
P(af) + wQ(a)3)=0 or P(1)+wO(1)=0 (1) The coillrect option is (C)
and, P(a)G) + 0 ((4)6) =0orP(1)+ P 0(1)=0 2) 132. Letcot p= 6, thenp=cot 8
From (1) and (2) we obtain 2micot’ p (pi+l) _ i (icot 0+ 1)
P(1)=0and O(1)=0. pi—1 icot 0—1
Both P(x) and O(x) are divisible by x — 1 _ g (10t 0-DY" _ Lo (cotO-i)"
Since f(x) = P(x) +x O(x), we get f(x) is divisible by x — 1. - i (cot 0+1) - cot O+i
The correct option is (D) . m o\
8r _ ezml‘g.(COS 0 —isin 9) _ oo | €
We have, o= cos (%) + isin (%) =ell cos @+isin O e
2mi —2i )\ 2mi —2mi 0
=e"0 (e =e"Oxe™MO=e =1
Re (a+ o+ + o + &) .H).
sy 4 sy 44 s The correct option is (B)
_etorota totote tato ta 133. Since z; and z are the adjacent vertices of a regular
2 2
s s 4 s sy 4 s polygon of n sides, we have, £ 2,0 z, = il
- a+al+oac+at+a _ n
_ I+(l+o+o+ax+o"+a’+oa+oa"+a+o +a’) and, |z|=|7| .
_ 2 Thus, z, =7 "
_ —1+0 . 1 1 )
= (sum of 11, 11th roots of unity) Let z, =7 (cos @+ sin 6) = re'6
1 = 7z =re 'O
2 Since 2=z "
The correct option is (Ez) ) Lk = 1O=re 92" = rtd" 0
We have,z,=1+a+a"+...+a" = 2
Ve sT A “T T = =" goro="
1 _ak+1 n n
= A&~ l—a  l-a Therefore, z; = r (cos 8+isin O) =r |:cos£+isingj|
n n
1 ak+1 1
i K ||1|—a\ TEr ’Sin(*)
Now ™) _ 5y \n) _ 5oy

Vertices of the polygon z,, z,, ..., z, lie within the circle

1

|1-q

3 1
l—a

The correct option is (C)

W,
Re (7)) 7 COS (E)
n

= tangz 2 —1=tan%:>n=8

n
The correct option is (B)
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134.

135.

136.

We have,
2 1 1 z+z PG Cz)
Zl 22 23 22 Z3
22 z Y Y
= zj= —23,
22 + Z3
ZH —Z zZy —Z
NOW, 2 4 a5 A(Zl) B(Zz)
Zl - Z4 Z2 - Z3
2z, zy B
|2 Zy+z3
25z 5
22 + Z3
g Zx\Z2H) — Z .
= Z (5 22) [taking z, = 0]
22y23 (2y+23)(2, — 23)
22 + Z3

1
5 (a real number).

Hence, points z;, z,, z; and origin are concyclic and
therefore, z|, z,, z; lie on a circle passing through the origin.

The correct option is (B)

Since |z — 25i| £ 15, therefore, distance between z and 257 is
less than or equal to 15.

(0, 25)
G >
2 d

Y
Thus, point z will lie in the interior and boundary of the
circle whose centre is (0, 25) and radius is 15.

Let OP be tangent to the circle at point P.
Let ZPOX = 6. Then, ZOCP = 6
Now, OC =25, CP =15
OP =20.
OP 20 4

Now, tan 0= — = = —
CP 15 3

Least positive value of arg z = 6= tan ! (ﬂ)
The correct option is (B) 3
Letz=x+1iy
Given, |z —4 + 3i| < 2.

x+iy—4+3i]<2

o, J(x—4)>+(y+3)><2
or, (x—4Y+(y+3)*<2?
Thus, z lies in the interior or on the boundary of the circle

whose centre is (4, —3) and radius is 2.
Least value of |zl =OA=0C-AC=5-2=3.

137.

138.

X

Greatest value of 2/ =0B=0C+CB=5+2=7.
Thus, 3 <z <7.
The correct option is (A)
Since Re (z; Z )< |2z, |
21+l +2Re (zy7,) S + 20 + 2, 3, |
= |z + ol <+l + 21 |2 (1
Also, Since A.M. > G.M.

N | —

2
1
w24f+(mj
\/E 2 1 2
2 qclz "=z, |
2 c
(v ec>0)
o L
= clz|"+ Z |2,]" =2 |z)] |z,
1
i + |1 + 2 [z Izl S 21 + 2o + ¢ 2, + = [z,
= gl +lzl + 2l <A +0) |z
+(1+c ) (P )
From (1) and (2), we get
i+l <+ + 1+ lzf
k=1+c"
The correct option is (C)
We have, 1 = |z — (4 - 3i)|

|z — |4 —3i] |z[ =5
> =12
|4 —3i| —|z| 5—|z|
= [zZ/<6and|z| >4
= 4<iz<6=>m=4,n=6
X rx?+4 3 4
=X+ x+ —
X
s 1 1 1 1
=X H+x+—+— +— + —
X X x X
. 1 1 1 1 .
Since x € (0, ), .. x3, x,—, —, —, — are all positive
X X X X

Lety=

numbers whose product is 1.
their sum y will be least when
3 1
X=x=—=x=1
X
least value of y =6

k=6
Hence, k=n
The correct option is (B)



139.

140.

141.

Complex Numbers 3.55

We have, " = (z+ 1)"

(z+1) =1=cos0+isin0

V4

z+1 .
=(cos 277 +isin 277)""

2rr . . 2m@r
=c0S — +isin —
n n

where, 7=0,1,2,...,n—1.

1 2rr . . 2mr
= 14+ — =cos — +isin —
z n n
. T . T n
= 1+7=1—2s1n2r—+i><2s1n—rXcos—r
z n n n
1 L, I . I rmw
= <~ =-2sin* == +2ixsin — cos —
z n n n
1
= z=
. . T rT. . rm
i (2 sin —J [cos —+isin —]
n n n
1 [ rT rn]
= ——|cos ——isin —
. . I n n
i|2sin —
. i re 1 1
= Xx+iy=-——cot——— =>x=— —
2 n 2 21
Hence, all the points lie on the line x =— 5
The correct option is (B)
We have, 22 +z+1=0 1)
= (z-1)(E@F+z+1)=0,
2=1.

If n is not a multiple of 3, then we can write
n=3m+r,whereme landr=1o0r2,
then 2n=06m+2r
Ifr=1,then2r=2
PP = (P XL+ PP = 4 P
=z+75=-1
If r=2,then 2r=4
2n=3(m+1)+1
z"+22”=(23)m><zr+(zz)m+l><zl=zz+z=—1

I

[Using (1)]

Hence, 2" + 2" =— 1

The correct option is (D)

Since 1, o, o, 04, o are the roots of the equation ¥ —1=0.
(x-‘;—l)=(x— D) (= 0g) (x— ) (x— o) (x — )
x> =1

= = —o) (-0 (x— 05) (x— o) (M

Putting x = win (1), we get

5
-1
L = (0 @) (0- o) (0- ) (0- )

2

— =(0-a) (0-0) (0-0) (- 2
and putting x = @ in (1), we get
10

© () (- ) (6 - ) (P — a1

w® -1

142.

143.

5 O W) @) (@) () O
Dividing (2) by (3), we get
w-0o 0-0, o-0; o-o, _ (0’ -1

o' 0 -0, -0y -, (-1

_0'+1-200  0+1-20°
0’ +1-20 @’ +1-20
0?20 -30*

= = )
—0-2w 3w

The correct option is (B)

Letz=x+iy

We have,z+ z =2 |z 1]
z+z

2
= x=k+iy-1|=>x=|x-1)+1y
= xzz(x71)2+y2:>2x=1+y2,

=lz—-1|

If z =x+iy andz,=x,+iy,

then, 2x,=1+ J’12 (1)
and, 2x,=1+ yJ )
Subtracting (2) from (1), we get

2(x-x) = y12 - y;

= 20-x)=01+3) 01 —0) 3)

But given arg (z; — z,) =

ie., tan”! RAE )
X=X
V1= =X =Xy, 4)
From (3) and (4) we get

N+, =2
Im (z, +z,)=2.

M=) _
X=X

Al ny

The correct option is (C)

We have,

alz3+a222+a3z+a4:3

Bl =la, 2 +a, 2* +asz+ay

3< a2 +1ay 2] + [ay 2| + [ay|
3<ay| | +lao) 2] + s 2] +

(v la <T)

3+l + P+ P <1+ 2+ 2P+ + ...

3P+ + 2 + 1

3<l+4ld+ P+ +...

L

1
=>1-|zl< =
1—|z| 3

2 2
— —lz<0=z[> =
3 3

3<

The correct option is (C)
1 1 1 2

144. Since, ! + + + = —

a+®w b+w c+w d+o

w is the root of the equation
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145.

1 1 1 1 2

+ + + ==

at+x b+x d+x x
= 2x4+(2a)x3+0><x2—(2abc)x—2abcd=0

Let ¢, B, y be the other roots, then

c+x

w+a+ﬂ+y:7% @)
Yoff=0
of+ aw+ o+ yw+ PBy+ya=0 2)
Xabc

Zofy= 2 3
offy o=—abcd )
Since complex roots occurs in conjugate pairs

7= = o’

From (2),

af+ o(a+ P+ ox o+ o (a+h=0

= af+(o+d)(a+P+@=0

o+ (x+p+1=0
off—a-p+1=0
a(f-1)-(B-D=0=>(a-1)(B-1)=0

either =1 or f=1

Lu

Hence one root is unity
1 1 1 1
t—t—t— =2
a+l b+1 c+1 d+1
The correct option is (B)
We have, |A]* + |B* +|C*=AA+BB+CC (1)
But A4 =(z+2+2)(7+2%,+72)
= 217+ 2,2, + 2323 + 2) (2, + Z3)
+2,(z3+ 7))+ Z3(z, + 2,)
|z, P+ 2y P+ 125 P+ 2 (25 + 23)
+2,(z3+2)) + Z3(z, + 2,)

BB =(z,+z, 0+ z; a)z) (;1+zzw+z3w2)
=(z,+2, 0+ 2, &) (3, + Z,0" + Z,0)
[+ @ = and (0?) = o]
22 + 250" + 2,5,0° + 7, (2, 0+ 2, o)

+ 2z, (z3 a)4+z1 a)z)+ Zy (zy 0+z, (02)

2 2 2, = 2
|z [+ 1z [" +1z5 |7 + 2 (2,0 + z307)

+2, (2,0 + 2,0°) + 23 (2,0 + z,0%) )
Similarly, CC = |z, ? +|z, [* +|2; 2 + 2, (2,0* + z,0)
+2, (2,0% + 2,0) + 7, (20° + z,0)  (3)
Adding (1), (2) and (3), we get
AA +B B+C C=3 [z, +z/ + |z
+ 7 [5,(1+ 0+ @) +2 (1 + & + 0)]
+2 [+ 0+ ) +z, (1 + 0+ o))
+2 2,1+ 0+ ) +2, (1 + & + 0)]

=3[z, + 2,/ + |z3/] [ 1+ @+ P =0]

146.

147.

From (1) and (2), we conclude
AP + B +|CP =3 [z, + |z + [z3/].

The correct option is (A)
1 . i
z+— =2 (cos O+isin ) =2¢'0
z

2-260z+1=0

= z=e0+ -1
09— 1=cos20+isin20- 1
=2 sinf (- sin 6+ i cos 6)

= 2sinf@| cos E+0 +isin E+9
2 2
Let o= ei9+\162i9—1

= cosf+ sin900s(£+g)
4 2

+i |:sin9 +4/2sin6 sin(% + 2)]

2
la— il = {cos9+\/2sin9 cos(j+§)}
T 6 :
+{sin0+‘/2sin95in(4+2)—1}
=242 2sin9cos(£+g—9)
4 2
-2 25in9sin(g+g)=2
4 2
B-i=2
lo—il=1B~1

The correct option is (D)

Similarly,

If z = x + iy is a complex number satisfying the given con-
ditions, then

P -3a+2= ‘z+\/5‘
= ‘z+i\/5+\/3—i\/§‘
< |z+i2|+ 211~

<a*+2
= 3a<0=a>0

Since ‘ z+ \/E ‘ =d*~3a+2 represents a circle with centre

at A(—\/E,O) and radius \/a2—3a+2 and ‘z+\/§i‘

< a* represents the interior of the circle with centre at
B (O, \/E) and radius a. Therefore, there will be a com-

plex number satisfying the given condition and the given
inequality if the distance 4B is less than the sum or differ-
ence of the radii of the two circles, i.e., if



148.

149.

150.

Complex Numbers 3.57

\/(_\/E_())2+(0+\/5)2 <\a*-3a+2+a
2ta< \/a2—3a+2

=
= 4d+ad*tda<d®-3a+2
= —a<-2 or
=

Ta<-2
-2
a>2 or a< —
But, a>0,
a>?2

The correct option is (A)
LetS,=1+20+30 + ... +nd""
as,=o+200+...+(n—- 1) +nd'
Subtracting, we get,
S(l1—-o)=1+a+c+..+d"' —nd'
_ l(i:g ) _ o

_1-a"  no"  —n
(- l-a l-a
The correct option is (B)

n

Let A4 represent z,

z Z5
0 A B
Since 04 - OB =1, . |z~ 0| x|z~ 0] = 1
1
= |z|=—
|z

Also, arg(zl_o) =0=> arg(i) =0
z—0 z

= argz =argz
If @is the argument of z, then

z= ¢o

|| =

Ais é
z
The correct option is (A)
Let ABCD be the thombus and M be the point of intersec-
tion of the diagonals AC and BD

Y

Let point Dbez; =1+iand point M bez,=2—i
Also, let point 4 be z;

Then, z, —z;=1-2iand |z, —z||= \/5 =MD

151.

152.

As given,

AC = %BD:AMz %DM:AMzg

= AD=|zy—z||= | DM* + AM?
2 \/32 5
_ () +(2] _s

Therefore, in A AMD,
5 2 . 5/2 1
\/7 — and sin = \/7 =

52775 PN

. z
Now, by rotation of complex numbers we know that =—-1
LS|

cos 8=

_ |23_21|€i9
lz,— 7
zz—(1+i) 5/2

1-2i Js

(anticlockwise rotation)

(cos@ +isin0)

—(1+i j

= z=d+) =1+— (using values of cos@ and siné)
1-2i 2
4 .

= z,= ;Z(I—Zi)+(1+i):z3:3—é

Similarly, taking clockwise rotation we get another possible
position of 4 as

34 _ lz3 =z _ig

| - |z, — 7|
= z3:(1%)(1—21')+(1+i):>z3:1—§i

j 3
So, 4 represents the complex numbers 3 — % or 1— Ei
The correct option is (A)
Letz=x+iy=r (cos@+ i sin 6), then the equation is

1 1
7| ——=cosf — —sin6
(ﬁ J2 J
ﬁ (7 cos@ —rsin6)

or, J(x-22+(y-1)? =ﬁ(x—y>

which is the part of a parabola with focus (2, 1) and directrix
x—y=0.

Ix=2)+i(y-1)

The correct option is (C)
2 2 2
2y + 2" + 2+ 25 + [z + 2
2 2 2 -, =
=2(lz " +|z " +]| 2| )+(zlz2 +72,
+ 2,23 + 2,23 + 232 + 2123)

=24+ (2122 + 212y + 2523 + Zyz3 + 237, + 2321) (1)
Also,
|z, +2z,+2 20
= 212, Y 212y + 2yZ3 + Zy23 + 237 + I3z 2 - 12

Iz, +22|2 + |z, +z3|2 + |z +zl\2 >12
The correct option is (B)
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More than One Option Correct Type

153.

154.

155.

156.

Let 4 be the vertex with affix z,. There are two possibili-

. . . . 27 .
ties and can be obtained by rotating z, through either — in
n

clockwise or in anticlockwise direction.
2

= zie " {2zl =121}

(@)

ce) e

The correct option is (A) and (C)

We have, i=O+ix1=%(0+2i)

1 2 L1 2
=— (1+7r+2x1xi)=—= (1 +i
2( ) 2( )

1
Hence, i —v—=i =+ — [(1+i)— (1 —i)]=%~/2i
V2
The correct option is (A) and (D)
+ +

We have, z, — 2, =2, — zy or L2 = %
i.e., the diagonals bisect each other.

It is a parallelogram.
Also, amp ] R

Z, =1z 2

= angle at z, is a right angle.

It is a rectangle and hence a cyclic quadrilateral.
The correct option is (C) and (D)

Let
4n+1 | m+1 "
2k 2mk
S= 2 Z {sin()—icos()}
m=1 |:k1”‘ m m
Now, let #;, = sin (%) - icos(%)
m m
{ (an) . (27:/()}
= [l =-1qC0S| — |+ismn| —
m m

. 2 . (2m
Assuming, /= cos (—) + ism(—) (1)
m m
= 4= —io*
m+1

Now, S;= Y (1)
k=1

157.

158.

m+1
= S=-i Y o= §=-ila+d+. ..+
k=1
—iot(o -1 m_
) e
a-1 a-1
Since, o = (cos 27+ i sin 27) = 1 {using (1)}
-1
= Slzi—a =i
4n+1
Now, §= ) 5
m=1
4n+1 il =1 -1
Thus, S= Y i" = ( )=’(f ) _;

i—1 i—1

m=1
which is purely imaginary and independent of n. Also, i is
not a root of x* "1+ 1=0.

The correct option is (A) and (B)

We have,

la+ib|=1=a+ib=cos 8+isin O
c+id|=1=c+id=cos ¢+isin ¢

= a=cos 6,b=sin 6, c=cos ¢, d=sin @

Now, z,z, =(cos 8+ i sin ) (cos ¢—i sin @)

= Re(zz,) =cos Bcos ¢+ sin Osin ¢

Thus,=0= cos (0—¢)=0 (D
b4 4
= 0-¢=—or ——
¢ 2 2
Now, |w1\2 =a’+* =cos’O+ cosng

= cos’ ((1) + %) + cos’ ()

= sin2¢+ cos2¢: 1
Thus, |w,| = 1. Similarly, [w,| =1
Now, w, w, =(cos 8+ isin 6) - (cos ¢—i sin ¢)
= Re(w, w,) =(cos @sin 6+ cos ¢ sin ¢)

% (sin26 +sin2¢)

sin (0+ @) cos (60— ¢)
=0

The correct option is (A), (B) and (C)

We have,

[From (1)]

3/8 1/2
)= )

1
arg (z 5 arg (2 +zz

3/8 1/2
)

= 2arg ()= arg (2 +7z

= arg (23/4) —arg (22 +z 21/2) =0

[ 2arg (2) = arg ()]
224+z 2
= ag| ——;— | = 0
z

z
ﬂ)zo
z

= Im (25/4 +



159.

160.

161.
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2, 2 2,722 _
y“_i N a+b'=1=b"+b" A =1
= 1/4 1/4 or, b2 (1 + 12) =1 (3)
_ 1
_ z Trdi=1=d* [1+—| =1
R Zo= @) + 7 and, ¢ PP
. B o, &1+ =72 4)
54 22 —\5/4 , 22 2
= 1z =) HE %:%ordzzbzlz
s/4 ¢ 8 2,2 g, d
sS4 s (2) Now, |o|=a"+c" =b"2+ —
= z (2 | |1/2 b2 A2 A?
=P+ e = (1+1)=1
1
54 —\5/4 _
= {Z -(2) } (1_|21/2J =0 Also, Re (@, ®,)=Re {(a+ic)(b—id)}

z=7z orlz]=1.
The correct option is (A), (B) and (D)
We have, z,> +22,> +2,* = 2z, (2, + 23)
(212 — 221z, + 222) + (222 + 232 —22y23) =0
(z=2) +(z3-2,)"=0
( —z))=*ti(z;— 22)

z)—2y)=(z3-z )e

N

Thus, in either case the triangle is an isosceles right angled
triangle, right angled at z,.

The correct option is (A) and (B)
We have,

21 =2 = (21| + o))

= |l +1zf 2 |z Iz cos 8

1(71'/2)

LU

=kl + el + 2l |2,

= cos =-1 where 8= arg (z,/z,)

= arg(z)/z)=Qn+1)mnel

= z,/z, lies on the negative real axis

Hence, we can write z; =/ z,, /€ R~

Also, we have,

Re (z)/z,) <0

= 43 <0or 7,427 <0
Z A

The correct option is (B) and (C)

Letzy=a+ib,z,=c+id.

Then, |z, =|z,| =1 = a* +b*=1and * +d* = 1 1
Also,Re (z; z,)=0=Re {(a+ib) (c—id)} =0
or, ac—bd=0 (2)

or, ac=-bd

=1 (say)

a
or — =—

162.

163.

=(ab+cd)=b* A+d (—%)

242
_pa- PR g,
A
Hence, |w)|=1and Re (0, @, )=0
The correct option is (A) and (C)

Let 4, B, C be the vertices of the equilateral triangle
represented by the complex numbers z,, z,, z;, respectively.

Then, 4B = BC = AC and /A = /B= /C = %

LT
| A5 _ 575

=e3 = )

22—21 Z3—Zz Zl_Z3
= (3—2z)(z3-2)=—(2,— 22)2
= 212+z§+z32=2122+zzz3+z3zl 2)
= [z -2+ -2) +(-2)7=0 3)
Now, 3 z, =z, + 2, + z3, [z, is centroid]

zlz +222 +z32 +2(zyzy+ 2, 24 +z3zl)=9z§
= zZi+zi+2zl =32 “4)
From (1), we also have
(z3—2) (z3-2)+ (21 -2) (2, -2) (21— 73+ 23— 2,) =0
= (-2 (3;3-2)+ (2 —2) (53— 2)

+(z1—2y) (2, —23) =0
Dividing by (z, — z,) (z, — z3) (23 — z), We get

1 . 1 + 1 -0

LTha ATEH »BTH
The correct option is (A), (B), (C) and (D)
Since a, b, c, ... k are the roots of the given equation, we

have the identity
X p X e p, L +P, 1 X+D,
=x—-a)(x-b)(x—c)...(x—k) (1)

In the identity (1) putx=i
Fide 2

Then, " +p, "' +p,i" 2+ .. +p, | i+p,

E(i—a)(i—b)(l—c) L(i—k)

or, i"[1+p i +p21 +p3i73+p4i74+...
+py i "V p, i

=(i-a)(i-b)(@i-c)...(i—k).



3.60 Chapter3

164.

165.

=11 =7=1etc.

1

3
The above identity may be written as
"[(1=py+py—-) =i —p3+ps—..)]
=-1)"(a-i)b-i)(c=i)...(k—i)
Similarly, putting x = —i in (1), we shall obtain
' [(L=py+pyt .. )+i(py—ps+ps...)]
=(-1)"(@+i)(b+i)(c+i)...(k+1i)
Multiplying (2) and (3), we get
') [(1=py+py .. =i (py—p3 +ps -]
=D @ -P) G- (E-P) ... -

(D" # = (=1)" (-1)" = (1) = 1, this gives

(1=py+py .Y +(py=py+ps..)
=@+ B+ D+ ... (K +1)
The correct option is (A) and (B)
Since the diagonals of the square bisect each other,

+
mid-point of PR = 217223
. . +
mid-point of QS = %

From (1) and (2), we getz; +z; =z, + z,
= (a)is correct

S(zq) R(z3)

P(z)) 0(z)

Since all the sides of a square are equal

= PQ=QR=RS=SP

= | —zl=ln-nl=ln -zl =l -2

= (b)is correct

We know that the diagonals of a square are equal
PR=0S

= |z;—z3] =z, — z4) = (c) is correct

Since the diagonals are perpendicular to each other

LATEHB _1ATH

Zy = Zy

Zy = Zy

This is purely imaginary. Therefore, real part of
Zero.

= (d)is correct
The correct option is (A), (B), (C) and (D)
Given AB = BC (isosceles triangle), ZB = 90°

sC=s4="
4

Z, — Z, AC ;
374 _ oM — [ /4
zZ, — 7 AB

(cos a+i sin ) where o is 90°

1~z

Zy =z

@

3)

(M
2

166.

is

(M

)

2

—-z;  BC

. 1 .
— 761”/4 — 7617[/4
-z AC \/E
A(zy)
B(z)) C(z3)

From equations (1) and (2), we get

-z

Z3
2z, -z _ \/Eeiﬂ/4 _,

im/4

(
Zl
—

=
=
=
or,

or,

or,

or,

or,

The

_ 1
Z3J .

-z J2

ot T W B

=2

Z,—z Zy— 23
2 2
~(z3-2))" =22 — 2733 - 212, T 2, 73)
2 2 _ 2
z) + 2y = 2z223==22) + 2223+ 2 22, - 2 223
2 2 2
z + 237+ 22" =22,(2, + z3)
2 2_»5
Z 2 =22, (z, + 23— 2p)
212+222+222+Z32—22122—22223:0

(z *22)2 +(z, *23)2 =0

2
Zy— Z ..
(1 ZJ =—1l=cosm+isinzm

Zy —2Z3

zZ1— 2, T, . T .. .
——= = cos — +isin— =i (imaginary)
Z, — 23 2

correct option is (A), (B), (C) and (D)

We have, / DAC = %—c and OC = OD

Z —cos (m—2C) +isin (1-20)

23
or, z =—cos2C+isin2C
Z3
Again, £ AOB=2Cand OA = OB
=ik =cos 2C+isin 2C
2

Multiply (1) and (2), we get

zZ

223

=1

-— ==

A(z))

--—-

B(zy) ‘
P(z Ce)

-

- -

2

(M

2



167.

170.

171.

Complex Numbers 3.61
It L — 717,223 — %4 168. The roots of x* + x + 1 = 0 are w and w*
2 77,7, A So, h(w) =0 and h(w)* =0
(vz7=27) = wf(l)+w’g(l)=0and w? £(1)+wg(1)=0
- ~Aan = f(H=g1)=0
A h(1) =f(1) +g(1)=0.
The correct option is (B), (C) and (D) The correct option is (A), (B) and (C)
2 2
We have, B(z 169. We have, or= cos A yisin
(z) 5 5
2+ 25l =z — 2 4
= (4+2,)(F +5) and, 1+a+azocz+a30f+oc4:0 )
=(z—-2)(z -2 |z |z1—25] I+a+a+a|=fal=|a=1
= 25 +2,% =0 ) Also, [1+a+d|=|-0’ (1+a)=|1+0f ()
* 2r 2r
z z - 2% 4 isin 22
= 1:_(1J 0 Izl‘ A(Zl) = |1+ cos 5 +1SIn 5 ‘
) Z
z . L T T, T
= L is purely imaginary = |2cos— (cos— + lsm—)
z, 5 5 5
Also, from (1), T
5 5 5 = 2cos—
21—z =z + |z, 5 .
= AOAB is a right angled triangle, right angled at O. Again, from (i), [1 + of =[1 + &+ o| = 2 cos .
+ Th t option is (A), (B) and (C
So, orthocentre lies at O and circumcentre = A5 . e correct option is (A), (B) and (C)
The correct option is (A), (B) and (C)
Passage Based Questions
It is obvious that we must consider the 17th root of unity. Now, by De Moivre’s theorem, one of the values of
Consider the equation z'’ — 1 = 0. The roots of this equation are mo mo
21 211 (a+ib)"" is /" (cos — +isin —)
z=cos — +isin— ,r=0,1,....16 (i) n n
17 17 and one of the values of
Since the sum of the roots of (i) is zero, therefore, mo mo
16 (a— ibY"™ is """ | cos — —isin —
( 2rm . Zrﬂ') n n
z cos — +isin—— | =0
=0 17 17 Hence, one of the values of (a + ib)"" + (a — ib)"" is
Equating real and imaginary parts on both sides, we have 5l mo
=2/"cos —
16 16
2 .2 n
cos%::O,ZSlnlL::O b
r=0 r=0 =2 (d*+ bH"* cos (ﬂtan*‘ f) , using (ii).
16 n a
Y, cos = =—cos 0=—1, The correct option is (B)
r=l 172. We have, (16)" =249 =2 (1)
16 .
Z sin — sin0=0 =2(cosO+zs1nO)”4
r=l =2 {cos1(2kn+0)+isml(2kn+0)},k:o, 1,2,3
Hence, the desired sum=0+i (— 1) =—i 4 4
The correct option is (D) =2x1,2%Xi,2%x-1,2x—-i=%2,£2i.
Leta+ib=r(cos 8+isin 6) (1) The correct option is (A)
Then,  cos 8=a and r sin =h 173. Wehave,z'+1=0=z'=—1

= #=d®+b, tan 0= % oro=tan' 2. (ii)
a a
Taking conjugates of both sides of (i), we get

a—ib=r(cos 0—isin ).

= z=(cos w+isin 7z)1/4

1 1
= z=cos 7 Qkr+ 7r)+is1nz Qkr+ m),

k=0,1,2,3.
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+isin—

T .. T
= z=C0S — +isin—,CcoS — s
4 4

Sm .. 5S¢ c .. I«
Cos — +1isin —, cos— +isin—
4 4 4 4
1
=—= (1+19),
2
Hence, the four roots of z* + 1 = 0 are (£1 £9).
The correct option is (C)

174. Since 1, @, @, ... &'~
n—1

n—1
Yo' =0and Y (0) =
k=0

"are the n, nth roots of unity

n—1 n—1
k 2 k = —\k=
Now, 2 |z, + o'z, |” = 2(zl+a) 2,)(z; +(@)" z,)
k=0 k=0

= Z 212, + 2,2, (w) +7zz, o* + 2222(60 )((0)
=0

n—1

= Z Zl| +Zzlzz(a)) +22122w +Z\zz\

=n|21\ +0+0+”‘Zz| =n(\21\ +‘Zz|)
The correct option is (A)
175. Let= 1 =x;

X'=1;
X'-1=0
X=l=(x-D@x-a)x-a)...(x—a,_,)
x—a)(x—ay)(x—az)...(x—a,_,)
n_ _ n

St N Sl S P U
x—1 1-x

Putting x = 1, we get

(I-a)(l-ay)(l-a)...(1-

The correct option is (B)

anfl):n

176. Since 1, o, 0(2, ..., " are the n, nth roots of unity,
M-l=x-DE-)x-—a?)...x—o""h
= log(x"—1)=log (x—1)+log (x — o)
+log(x—a®)+...+log(x—a" ")
Differentiating both sides with respect to ‘x’, we get
x"! 1 1 1 1

= —+ + +..+
X"-1 x-1 x-a x-« xX—o

Putting x = 2, we get

1 R PO PR
ﬁ(—1+1),\/§(1 1),ﬁ(1 i).

n2" 11 1 1
=+ + ot
2"-1 1 2-a 2-¢? 2—a"!
n- 2"l "z‘:
o1 2- o
n—1 n-1 n n—-1
1 2T =241 -2)2"" +1
Hence, 2 - = n = (n=2)
0 2-a 2" —1 2" —1

The correct option is (A)

177. Letd"=1
@ -=(@a-1)(a-w)(a-a)...(a—d'" "
= (a—w)(a—af)...(a—af*l):L__ll
= lim @-) (@) ...(a— & Y=lim & @
a—1 a>l g—1
= (l-wy(1-d)...(1-d" H=n

The correct option is (C)

178. Solving P+xr’+1=0asa quadratic in X, we get

-1+1-4 -
PN - i—r(cos9+zsm®

2 2
NE

-1 .
rcos @=— ,rsin 6= ~—
2 2

= 7*=1andtan 6= —\/§

= r=1and 6= Z%zf: cos%riisinzf

2r 2r "
= [cos (an' + T) +isin (an' + 3)]

- cos(6k+2)fiisin(6k+2)f, k=0,1,2

roots.
The correct option is (A), (B) and (C)

179. Solving z* + 42> + 16 = 0 as a quadratic in 2%,
—42J16-64
— =
Letz>= —2+2./3i=r(cos O+ isin )

rcos @=—2and rsin 0= 2\/5
= *=16and tan 6= —\/§=>r:4, 9:2?”

-2+23i

N
Il

1/2
2 (cos A 4 isin ?”) , by (1) and (2)

2| cos 2k7r+—) liz’sin(21c71'+2—ﬂ)~l
2 3 )2

Hence, cos(p9 J+zs1n(p9 ) p=2,8, 14 are the required

(M

2

k=0,1

2(cos—+zsm—) 2(cos4liisin4—ﬂ)
3 3
Y B NEN I B BN
2 2 2 2

Hence, £ 1£1i,/3 are the required roots.
The correct option is (A) and (B)

180. Let ;” e

—Z

Then, wb=
w=cis [(2p + 1) /6], wherep=0, 1, ... 5

— 1 =cis (2p + 1)z, where ris an integer.

(M)
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From (i), we have,
2(w—1)
w+1
2[cos{(2p+ )7/ 6} +isin{(2p+1)7/6} —1]
cos{(2p+)m/6}+isin{(2p+1)mw/6}+1
2[2isin{(2p +1)7/12} cos{(2p + )7 /12}
_ =2sin® {2p+ D /12}]
© 2isin{(2p+ )7 /12} cos{(2p + )7 /12}
+2cos’ {2p+ 1) /12}
=2itan[(2p + 1) W12],p=0,1, ..., 5
On giving the values 0, 1, ..

Match the Column Type

24+z=w2-z)orz=

., 5 the roots are seen to be + 2

181.

tan /12, £2i tan 57/12, £2i.

The correct option is (A), (B) and (C)

Multiplying the given equation by (z + 1) and simplifying,
we obtain, z° + 1 = 0, whose roots are z = cos (pr/5) +isin
(pr/S),p=1,3,5,7,9.

For p =5, the root z=—1 corresponds toz+ 1 =0

Hence, the required roots are

cos (prt/5)+isin (pr/5); p=1,3,7,9.

The correct option is (B)

182. 1. Since z,.=cos (3@) +1isin (3@),

r=1,2,3, ...
we have, z, -z, z; ...o0

T, .. T T .. T
=| cos—+isin— || cos—+isin—
3 3 3

I
o
2
wiy 2N
+
|

Il
(]
o
@

T .. T . .

=cos — +isin — =0+ix1=i
2 2

The correct option is (D)

1I. Given,iz3+zzfz+i=0
= iZGz-i)-(z-i)=0
= (zfi)(izzfl)=0:z:ior22:1.:71'.
Now,z=—i= |7 =i=1 !
and, 2 =—i= || =H| = = 1=z =1
Thus, in both cases |z]| = 1
The correct option is (B)

III. Letz=x+iy
Then, z=2 _ x+iy=2 _ (x=2)+iy
z4+2  x+iy+2  (x+2)+iy
_ G-+ ][ +2)-iy]
(x+2)% +y?
_ Ty -9 +idy)
(x+2)2+y2
. z— . . .
Since is purely imaginary,
z+2

x2+y2—4=0

2, 2 2_ _
= Y+y =4Sz =4=7=2
The correct option is (C)

13 13 . -13
Iv. Y@+ =Y i"1+i) =(1+i) {’(11_’_ )}
—1

n=1 n=1

B ~i(l=10)
—(1+1){ l—i}

=(1+i)i=—1+i
The correct option is (A)

I. We have, (1 + @) (1+ @) (1+ ") (1 + &%) ... to2n
factors

=(l+o)(1+0)(1+&*x o)1+ xa)
... to 2n factors
=(1+w)(1+ &) (1+w) (1 + ) ...to2n factors
[ &=a’=..=1]
=[(1+ w) (1 + w) ... to n factors]

[(1+ &) (1 + @) ... to n factors]
=1+ (1+a'=[1+wd+a)]
=(l+o+d*+ad)'=0+1)"=1

[ 1l+o+d?=0,0 =1]

The correct option is (B)
II. We have,

(l-w+D) (- + 0" (11— +
(1- "+ @'°)... to 2n factors
=(l-w+0”)(1-+o0) (1 -0+ )
(1- o+ ) ... to 2n factors.

[ o' = w, o= a)z, ®'® = wand so on]
=(=20) (- 20°) (- 20) (- 2&) ... to 2n factors
= (22 013) (22 a)3) ... to n factors

[V (-20) (-207)=2" @ =27]

— Y=
The correct option is (C)
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III.

Iv.

184. L

Assertion-Reasoning Type

Since (3 +1)'%=2% (a +ib)

(V3 = )'"=2% (a-ib)

(3 41— (3 —)1% = 2% 2ib) = 2% (ib)
o 0[] 3100100 g 43 100 = 2100 (jp
or, (—20)'" Q2" =2""(ib)
or, ®— & =(ib)or V3 i=ib

b=13
The correct option is (A)
The given expression

—1)(n—w)(n—-w)

—1)(n=w) (n—w?)
[ (=1 (1-w) (1-w)=0]

:2(}1
2
:2(,1
1

n 2 2
:2(n3_1):w_,,
N 4
The correct option is (D)
We have,
Bri iB+i2 (—1443i .
= =—i =—iw
2 2i 2
s .2_. 1 .
and, i-V3 . i3 =—1i =31 =—ia
2 2i 2

=

. 6 . 6
Hence, [*/EJ”] +[’_‘/§] - i)+ iad)

2 2
=i (0 + 0
=—1(1+1)=-2.
The correct option is (C)

IL Let 2 L iy, where y is real
z+1
z+1 1
= =—
z=1 iy
2z 1+iy .
— = [by componendo and dividendo]
2 1-iy
1+iy J1+ )72
z= =~ =zl= == =1
1-iy 1+ 57

The correct option is (D)

1L Wehave,i+\/—=_l+7\/§l.%=2£
2 i i

-1 - : 2

and, ,-,JZIT@.%:L?

1 1

(i+ \/g )100+(l.7 \/g )100+2100

100 100
(27(0) + (2(02] + 2100
i i

2100
(w100+ a)200)+2100

ilOO
=2'""(w+ ) +2'"
— 9100, 5100 _ ¢

The correct option is (B)
IV. Letz, =x, + iy, we have (z, + 1)” + z] =0
= (+1)=—z] 25+1 =z
. 2 2
= gt U=l = b+ iy + 117 =g+ iy

= (xk+1)2+ y,f :x,§+y,f
1
= 2xk+1=00rxk:75

6 6
Thus, ZRe (zp) = Zxk —
k=0 k=0 2

The correct option is (A)

185. We have,

a

Now,

or,

1 . 1 .
— =cos afzsma,z =cos f—isinf

=(cos o+ i sina) (cos f—i sinf)

>|a

% =cos (o— fB) + i sin (a— B).

Similarly, b_ cos (B—y)+isin(f-7)
¢

and,

£ = cos(y— o) +isin(y- ).
a

. .a b c
Putting these values in —+—+— =—1, we get

c a

[cos (ax— ) + cos (B—¥) + cos (y— )]
+ i [sin (a— B) + sin (B— y) + sin (y— )]
=-1=-1+01.

Comparing real and imaginary parts, we get
cos (ot— f) +cos (f— )+ cos (y— o) =—1
The correct option is (A)

-1
186. We have, arg = _r
z+1 3
= ar x+iy—1 _r
x+iy+1 3
= tan lL—tan 1y 2
x—1 x+1 3

( Arg A Argz; — Arg z,

%)

[Putting z = x + iy]

)
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y _ Y Hence, the greatest value of |z] is J5 4+ 1.
= tan'X=1 3§+1 =T The correct option is (A)
1+ 2y 3 190. |z—i| = |z+ 5i| represents equation of perpendicular bisector
x" =1 of points (0, 1) and (0, -5), i.e., y =2, now |z] =2 is X+
2 =
= 55 yz =tan£=\/§ Y 42
x“+y -1 3 = x+4=4=x=0
y 4 2 o . z represents a single point (0, —2).
= X +y - ﬁ y—1=0, which is a circle. The correct option is (A)
The correct option is (D) 191. We have, , , 0’ )
the trianal . et . (1-z) P2)=(1—z) (1 +zy) (1 +2y7) ... (1 +2,7)
187. Area of the triang 'e ont 'e ?rggndi) ane formed by the com- — —2022) a +2022) 1+ 2023) L+ zoz")
plex n3umbers —z,iz,z— 1z 18 5 |z|”. _ 72023) a "’2023) L+ Zozn)
E |Z|2 =600 = |Z| =20. — (1 7202n+1) (22m . 22m — 22m+1)
The correct option is (A) , i - > A
188. Given, |z— 1|+ |z+3| <8 Now, zy"= 2 =277 = ()" = (5) =7
z lies inside or on the ellipse whose foci are (1, 0) and Now, since 2" is divisible by 4, if n> 1 = 2=
(=3, 0) and vertices are (-5, 0) and (3, 0). | | |
Thus, 1 =z, ' = 1- — = P(2)= (1 _ 7)
4 0 22 1-z 22
1
:(1+l)(1—7)
I I wo, A
5, 0) 3,0 o W«l 0) >X The correct option 18 (A)
192. Since amp - [z, (z3 —2z,)] = amp - [z;(z, — z)]
amp. (Zl (2~ ZZ)) =0
Now, |z — 4] is distance of z from (4, 0). Minimum distance 5(z-2)
is 1 and maximgm %s 9. zi(z3 — 2,) is purely real.
The correct option is (A) z3(z, — 2|
189, Wehave,2= |- 4] 21— ‘i‘ Hence, 0, z;, z,, z are concyclic
z z — —
( for four concyclic points Gi=2)(-2)
= |- ‘ﬂ <2 (@1~ 23z = 23)
z
= [ -2z-4<0o0r(z-1-5<0 is purely real)
= (-1°<5 or |f-1< 5 = lz| < 5 +1 The correct option is (A)
Previous Year's Questions
193. Key Idea : If @is a cube root of unity, then 1 + w+ @ =0  194. Given z{ +z3 —zz, =0
and @ = 1 = (2, +2)° = 32,2, =0
(l+w+e)=0and @=1 = =3b.
(1+0- o) = - o) (v1+o+a*=0) The correct option is (C)
= (20 z\ 7
= 270" 195. arg(z)—arg(w) = arg(—) =3
0]
=—128(«’) & .
—— 128 & (- @=1) = |zo]=

The correct option is (D)

= ZO=—i0r+i.
The correct option is (D) or (C)
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196.

197.

198.

199.

200.

201.

202.

203.

Lei_(+i

1-i 2
1+i)"
(-
1-i

=x=4n.

The correct option is (A)
Here o= % = arg(z%) =T
= 2arg(z)—arg(i)=7m

= 2arg(z)—§ =z

= arg(z) = %r

The correct option is (C)
z=(p+iq)’ = p(p=3¢")- iq(q’~ 3p)

2 2 PlI__z

:>£=pz—3q2 andZ=q -3p° =
p q

The correct option is (B)

Since| ;2 -1 2= (‘ zP +1)2 , we have
(22-1)(z2-1) =1z + 2]z +1

=247242:7=0 =z+z2=0

= R (z) = 0= z lies on the imaginary axis.

The correct option is (D)

Given equation (x — D +8=0 implies that (x — 1)
=) ()"

=Sx—1=-2or2wor 2a
Orn=-lorl-2worl-2a’

The correct option is (C)

|z) *+ 25| =|z,| + | 25| = z, and z, are collinear and are to the
same side of origin; hence argz,— argz, = 0.

The correct option is (C)

=1= distance of z

. z
As given w=71:>\ wl=
z——i

3

z——1I
3

.. . ).
from origin and point (0,5) is same.

Hence z lies on the bisector of the line joining points (0, 0)
and (0, 1/3).

Hence z lies on a straight line.

The correct option is (C)

Given sum

Wi 2kr . 2knrm
2 sin——+icos——
11 11

k=1

204.

20S.

206.

207.

208.

10 10
. 2km 2km
= 2s1n—+ izcos—
k=1 I35 1
=0+i(-1)=—i
The correct option is (D)

The given equation 2> +z+ 1 =0
= Z=@or a)2

1 1
So, it =otd=-1,7+ =
zZ z

=a>2+cu:—1,z3+i3 =0+ =2,
z

1 1 1

4 5 6

'+ — =-1,22+ —=-landz’ + — =2.
z* 2 25

o The givensum=1+1+4+1+1+4=12

The correct option is (D)

From the Argand diagram, maximum value of |z + 1] is 6.
Alternative:

[z+1|=]z+4-3|<|z+4|+]-3]=6.

4.0

=7,0) -1,0)

The correct option is (C)
Put —i in place of i
. .-l
Hence, the complex conjugate is 1
i

The correct option is (C)

One can write |Z|=

(2—4)+4:>Z=Z—4+4
z) z zZ z

+i:>\Z\£2+i

:\Z\S‘Z—i
z| || 2]

=z -2|z|-4<0
o (|71- (V5 +1))(|Z - (1=+5)) <0
=1-5<|7]<V5+1

The correct option is (B)

Let z=x+iy
z=1=|z+1|=>Rez=0=x=0
lz=1|=|z—i| > x=y

1=l =y=—x

Only (0, 0) will satisfy all conditions.

= Number of complex number z = 1

The correct option is (A)



209.

210.

211.

212.

213.

Complex Numbers

3.67

Suppose roots are 1 + pi, 1 + gi

Sum of roots 1 + pi + 1 + gi = —or which is real

= roots of 1 + pi,1 — pi

Product of roots = f= 1+ p? €(1, o)

p # 0 since roots are distinct.

The correct option is (C)

1+ w=—ad

(1+w) =(-0*)=-0" =0
=1+w=A+Bw=(4,B)=(11)

2

The correct option is (A)
Letz=x+iy (x#las z#1)
2= (x2 - y2) +i(2xy)
Z2 . .. .
—— isreal = its imaginary part =10

-
= 2xp(x =)= y(x* = y*)=0

= y(x*+)y*-2x)=0

:>y:0;x2+y2—2x:0

.. z lies either on real axis or on a circle through origin.

The correct option is (A)
Given |z]=1=zz =1

1+z 14z
— = I:Z.
I+z 144
z

The correct option is (B)
‘2‘22

1 1 1
z+—|2> ‘z -— 22—723.

2 2 2 2

Hence, minimum distance between z and (—5,0) is 5
The correct option is (B)

214.

215.

z;—2z,

Given that =1

— 212

= (zl —222)(E1 —222)

=(2-25)(2-72,)

= ‘21‘2 -2z, -2 — 22,2 +4‘22‘2

_ _ 212
=4-2z7z, 271z, + ‘Zl‘ ‘22‘

= ‘zl‘z +4‘22‘2 —‘21‘2‘22‘2 -4=0

= [af (1] )-4(1- |2 ) =0

= ‘Zl‘ = 2(as‘22‘ #1)
The correct option is (B)
We have,
2+ 3isin0
="
1-2isin6

L (24 3isinO)(1+ 2isinO)

1+4sin%0
_ (2—6sin0) + 7isinO
1+4sin’ 0

For z to be purely imaginary, we have Re (z) = 0

=2-6sin’0=0=sinf==+

1
=0=1sin"'| —
(ﬁ)

The correct option is (A)

-
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