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SCALARS AND VECTORS

Scalar Quantity A quantity which has only magnitude and

no direction is called a scalar quantity or simply a scalar.
Examples of scalars are mass, temperature, volume,

work and so on. To specify a scalar, two things are needed.

1. aunit in terms of which it is measured
2. areal number (+ve, —ve or zero)

Vector Quantity A quantity which has magnitude as well
as direction is called a vector quantity or simply a vector.

Examples of vectors are displacement, velocity,
acceleration, force and so on. To specify a vector, three
things are needed.

1. aunit in terms of which it is measured
2. areal number (+ve, —ve or zero)
3. aparticular direction

REPRESENTATION OF VECTORS

The best way to represent a vector is with the

help of a directed line segment. Suppose 4 and B
B are two points, then by the vector AB. , We
mean a quantity whose magnitude is the length

AB and whose direction is from 4 to B.

A and B are called the end points of the
vector AB. In particular A4 is called the initial
point and B is called the terminal point.

Sometimes a vector 4B. is expressed by 4
a single letter a (which is always written in bold ~ Fig 21.1

type, to distinguish it from a scalar). Sometimes, however,
we write the vectora as d or a .

QIMPOKTANT POINTS

Every vector (A—B) has the following three characteristics:
(a) Length: The length of AB is denoted by | AB| or
simply AB.
(b) Support: The line of unlimited length of which AB
is segment is called the support of vector AB.
(c) Sense: The sense of AB is from A to B and that of
BA will be from B to A. The sense of directed line
\_ segment is from its initial point to the terminal point.

Modulus (or Magnitude) of a Vector

The positive real number which is the measure of the length
of the vector, is called the modulus, length, magnitude,
absolute value or norm of the vector.

The modulus of a vector a or OA4 is usually denoted
by | a | or |OA | or by the corresponding letter ‘a’ (not in
bold-faced type), i.e.,

|OA|=0Aand |a|=a

Multiplication of a Vector by a Scalar

The product of a scalar m and a vector a, is defined as a
vector ma or am whose magnitude is the product of the
magnitudes of m and a and whose direction is that of a or
opposite to a accordingly as m is positive or negative.
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TYPES OF VECTORS

Equal Vectors Two vectors a and b are equal when they
have (1) the same magnitude and (2) the same direction.
Symbolically such vectors are written as: a = b.
Unit Vectors A vector whose magnitude is unity is called
a unit vector. The unit vector having the same direction as
that of given vector a is usually denoted by the symbol a
(read as ‘a cap’), i.e.,

A vector = Modulus of vector x Unit vector in its
direction

or a=|al a
Also, Unit vector in a direction

_ vector in that direction

modulus of vector

. a
a=—

la|
CAUTION

No units are to be attached with a unit vector, i.e., unit
vector is dimensionless physical quantity

Zero or Null Vector A vector whose magnitude is zero, is
called a zero vector. For such a vector, initial and terminal
points are coincident so that its direction is indeterminate.
A zero vector is denoted by the bold-faced symbol O or O.
Collinear (or Parallel Vectors) The vectors which are par-
allel to the same straight line are called collinear vectors.

Vectors which are not parallel to the same line are
called non-collinear vectors.

Like and Unlike Vectors Collinear vectors having the
same direction are called /ike vectors and those having the
opposite directions are called unlike vectors.

Remark: If two vectors a and b are collinear, then there
exists a scalar m such that b = ma, m being positive or nega-
tive according as a and b are like or unlike vectors.

Conversely, if b = ma be given, then a and b must be
collinear (or parallel) vectors such that | b |=|m || a|.
Reciprocal Vector Let | a | be the modulus of the given
vector a. Then a vector whose direction is that of a but
modulus is 1/] a | (reciprocal of the modulus of a) is called
the reciprocal of ¢ and is written as a™'. Thus,

a4 1. Jal .~ a
a =—a=——a=—>
la|~ af af’

Coplanar and Non-coplanar Vectors Three or more vec-
tors are said to be coplanar when they are parallel to the same
plane. Otherwise they are said to be non-coplanar vectors.

Co-initial Vectors The vectors which have the same initial
point are called co-initial vectors.

Negative of a Vector A vector having the same modulus as
that of a given vector @ and the direction opposite to that of
a, is called the negative of @ and is denoted by —a. Clearly,
if O4 = a, then

AO = —a, and therefore, O4 = -40

EQUAL VECTORS

Two vectors a and b are said to be equal when they have
equal magnitudes and same direction. Geometrically, if
head of one vector coincides with, the head of other and
so do the tails coincide then the vectors are said to be
equal.

CAUTION

If a = b, then a = b, always.
But if, @ = b doesn't always imply a =b

FIXED VECTORS

Fixed vector is that vector whose initial point or tail is fixed.
It is also called localised vector. For example, position vec-
tor and displacement vector are fixed vectors.

FREE VECTORS

Free vector is that whose initial point or tail is not fixed. It is
also known as non localised vector, For example, velocity
vector of a particular moving particle along a straight line
is a free vector.

a

Fig. 21.2

ANGLE BETWEEN TWO VECTORS

The angle between two vectors a and b represented by OA
and OB, is defined as the angle AOB which does not exceed
7. This is also known as the inclination of given vectors a
and b. If the angle AOB be 6, then 0 < 6< 7.
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0 a
Fig 21.3

If 6= %, then vectors are said to be perpendicular

or orthogonal and if 6= 0 or 7, then vectors are said to be
parallel or coincident.

QIMPOKTANT POINTS

Whenever finding angle between two vectors, make
sure that either their heads coincide or their tails
coincide.

0
0 0
(M @ 3)

Fig 21.4

i.e., if heads coincide or tails coincide then internal
angle is the angle between two vectors (whether
acute or obtuse) as in (1), (2), (3) and (4).

If heads coincide with tall then external angle is
the angle between the two vectors as in (5) and (6).

4 (5) (6)
\_ Fig 21.5

ADDITION (SUM OR RESULTANT)
OF TWO VECTORS

Fig 21.6

Let a, b be two vectors. Take any point O and draw the
vectors OA = a and AB = b such that the terminal point of
the vector a is the initial point of vector b. Join OB. Then the
vector OB is defined as the sum of @ and b and is written as

OB=04A+AB=a+b (1)
This method of addition of vectors is known as the
triangle law of addition.
Completing the parallelogram OA4BC. Since
AB=0C=b
OB=0A4+ AB=04+ 0OC )
That is, the sum of two co-initial vectors is the vector
represented by the diagonal of the parallelogram formed
with the component vectors as adjacent sides.

This method of addition of vectors is known as the
parallelogram law of addition.

Remark From Equation (1), -=BO = OA4 + AB or OA + AB
+ BO = O, showing that the sum of vectors determined by
the sides of a triangle, taken in order, is zero.

Properties of Vector Addition
1. Vector addition is commutative For any two vec-
tors a and b, we have
a+b=b+a
2. Vector addition is associative For any three vectors
a, b and ¢, we have
(a+b)+c=a+(b+c)
3. Existence of additive identity For every vector a,
we have
a+0=a=0+a
where O is the null vector.

4. Existence of additive inverse For a given vector «,
there exists a vector —a such that

a+(-a)=(-a)+a=0
The vector —a is called the additive inverse of a.

Properties of Multiplication of Vector
by a Scalar

1. Ifm=o0,thenma=o0
2. If m and n be two scalars, then

m(na) = mna = n(ma)
3. If m and n be two scalars, then
(m+ n)a=ma + na
4. If a, b are any two vectors and m be any scalar, then
m(a + b) = ma + mb

Subtraction (or Difference) of Two Vectors

Subtraction of vectors If ¢ and b are two vectors, then
their subtration a — b is defined as a — b = a + (—b) where
—b is the negative of b having magnitude equal to that of b
and direction opposite to b.
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Thena—b=(a,~b,)i+(a,—b,)j+(a,—b)k

Fig 21.7

Properties of Vector Subraction

(i) a—b#b-a (i) (a=b)y—c#a—-(b-c)
(iii) Since any one side of a trian- P
gle is less than the sum and "
greater than the difference of
the other two sides, so for any
two vectors a and b, we have

(A)Ja+b|<|a|+]|b]
B)la+b|z|al-|b|
©) la=b[<|al+]|b]
D) la-blzlal-]b|

O(Origin)
Fig 21.8

POSITION VECTOR

If a point O is fixed as the origin in space (or plane) and P
is any point, the OP is called the position vector of P with
respect to O.

If we say that P is the point », then we mean that the
position vector of P is » with respect to some origin O.

1. AB in terms of the position vectors of points 4 and B:
If a and b are position vectors of points 4 and B respec-
tively. Then O4 =a, OB =5

.. AB = (Position vector of B) — (Position vector of A)
=0B-04A=b—-a

2. Position vector of a dividing point The position vectors
of the points dividing the line 4B in the ratio m : n inter-

mb+na
nally or externally are
m+n
mb —na
or
m-—n

TRICK(S) FOR PROBLEM SOLVING

m If Pis the mid-point of AB, then it divides AB in the ratio
1 : 1. Thus position vector of P is given by

OP:a+b

) mb + na m n
m Since OP=r = = b+ a
m+n m+n m+n
=Aa+ ub
m
where A = and u =
m+n m+n

Thus, p.v. of any point P on AB can always be taken as r= Aa
+ b, where A+ pu=1.

m Since OP:r:mb+na

m+n
= (Mm+n)r=mb+na
= n-OA+m-0B=(n+m)OP,
where P is a point on AB dividing it in the ratio m : n.
In particular, if P is the mid-point of AB, then

OA + OB =20P

That is, twice the position vector of the middle point is equal
to the sum of the vectors of the ends.

SOLVED EXAMPLES

1. In aregular hexagon ABCDEF,
AB + AC + AD + AE + AF = kAD, where k is equal to

(A)1 (B) 2

)3 (D) none of these
Solution (C)

AB+AC+AD + AE + AF

=FED+AC+AD+AE +CD (.~ AB=ED, AF = CD)

E D
F N C
A B
= (AC + CD) + (AE + ED) + AD

=AD+AD +AD =3A4D

2. If M and N are the mid points of the diagonals AC and
BD respectively of a quadrilateral ABCD, then
AB+AD+ CB+ CD =
(A) ANM
(C) 2MN

(B) 4MN

(D) none of these
Solution (B)

In AABD, N is the mid-point of BD,

AB + AD =2AN (1)
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A B

In ACBD, N is the mid point of BD,

CB+ CD=2CN 2)
Addlng (1) and (2), we have
AB+ AD + CB+ CD =2(4AN + CN) 3)
In AANC, M is the mid-point of AC
AN + CN =2MN

From (3), we get
AB + AD + CB + CD = 2(2MN) = 4MN

. Five forces AB, AC, AD, AE, AF act at the vertex 4 of
a regular hexagon ABCDEF. If O is the centroid of the
hexagon, then their resultant is a force given by

(A) 440 (B) 540
(C) 640 (D) none of these
Solution (C)

If R is the resultant of given forces, then

D

T

R=AB+ AC+ AD + AE + AF
=ED+AC+ AD + AE + CD
(*+ AB=ED and AF = CD)
=(AC+ CD)+ (AE+ ED)+ AD
=AD +AD + AD = 34D = 6A40.

4. ABCD is parallelogram. If L and M are the middle

points of BC and CD, then AL + AM =

1 3
A) —AC B) —AC
(A) > (B) 2
(C) AC (D) none of these
Solution (B)

AL=AB+BL=AB+%BC=AB+%AD

AM=AD+DM=AD+%DC=AD+%AB

=

A B

Adding, AL+ AM = %(AB + AD)

_3(4B+BS)=> AC
2 2

. ABCD is a quadrilateral and E the point of intersection

of the lines joining the middle points of opposite sides.
If O is any point, then the resultant of O4, OB, OC and
OD is equal to

(A) 20E (B) OF

(C) 40FE (D) none of these
Solution (C)

Let P, O, R, S be the mid-points of sides BC, CD, DA,
AB respectively of a quadrilateral ABCD. By geome-
try the figure formed by joining the mid-points P, Q,

R, S will be a parallelogram. Hence, its diagonals will
bisect each other, say at E.

Now P is the mid-point of BC

OB +0C=20P (1)
And R is the mid-point of 4D
OA+ OD =20R (2)

Addmg (1) and (2), we have
OA+ OB+ OC+0OD=2(0OP+OR)=2-20FE =40E
(" E is mid-point of PR, ... OP + OR =20E)

. Two forces act at the vertex 4 of a quadrilateral ABCD

represented by 4B, AD and two at C represented by CB
and CD. If E and F are the middle points of AC and BD
respectively, then their resultant is represented by

(A) EF (B) 2EF
©) %EF (D) 4EF
Solution (D)

We have,

AB + AD = 2AF, where F is mid-point of BD
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D. C

A B
Also, CB+ CD =2CF;
AB+AD+ CB+CD
=2(AF + CF)=-2(FA + FC) = -2 [2FE],
where E is the mid-point of AC = — 4FE = 4EF.

. Let OA =i+ 3j— 2k and OB = 3i + j — 2k. The vector
OC bisecting the angle AOB where C is a point on the
line AB is

(A) 20 +) =k
©C)i+j—k
Solution (A)

Taking O as origin, the position vectors of 4 and B are
a=i+3j—2kand b =3i+j— 2k respectively. We have

|al=1b] =14

(B) 4G +j—k)
(D) none of these

So, the bisector OC of ZAOB meets AB at its mid-
point C.

C=%(0A+OB)=2(i+j—k)

. The vector c, directed along the internal bisector of the
angle between the vectors a = 7i — 4j — 4k and b =—2i

—j + 2k with |c|—5\/g is

(A) §(5i+5j+2k) B) %(i+7j +2k)

(C) g(—5i+5j+2k) (D) 2(1—7]421{)

Solution (D)
The required vector ¢ is given by

g

:/I{é(7i—4j—4k)+%(—2i—j+2k)}

c:),(a+b):/l[i+
|al

or, c=§(f—7j+2k)

= |c|=i%\/1+49+4 =J_r%\/5_4.

10.

11.

lc|=5V6
i%ﬁsz/g = A=+15.

But (given)

Hence, c=i1§(i—7j+2k):i§(i—7j+2k)

. If the points P, O, R, S have position vectors p, g, 7, s

such that p — g =2(s — r), then

(A) PQ and RS bisect each other
(B) PQ and PR bisect each other
(C) PQ and RS trisect each other
(D) OS and PR trisect each other

Solution (D)

We have, p —qg=2(s—r)

p+2r g+2s
1+2 142

Point dividing PR in the ratio 2 : 1 is same as the
point dividing QS in the ratio 2 : 1
Hence QS and PR trisect each other.

= p+2r=q+2s =

If a and b are position vectors of 4 and B respectively,
then the position vector of a point C in AB produced
such that AC =348 is

(A)3a->

(C) 3a-2b
Solution (D)
AC=34B = c—-a=3(b—a) = c=3b-2a.

(B) 3b-a
(D) 3b-2a

A vector a has components 2p and 1 w.r.t a rectangu-
lar cartesian system. This system is rotated through a
certain angle about the origin in the counter-clockwise
sense. If w.r.t the new system, a has components p + 1
and 1, then

(A) p=0 B) p=lorp=—=

©) p:—lorpzé (D) p=lorp=-1

Solution (B)

Let 7, j be unit vectors along the co-ordinate axes
a=2pi+1-j (1)

On rotation, let » be the vector having components

p + 1 and 1.

. b=p+1)i+1yj 2)
Where i, j are unit vectors along the new co-ordinate
axes.

But on rotation | b |=|a| =
= (p+1)*+1=2py+1

|bP=lal

= 3p*-2p-1=0

1
= Gp+h(p-D=0 = p=lor—§



12. Let ABCDEF be a regular hexagon. If AD = xBC and

13.

14.

CF = yAB, then xy =

(A) 4 (B) —4
©) 2 (D) -2
Solution (B)

Since ABCDEF is a regular hexagon, from plane
geometry, we have

E D

A B

AD =2 BC and FC =24B
R AD =2BC and FC =2A4B
Given that AD = xBC.
2BC =xBC, by (1)
= x=2

(1)

2)
Again, given that CF = y4B or —FC = yAB.
: —2AB = yAB, using (2)
= y=-2 3)

From (2) and (3), xy =2 (-2) =—4.

A vector a is collinear with vector 6i—8; —I?Sk of

magnitude 50 making an obtuse angle with z-axis is
(A) 24i - 32j-30k (B) —24i+32j+ 30k
(C) 24i+ 32j — 30k (D) none of these

Solution (A)

1
Let b=6i—8j—?5k.

2 1
A unit vector along b is +— (6i -8 — e k).
25 2
a = a vector of length 50 along b
1
=4 (6i—8j—?5k).

Since a makes obtuse angle with z-axis, so we must
have
a-k<0

Thus, a = 24i — 32j — 30k

Givenacube ABCDA B, C, D, with lower base ABCD,
upper base A4, B, C, D, and the lateral edges A4 , BB,
CC,, and DD ; M and M, are the centres of the faces
ABCD and 4,B,C D, respectively. O is a point on line
MM, such that

OA+ OB+ 0OC+OD=0M, then OM=A. OM if A=

15.

16.

17.
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1 1
A) — B) —
( )4 B) 5
1 1
C) — D) -
© p (D) g
Solution (A)

OM, = 0A + OB + OC + OD (given)
=OM + MA + OM+ MB + OM + MC
+ OM + MD
=40M + (MA + MC) + (MB + MD)
=40M (" MA=—-MC, MB =— MD)

1

oM = Lo, A==
4 4

In a trapezoid the vector BC = AAD and p = uAD and
p =AC + BD is collinear with AD. Then

Ay u=A+1 B) A=u+1
(C) A+u=1 D) u=2+4
Solution (A)

We have,

p=AC+BD=AC+ BC+ CD=AC+ AAD + CD
=(AC+ CD)+ AAD = AD + AAD = (1 + )AD
Since p = udD u=1+2
AB=3i+j—kand AC=i—j+ 3k.Ifthe point P on the
line segment BC is equidistant from 4B and AC, then
AP is
(A)2i—k
©)2i+k
Solution (C)

A point equidistant from 4B and AC is on the bisector
of the angle BAC.
A vector along the internal bisector of the angle BAC

(B) i -2k
(D) none of these

4B AC

|AB| | AC|

:3z+]—k I_J+3k:L(4i+2k)
Jor1+1 Ji+1+9 Vi1
AP=1tQ2i+k)

BP=AP—-AB=tQi+k) —Bi+j—k)
=Q2t=-3)i—j+@+ 1)k
Also BC=AC—-AB=(G(—j+3k)—GBi+j—k)
=—-2i-2j+4k
BP =s BC.
2t=3)i—j+(t+1) k=s(—2i-2j+4k)
2t—3=-2s,-1=-2s,t+1=4s

But

széandtzl AP =2i+k.

The position vectors a, b, ¢ and d of four distinct points
A, B, C and D lie on a plane are such that |a —d | =
|b—d|=|c— d]then the point D is the
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(A) centroid of AABC

(B) orthocentre of AABC
(C) circumcentre of AABC
(D) none of these

Solution (C)

We have, a —d=—-AD,b—d=—-BD and ¢ — d =—-CD.
According to the given condition | AD |=|BD |=| CD|.
Thus, D is the circumcentre of AABC.

COMPONENT OF A VECTOR

The component of a vector PQ on a line / is RS, where R
and S are the feet of perpendiculars from P and Q on the
line /.

The vector component of PQ on / will be denoted
by RS.

1. If @is the angle between PQ and RS, then the component
of PQ on = PQ cos 8= PQ | cos 6 and the vector com-
ponent of PQ on [/ = PQ cos 6.

2. If ris the position vector of a point P, having coordinates
(x, y, z) then r = xi + yj + zk, where i, j, k are unit vectors
along x, y and z axes respectively.

3. xi, yj, zk are the vector components of 7 on x, y and z axes
respectively.

4. If a point P in space has coordinates (x, y, z), then its p.v.

risxi+yj+zkand | r|=|r|= x> +y* + 27 .
SOLVED EXAMPLE

18. The triangle ABC is defined by the vertices A(1, -2,
2), B(1, 4, 0) and C(—4, 1, 1). Let M be the foot of the
altitude drawn from the vertex B to side AC. Then BM

(A) (=20/7, -30/7, 10/7) (B) (=20, -30, 10)

©) (2,3,-1) (D) none of these
Solution (A)
Since MB is the component of AB 1 to AC
B
90°
A > M C
MB=AB - AM
4B (AB'ACZ)AC
(40)
(6 —2k) {(6j—2k)-(=5i+3j—-k)}(=5i+3j—k)

(25+9+1)

=(6j—2k)—%(—5i+3j—k)=g(2i+3j—k).

BM:—§(2i+3j—k).

LINEAR COMBINATION

A vector 7 is said to be a linear combination of the given
vectors a, b, c ..., and so on if there exist a system of scalars
X, ¥, Z, ..., and so on such that

r=xa+yb+zc+..

LINEARLY DEPENDENT AND INDEPENDENT
SYSTEM OF VECTORS

The system of n vectors a, a,, ..., a_ is said to be linearly
dependent, if there exist scalars x,, x,, ..., x, not all zero
such that

xa +xa,+..+xa =0

The same system of vectors is said to be linearly
independent, if all scalers are zero, i.e. x, =x,=..=x =0.

When the system of n vectors a,, a,,

dent (or independent), then n vectors a,, a,, .., a, are said
to be linearly dependent (or independent).

..., a_is linearly depen-

COLLINEARITY OF THREE POINTS

The necessary and sufficient condition for three points with
position vectors a, b and ¢ to be collinear is that there exist
three scalars x, y, z, not all zero, such that

xa+yb+zc=0,wherex+y+z=0

Test of Collinearity of Two Vectors To prove that two vec-
tors a and b are collinear, find a scalar m such that one of
the vectors is m times the other. In case no such scalar m
exists, then the two vectors will be non-collinear vectors.

Test of Collinearity of Three Points

Method 1: To prove that three points A, B, C are collinear,
find the vectors AB and AC and show that there exists a
scalar m such that AB = mAC.

If no such scalar m exists, then the points are not
collinear.

Method 2: To prove that three points 4, B, C with position
vectors a, b, ¢ respectively are collinear, find three scalars
X, y, z (not all zero) such that
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xa+yb+zc=0,wherex+y+z=0

If no such scalars x, y, z exist, then the points are not
collinear.

SOLVED EXAMPLES

19. If the vectors a and b are non-collinear, then the value
of x, for which, the vectors c=(x —2) a+ b and d = (2x
+ 1) a — b are collinear is

A4 2

( )E (B) 3

© % (D) none of these
Solution (C)

The vector ¢ is non-zero since the coefficient in b is
different from zero, and so the vectors ¢ and d are col-
linear if for some number y we have
d = yc that is
2x+1a-b=y(x—-2)a+yb
or (x—=2y—2x—1Da+@yp+1)b=0
Since a, b are non-collinear, we must have
yx—=2y—-2x—-1=0andy+1=0.
Solving these equations, we get y =—1 and x = 1/3

20. With reference to a right handed system of mutually
per]ﬁndicular unit vectors i, j, k o=3i— j and f=2i +
J-

If B= B, + fB,, where 3, is parallel to o and 3, is per-
pendicular to ¢, then

3.1,
(&) Bi=—i+3J

3.1,
(B) B1_El_5]

1. 3.
(©) B, =i+ =3k

1. 3
D =—i——j-3k
(D) B, 21 2]

Solution (B, C)

Since 3, is parallel to ¢,

let B, = Ac, where Ais a scalar.

B=pB+5,

. B=p-P,
=2i+j-3k—Aa=2i+j—-3k—-A3i—))
=Q2-30i+(1+A)i-3k

Since 3, is perpendicular to o

B -a=0

= [2-3Di+(1+Ai-3i]-3i-i)=0

= 32-3)-(1+4)=0

(Given)

= 6-9A-1-1=0 = 5-101=0, /1:%

1 3.1
B =Aa=—0i-)==i——7
! 2(l ) Zl 2]

3 1 1., 3

=\ 2—=|i+|1+=|j-3k=—i+=j-3k
B, ( 2)1 ( 2}] 21 2]
2i+j—3k= Ao+ f,
B=B+5,

COPLANARITY OF FOUR POINTS

Hence,

The necessary and sufficient condition for four points with
position vectors a, b, ¢ and d to be coplanar is that there
exist scalars x, y, z and w, not all zero, such that

xa+yb+zc+wd=0
where x +y+z+w=0.

Test of Coplanarity of Three Vectors To prove that three
vectors a, b and ¢ are coplanar, express one of these vectors
as the linear combination of the other two such as ¢ =xa + yb.

Now, compare the coefficients from the two sides and
find the values of x and y. If real values of scalars x and y
exist, then the vectors are coplanar otherwise non-coplanar.

Test of Coplanarity of Four Points

Method 1: To prove that four points 4, B, C and D are
coplanar, find the vectors 4B, AC and 4D and show that
these three vectors are coplanar.

Method 2: To prove that four points 4, B, C and D with
position vectors a, b, ¢ and d respectively are coplanar, find
four scalars x, y, z, w (not all zero) such that

xa+yb+zc+wd=0wherex+y+z+w=0

If no such scalars x, y, z, w exist, then the points are
non-coplanar.

SOME RESULTS ON LINEARLY DEPENDENT
AND INDEPENDENT VECTORS

1. If a, b, c are non-coplanar vectors, then these are lin-
early independent and conversely if a, b, ¢ are lin-
early independent, then they are non-coplanar.

2. fa=aji+a,j+ak b=>bi+b,j+bkandc=ci
+¢,j + ¢,k are three linearly dependent vectors, then

al bl cl
a, b, ¢|=0
a by ¢

3. Let a, b, ¢ be three non-coplanar vectors. Then, vec-
torsxa+yb+zexat+yb+zcandxa+yb+ze
will be coplanar if
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X X X
oy, »=0
z oz, z

1 2 3

4. Two non-zero, non-collinear vectors are linearly
independent.

5. Any two collinear vectors are linearly dependent.
6. Any three non-coplanar vectors are linearly
independent.
7. Any three coplanar vectors are linearly dependent.
8. Any four vectors in 3-dimensional space are linearly
dependent.
PRODUCT OF TWO VECTORS

Between two vectors, two distinct kinds of products are
defined. One being a pure number is called the scalar prod-
uct while the other being a vector quantity is called the vec-
tor product.

SCALAR PRODUCT OF TWO VECTORS

The scalar product or dot product of two vectors a and b is
defined as: | a || b | cos 6, where Ois the angle between them
such that 0 < 8 < 7. It is denoted by placing a dot between
the vectors a and b. Thus,

a-b=|a||b|cos
If either a or b is O, we define a - b= O.

B

QN
b

O M
Fig 21.9

Key Results on Scalar Product

1. Scalar product is commutative. For any two vectors a

and b we have
a-b=b-a.

2. If m is any scalar and a, b be any two vectors, then
(ma) - b=m(a - b)=a - (mb)

3. Scalar product is distributive with respect to vector
addition, i.e., for any three vectors a, b and ¢, we have

a-(b+c)=a-b+a-c.

4. Magnitude of a vector as a scalar product: For any

vector a

a-a=|al=a
5. Scalar product of two perpendicular vectors is zero,
i.e., if ¢ and b are two perpendicular vectors, then
a-b=0.
However, ifa- b=0= Eithera=0orb=0o0ra L b.
6. Scalar product of mutually orthogonal unit vectors i,

J, k:
ici=l=j-j=k-k
and i-j=j-k=k-i=0
7. Scalar porduct of two vectors in terms of compo-
nents: If

a=ajita,jtakandb=>bi+b,j+bkthena-b=
ab +ab,+ab,
Thus, the scalar product of two vectors is equal to
the sum of the products of their corresponding
components.

8. Angle between two vectors in terms of the compo-
nents of the given vectors.
If @1is the angle between two vectors
a=aji+a,j+akandb=>bi+b,j+ bk, then

a-b a,b, +a,b, +a,b,

cosf = =
\/af +a; +a; \/bf +b] +b;

IMPORTANT POINTS

If @is acute, a.b is positive and if 8is obtuse, a.b is negative

9. Components of a vector b along and perpendicular to
vector a

-b
Component of b along a = (|a—|zja
a
. a-b
Component of b perpendicular to a = b — (W) a
a
10. Any vector » can be expressed as:

r=(r-0i+-j)j+r-kk

SOME USEFUL IDENTITIES

Since scalar product satisfies commutative and distributive
laws, we have

1. (a+by’=a>+b>+2a-b

2. (a=by=a*+b*-2a-b

3. (a+b)-(a—b)y=a>-0b*

WORK DONE BY A FORCE

Work done by a force F in displacing a particle from 4 to
B is defined by
W=F-AB
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QIMPOKTANT POINTS

\_ is equal to the work done by the resultant force

(@+b+c)?=lal?+ |bl?+ |cl?+2|(a-b+b-c+c-
a)

|i+]+kl=+3

Cauchy - Schwarz Inequality

(a-b) <lal?lb]?

If a number of forces are acting on a particle, then
the sum of the works done by the separate forces

SOLVED EXAMPLES

21.

22.

If @ and b are unit vectors, then the greatest value of
|G+b|+|a—b]| is

(A) 242 (B) 2
©) 2 (D) 42
Solution (A)

Let O be the angle between a and b.
Then, G.b=cosO

Now, |G+b|=|af +|b [ +2d.b=2+2cos6

_4cos?
2
= |a+15\:2cos9.
2
- B .
Similarly, |G -5 |= 2s1n5
ﬁ+5|+5—l;:2[cos%+sin%)s2\/5

Ifa+b+c=0and|a|=3,|b|=5,]|c| =7, then the
angle between @ and b is

T T
(A) 5 (B) 3
T T
© 2 D) o
Solution (B)
Let O be the angle between a and b
a-b=la| |b| cosO
ab ab ab

0= = =— 1
lalll - (3)(5) 15 @

Now a+b+c=0

o a+b=—c

= la+bl=|-|=|c| = |a+b]*=|c]

= (a+b)-(a+b)=(T) = la*+2a-b+|b=49
= (3)P+2a-b+(5>=49

23.

24.

25.

= 2axbh=49-9-25=15 = a><b:175
From (1), we get

15

cosf = = 0=60°

1
=—=c0s60°
2

d and € are unit vectors and \l; |=4. The angle

between @ and € is cos (lj If b—2¢ = Ad, then
Ais equal to 4

(A) 3,4 (B) 3,4
(C) 3,4 o 1,2

4’4
Solution (C)

Given: |@|=1,|¢|=1and |b|=4.
= |Zz-E|:1-1~l

4
Now, b—2¢ =Ad

Again, b—-2¢=Ad = b-b-2b-¢=2b-d

= 16—25~E:A(A+%j
2

~ fi-g-l %
2 4

= PF+1-12=0
A=-4,3

The vectors a = xi — 3j — k and b = 2xi + xj — k include
an acute angle and b and positive y-axis include an
obtuse angle. Then values of x may be

(A) -2 B) -3

(C) allx<0 (D) allx>0

Solution (A, B, C)

According to the question

a-b>0andb-j<0=2x>-3x+1>0andx<0
= 2x-DEx-1)>0andx<0

ie., (x<%0rx>1) andx<0 = x<0

If the unit vectors @ and b are inclined at angle 26 (0 <
0 < m) and |a — b| < 1, then @ lies in the interval
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26.

27.

T T
® 53]

(D) none of these

T
ofo)

n St
©) {2’6}
Solution (A)
a-b=lal|b|cos26
= a-b=(1)(1)cos260=cos 26.
la-b|<1
= @+b-2a-b<1=1+1-2cos6<1
= 2(1-cos26)<1=2(2sin’*h) <1

= sinff<t = Bliesin o,ﬁJ
4 6
If a, b, ¢ are three vectors such that |a | =3, | b | =4,

| c|=5and a, b, c are perpendicularto b+ ¢, c+ a, a
+ b respectively, then |a+ b +c| =

(A) 62 (B) 42
©) 32 (D) 5v2
Solution (D)

“al(b+o)

a-(b+c)=0 = a-b+a-c=0 (1)
Similarly bLl(c+a) = b-c+b-a=0 (2)
and cl(a+b)=0 = c-a+c-b=0 3)
Adding (1), (2), (3), we get

2a-b+b-c+c-a)=0
Now, (a+b+cy=a?+b*+c*+2a-b+b-c+c-a)
=lalP+|bP+|c/+0
=3’ +#)+(c)}*=50
Hence, |a+b+c|:5\/5

A parallelogram is constructed on the vector a=3p — ¢
and b = p + 3¢, given that |p| = |¢| = 2 and the angle

between p and ¢ is % The length of a diagonal is

(A) 45 (B) 43
©) 47 (D) none of these
Solution (B)

The diagonals of the parallelogram are represented by
the vectors.
a+b=0Cp—-q)+(p+3q9)=4p+2q
and a-b=Cp—-q)—-(p+39)=2p—-4q
Now, |a+b|*=|4q +2q?=16|p|*+4|q)+ 16p - g

=16(2)° +4(2)> +16(2)(2) cos%

T 1
CcoS— = —
3 2)

=064+16+12=112 (

28.

29.

30.

= la+b|=112 =47
Similarly, |a—bl= 43
Hence the lengths of the diagonals are 44/3 and 44/3.

Leta=2i—j+kb=i+2j—kandc=i+j—2kbe
three vectors. A vector in the plane of b and ¢ whose

projection on « is of magnitude 2 is

(A) 2i+3j -3k
(C) —2i—j+5k
Solution (A, C)
Any vector in the plane of b and ¢ is
r=b+Ac=(1+2j+k)+A(i+)j—-2k)
=(1+D)i+Q+ A+ (-1-2k

(B) 2i+3j+3k
(D) 2i+j+ 5k

S . r-a
Projection of ron a is = W
a

204+ 0)-Q2+A)—-(1+22) _—A-1

NVA+1+1 \/8
A, 2 A-1=42A=-3o0r1
N E

Hence, r=—2i—j+5korr=2i+3j -3k

If the moduli of vectors a, b, ¢ are 3, 4, 5 are respec-
tively and @ and b + ¢, b and ¢ + a, c and a + b are
mutually perpendicular then the modulus of a + b + ¢

1S
(A) V12 (B) 12
(©) 5v2 (D) 50

Solution (C)
According to the given condition, we have

a-(b+c)=0 (1)
b-(c+a)=0 (2)
c-(a+b)=0 3)

Now adding (1), (2) and (3), we get

2(@-b+b-c+c-a)=0 &

Hence, |a+b+c |?
=a*+b++2a-b+b-c+c-a)
=32+4+52=9+16+25=50

= |a+b+c|=\/5_0:5\/5

If p=i—-2j+3kand g =3i+j+ 2k, than a vector r
which is linear combination of p and ¢ and also per-
pendicular to g is

(A) i +5)— 4k
©) ‘71(145;—4/{)

a-b=b-aetc.)

(B) i—5j+4k

(D) none of these



31.

32.
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Solution (C)
We have, r=p + Aq
= r-q=p-q+Aq-q

0=7+144
(v p-g=3-2+6=Tandq-q=9+1+4=14)
7 1 1
= A=-to=—. =~ (i+5/ -4k
14 2 r 2(1 J )

A unit vector in XY plane that makes an angle of 45°
with the vector i + and an angle of 60° with the vector
3i—4jis

(A) i ® L
; s
o 2
1=
C) — D) none of these
©) NG (D)
Solution (D)

Let the required unit vector in the x-y plane be

=y =1
or x*+y’=1

Now the angle between r and vector 3i — 45 is 60°.

c0s60° = (xi'+ yj? . (3'1'—4‘]')
|xz+y]||3z—4]|

7= Xxi+ i,

(1

= x+y=1 (2

and 3x—4y=§ 3)

There exists no real values of x and y, satisfying equa-
tions (1), (2) and (3).

If ABCDEF is a regular hexagon, then AB'AF is
equal to

1 1
(A) =BC? (B) —=BC?
2 2
1 -1
C) —AC? D) —A4C’
© 5 (D) 5

Solution (B)

Let a be the length of each side of the hexagon
ABCDEF so that AB = AF = BC = a. Also from plane
geometry, LBAF = 120°.

E D

(W
A B
Hence, we have
AB - AF =|AB || AF | cos 120°
= (AB) (AF) (-1/2)

= —(a*12) = —%BCz.

33.

34.

35.

Let a, b, ¢ be the three vectors such thata - (b+c¢)=5b -
(c+a) =0and|a|=1,|b|=4,|c|=8,then|a+b
+c|=

(A) 13 (B) 81
©9 (D) 5
Solution (C)

Addinga-(b+c)=b-(c+a)=c-(a+b)=0,
weget2(a-b+b-c+c-a)=0
= Jla+b+cP=laP+|bP+|c]+2(a-b+b-c+
c-a)

=1+16+64=281
Hence, |a+b+c|=9

If e , e, are two unit vectors and €is the angle between

0 .
them, then cosz is

1 1
(A) E|el +€2‘ B) 5|e1 —€2|
le, +¢,|
o leel o Jatrel
© ® Fleallel
Solution (A)

(e, +e) =e e +2 -e+e e,
= |e te|=|el+2]e||e,|cosO+]e,|
= |e+tef=1+2-1-1cosf+1

¢ lel=lel=D

0
= |e]+ez|2=2(1+cos9)=2(2coszzj
0 0 1
= |e +e,['=4cos’= = cos—=—|e +e]
2 2 2

The points O, 4, B, C, D are such that O4 = a, OB =,
OC=2a+3band OD =a — 2b . If |a| = 3|b|, then the
angle between BD and AC is

A B) &
A rm ()2

©) % (D) none of these

Solution (B)
BD - AC = |BD| |AC| cos@ where O1is the angle between
BD and AC.
= (OD—-0B)-(0OC—-04)

=|0D — OB| |OC — OA| cos6
= (a—-2b-b)-(2a+3b—-a)=|a—-3D||a+3b|cosO
= a’—-9b*=|a—-3b||a+3b|cosO
= 0=|a—-3b|]la+3b|cosOd (" |a|=3|b]|, .. a*=
9b%)

= cosf=0, .. (9:Z
2
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36.

37.

38.

A, B, C, D are four points on a plane with position
vectors a, b, c, d respectively such that (a — d) - (b—c)
=(b—-d)-(c—a)=0.For AABC, D is the

(A) Incentre (B) orthocentre

(C) centroid (D) none of these

Solution (B)

Since (a—d) - (b—c),=0 DA-CB=0
AD 1 BC

Since (b—d) - (c—a)=0, DB-AC=0

. BD1CA

Then D is the intersection of the altitudes through 4
and B. Therefore, D is the orthocentre of the triangle
ABC.

Let a :f+2}'+l€, b :f—}+l€,f :f-i-}—lé. A vector
coplanar to a and b has a projection along ¢ of mag-

. 1 .
nitude —, then the vector is:

3
(A) 2i +j+2k
(C) 2i—j+4k
Solution (A, B)
Let vector 7 be coplanar to a and b

(B) 4i—j+4k
(D) none of these

(f+2j’+l€)+t(f—]’+l€)
=i(1+0)+ j2-1)+k(1+1)

Then projection of 7 on ¢ = 1

&

=

3
1-A+)+1.2-0)-1.0+0)] 1
N B
= |2—-t|=%1 = ft=1lor3
When =1, we have 7=2§+}'+21€

P 1
]

When ¢ = 3, we have F=4f—}'+4l€

The values of x for which the angle between the vec-
tors a = xi — 3j — k and b = 2xi + xj — k is acute and the
angle between the vector b and the y-axis lies between

T
— and rare
2

1 1
A) 1,— B) O0<x<—
(A) > (B) x<3
(C)allx<0 (D) x<0orx>1
Solution (C)

a-b>0andb-;j<0.
= 2x*-3x+1>0andx<0

39.

= 2x-1)(x—-1)>0andx<0
= (x<1/2,orx>1)andx <0
Hence, x <0 is the required solution.

A unit vector in xy plane that makes an angle of 45°
with the vector i +j and an angle of 60° with the vector
3i—4jis

(A)i B) (i+ /)2
©) (i—j)/\/z (D) none of these
Solution (D)

Let the required unit vector in the x-y plane be

=T ) =1

or X*+y =1 (1)
Since angle between » and vector i + j is 45° and the
angle between r and vector 3i — 4 is 60°.

(xi+y7)-(+ )

r=xi+yj,

c0845% = ——————
|x1+y]||l+]|
(xi+y))-(Bi—4))
cos60° = ————— =
and | xi+yj||3i—4/]
= x+y=1 2)
3x—4y=5/2 3)

No real values of x and y exist satisfying equations (1),
(2), and (3).

VECTOR PRODUCT OF TWO VECTORS

The vector product or cross product of two vectors a and b
is defined as

1.

2.

axb

Fig. 21.10

axb=|a||b|sinOn
|a||b|sin @is the modulus of a x b, @ being the angle
between the directions of @ and b and 0 < < 7,
direction of a x b is that of the unit vector n which is
perpendicular to both a and b such that a, b and n form a
right handed system.

REMEMBER

By right handed system we mean that as the first vector a
is turned towards the second vector b through an angle 6,
n will point in the direction in which a right handed screw
would advance if turned in a similar manner.
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m If eitheraor bis O, we have a - b = O.
laxb|=]al||b]|sind

= A unit vector perpendicular to the plane of two given vec-
axb

tors a and b is given as n =

laxb|’
m g X b is perpendicular to the plane of a and b.

Key Results on Vector Product

1. Vector product is not commutative. For any two vec-

tors a and b
axb#bxa
Infact, axb=—-bxa

2. Vector product is associative with respect to a scalar.
If m and n be any scalars and a, b any vectors, then

m(a X b) = (ma) x b=a x (mb) =(a x b)m;
(ma) x (nb) = (na) x (mb) = (mna) x b
=a x (mnb) = mn(a x b)

3. Vector product is distributive with respect to addi-
tion. For any three vectors a, b and ¢

ax(b+c)y=axb+axc

4. If two vectors a and b are parallel, then a x b =0. In
particular, a X a = 0.

5. Vector product of mutually orthogonal unit vectors i,
j, k:

iXi=jxj=kxk=0
and ixXj=k=—jxI,
Jxk=i=—kxjkxi=j=—ixk
6. Vector product in terms of components. Let
a=aji+a,j+ak

and b=bi+b,j+ bk, then

axb=(ab,—apb)i+(ab —ab,j
+(ab,—ab)k

i j ok

=g, a, a,

bl b2 b3

7. Angle between two vectors: If 81s the angle between
two vectors a and b, then sin0 = || a ‘X| Z || .
a

Geometrical Interpretation
of Cross Product

1. The area of a parallelogram with adjacent sides a and b is
givenby |axb]|.

2. The area of a triangle with adjacent sides a and b is
. 1
given by E|a><b\.
3. The area of a triangle ABC is

%|ABXAC|or%|BCXBA|or%|CB><CA|

4. The area of a parallelogram with diagonals a and b is
. 1
given by E|a><b\.
5. The area of a quadrilateral ABCD is given by
1 o
5 | AC x BD |, where AC and BD are its diagonals.

6. Vector area of a AABC, when a, b, ¢ are the position vec-
tors of 4, B, C respectively is given by

AABCz%(aXb+b><c+cxa)

MOMENT OF A FORCE ABOUT A POINT

The vector moment or torque M of a force F acting at a
point 4 about the point O is given by

M=r>xF=0A4xF

where r = OA is the position vector of the point 4 with
respect to the point O.

F

A
Fig 21.11

NOTE

The algebraic sum of the moments of a system of forces
about any point is equal to the moment of their resultant
about the same point.

TRICK(S) FOR PROBLEM SOLVING
Lagrange’s Identity

If a and b are any two vectors, then

jax bf* +(a - b)* =|af* |b?

SOLVED EXAMPLES

40. If &,I;,E be three non-coplanar vectors and 7 be any
arbitrary vector, then
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41.

42.

(@xB)X(FXZ)+(bxZ)x(FXa)+(¢Xa)X(Fxb)
is equal to

(A)0

(C) 2[a b EJF

Solution (C)

We have, (d@ % b) X (F X &)

=((@xb)-é)F-((@xb)-7)¢

(B) [ab ¢l
(D) 3[ab ¢JF

=[abclF-[abFc
Similarly, (b x&)x (¥ xa) =[b ¢ alF —[b ¢ FI¢
and, (¢ xa)x(F xb)y=[¢ ablF —[¢ arFlb
o (@xb)x(FxE)+(bx&)x(Fxad)+(¢xd)x(Fxb)

¢FF—([b ¢ Fla+[¢ arFlb+[ab Flc)

Il
[O8)
=
QU
Sy

fA=2i+k B=i+j+ kand C=4i- 3]+ 7k,
then a vector R which satisfies R x B = C x B and
R-A=0,is

(A)—i—-8 +2k B) i-8j+2k
©C)i+8+2k (D) none of these
Solution (A)
Let R=xi+yj+zk
R-A=0 = 2x+z=0 (1)
i j k i j ok
RxB=CxB = |x y z|=|4 -3 7
1 1 1 I 1 1
= G-2i+CE-x)+&x-yk=-10i+3j+7k
= y—z=-10 2)
z—x=3 3)
and x—y=7
Solving (1) and (2), we getx=—1,z=2
From (2), y=-8.
Hence R=—i—-8j+2k

Let 4(0, 0, 0), B(1, 1, 1), C(3, 2, 1) and D(3, 1, 2) be
four points. The angle between the planes through the
points A4, B, C and through the points 4, B, D is

T T
(A) > (B) 3

T T
© 2 (D) 3
Solution (D)

Let n, and n, be the vectors normal to the planes ABC
and ABD respectively.

43.

44.

n=ABxAC=-i+2j—k
n,=ABxAD=i+j-2k
Let 6 be the acute angle between the planes, then 6 is
the acute angle between their normals #, and »,

0 |-1+2+2| 3 1 T
cos=———=—=—=Ccos—
J6 -6 2 2 3
T
= ==
3

Given A =ai + bj+ck, B=di +3j+4kand C=3i+
J — 2k. If the vectors 4 , B and C form a triangle such
that A = B+ C, then

(A)a=-8,b=-4,c=2,d=-11
(B)a=-8,b=4,c=-2,d=-11
(C)a=-8,b=4,c=2,d=—11

(D) none of these

Solution (C)
Here A, B, C are the vectors which represent the sides
of the triangle ABC where
A=ai+bj+ck
B=di+3j+4k
C=3i+j-2k
Given that, A=B+ C
ai+bj+ck=(d+3)i+4/+2k
= a=d+3,b=4,c=2.
i j ok
BxC=|d 3 4
31 =2

= —10i +(2d +12) j +(d -9k

Area of the AABC :%| B><C|

_ %\/[100+(2d+12)2 +(d-9)]

=56 (Given)

= J(5d% +30d +325) =106

= 5d*+30d+325=600= 54°+30d—-275=0
= &P+6d-55=0=(d+11)(d-5)=0

= d=5o0r-11

Whend=5,a=8,b=4,c=2

and whend=-11,a=-8,b=4,c=2.

Ifx+y=a,xxy=bandx-a=1,then

a+taxb (a* ~Da—axb
(W) ¥="2 (@) =
b+axb (b> ~Db—axb
© =" D)y
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Solution (A, B)

Given x+y=a

= y=a-—x (1)
xxy=b (2)
x-a=1 3)

From (1) and (2), we get
xXx(a—x)=>b
= xXa-xxx=b=x%xa=b
= ax(xxa)=axb=(a-a)x—(a-x)a=ax*xb
= |lalPfx-1-a=axb [From (3)]

L (a+axb)

2
a

=

(a* ~Da—axh

2
a

and y=a—-x=

Ifax(bxc)+(a-b)b=4-2F-sina)b+(f*-1)c
and (¢ - ¢) a = ¢, while b and ¢ are non-collinear, then

A gL pg__ B) g=" pg=
A) o 2,ﬂ1 ()azaﬁl

(C)a=§,ﬁ=—1 (D) a:%,ﬁz—l

Solution (B)
We have,a x (bxc)+(a-b)b
=4 -2B-sina) b+ (b* - 1)c @)
and (c-c)a=c 2)
where b and ¢ are non-collinear vectors and ¢, [ are
scalars
From(2), (c-c¢)a-c=c-c
a-c=1 (3)
From (1), we get
(a-c)b—(a-b)c+(a-b)b
=(@4-2B-sina) b+ (f*- 1)
or [1+(a-b)]b—-(a-b)c
=(@4-2B-sine)b+(f*-1)c
= l+(a-b)=4-2f-sinc 4)
a-b=—(b*-1) %)
sina=1+(1-p>=p=1,sina=1

and

. T
1.e., o =E+2mr,nel.

Ifu=a-b,v=a+band|a|=|b|=2,then|uxv|

(B) [16—(a-b)’]
(©) 2y[4~(a-b)’] (D) y[4—(a-b)’]
Solution (A)

uxv=(a—-b)yx(a+b)y=2axb
|uxv|=2laxb|

(A) 2[16—(a-b)*]

47.

48.

49.

50.

= 2|[a’b sin’ 0] = 2\(a’b” — a’b’ cos’ )

=216 —(a-b)’] (-

Ifa-i=4,then (a-j)* (2 —3k) =

la|=|b]=2)

(A) 12 B) 2
<o (D) —-12
Solution (D)

We have, (a - j) x (2j — 3k)
=a-(jx(2j=3k)=a-(=3(jxk)
=-3(a-i) (- jxk=i)
=-3(4)=-12.

Ifa-b=pand a x b=c, then b is equal to

(A) (Ba—a x c)la® (B) (Ba+axc)a?
(C) (Bc—axc)a? (D) (Bc+a xc)la?

Solution (A)
Here a and ¢ = a x b are non-collinear vectors.
Letb=xa+y(a * c) (1)

f=a-b=a-[xa+y(ax*c)]
=xlalf+ya-(axc)=xa*=x=pla’

c=axb=ax[xa+y(axc)
=xaxa+yax(ax*c)
=0+y(a-c)a—ya-a)

yla- (ax b)la-—yalc=-ya*c

= y=-1/a?

from (1), b= (Ba — a x ¢)/a?

Let O4 =a, OB =10a + 2b and OC = b where O, A, C
are non-collinear. Let p denote the area of the quadri-
lateral O4BC and ¢ denote the area of the parallelo-

And

gram with O4 and OC as adjacent sides. Then P

equal to q
(A)4 (B) 6

1 |a—b|
©) (D) none of these

2 |dl
Solution (B)
Given, |a xb|=¢q

and %\bx(10a+2b)|+%|a><(10a+2b)|:p

S|lbxal|+]axb|=p

= 6laxbl=p = 6g=p = P_q
q
Two planes are perpendicular to one another. One of
them contains @ and b and the other contains vector
c and d, then (a X b) - (¢ % d) is equal to
A1 B) 0
©C)labcld (D) [bcdla



21.18 Chapter 21

Solution (B)

a % b is a vector perpendicular to the plane of @ and b
and ¢ x d is a vector perpendicular to the plane of ¢
and d.

Since, these planes are L to one another

(@axb)-(cxd)=0
51. If the vectors ¢, a = xi + yj + zk and b = are such that
a, ¢ and b form a right handed system then c is
(A) zi —xk B) 0
(©C) yj (D) —zi—xk
Solution (A)
Since a, ¢, b form a right-handed system, so
c=Mbxa),A>0
ie., ¢ = Aix(xi+yj+zk) = A(zi — xk)
Taking A=1,c=zi—xk
52. ABCD is a quadrilateral with 4B = a, 4D = b and AC
=2a+ 3b. If its area is o times the area of the parallel-

ogram with 4B, AD as adjacent sides, then « is equal
to

(A)S B)

©1 (D)

Solution (B)

Area of quadrilateral ABCD
= Area of AABC + Area of AACD

[ax(2a+3b)] +%[(2a +3b)x b]

[3a><b+2a><b]:%a><b

ABCD. .. a==
gm 2
53. Consider a tetrahedron with faces F, F,, F,, F,. Let
V., V, V, V, be the vectors whose magnitudes are
respectively equal to areas of |, F,, F,, I, and whose
directions are perpendicular to their faces in outward
direction. Then | ¥, + V,+ V, + V, | equals

Area of ||

(A)1 (B) 4

)0 (D) none of these
Solution (C)

We have,

\2 =%(a><b),v2 :%(bxc)

v, =%(c><a) and v, =%[(c—a)><(b—a)]

vi+tv,+v,+v,=0
[v,+v,+v,+v,[=0

SCALAR TRIPLE PRODUCT

Scalar triple product of three vectros If a, b, c are three
vectors, then their scalar triple product is defined as the dot
product of two vectors a and b % c. It is generally denoted
bya-(bxc)orfabc].

Properties of Scalar Triple Product

(i) If a, b, c are cyclicallly permuted, the value of sca-
lar triple product remains the same, i.e., (a x D). ¢
=(bxc)-a=(c*xa).borlabc]l=[bca]l=[cab]

(ii) The change of cyclic order of vectors in scalar triple
product changes the sign of the scalar triple product
but not the magnitude i.e., [abc]=—[bac]l=—[c b a]
=—[a c b]

(iii) In scalar triple product the positions of dot and cross
can be interchanged provided that the cyclic order of
the vectors remains same i.e., (a X b) .c=a . (b % ¢)

(iv) The scalar triple product of three vectors is zero if
any two of them are equal.

(v) For any three vectors a, b, ¢c and scalar A, [Aa b c] =\
[abc]

(vi) The scalar triple product of three vectors is zero if
any two of them are parallel or collinear.

(vii) Ifa, b, c, d are four vectors, then [(a + b) cd]=[a c
d] +[bcd]

(viii) The necessary and sufficient condition for three non-
zero non-collinear vectors a, b, ¢ to be coplanar is
that [ab c] =0.

(ix) Four points with position vectors a, b, ¢ and d will be
coplanar, if[abc]+[dcal+[dab]=[abc].

(x) Volume of parallelopiped whose coterminous edges
area,b,cis[abclora- (bxc).

Scalar Triple Product in Terms
of Components
() Ifa=a i+a,j+takb=bi+b,j+bkandc=ci+
¢,j +c,j+ c,k be three vectros

al bl cl
then, [abcl=|a, b, ¢,
a, b, c

3

(i) fa=al+am+an b=>bl+bm+bnandc=c !
+c,m + c,n, then

aq a, a4
[abc]l=|b, b, b|[l mn]
G 6 G
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(iii) For any three vectors a, b and ¢
A)[a+bb+cc+al=2[abc]
B)[a—bb—-—cc—a]=0
(C)laxbbxccxal=[abc]?

Tetrahedron A tetrahendron is a three-dimensional figure
formed by four triangles. OABC is a tetrahedron with
AABC as the base. O4, OB, OC, AB, BC and CA are known
as edges of the tetrahedron. O4, BC; OB, CA and OC, AB
are known as the pairs of oppposite edges. A tetrahedron in
which all edges are equal, is called a regular tetrahedron.
Any two edges of regular tetrahedron are perpendicular to
each other.

A(a)
b c
B(b) C(o)
Fig. 21.12
Volume of Tetrahedron

(i) The volume of a tetrahendron

= %(area of the base)(corresponding altitude)
= %[AB BC AD]

(ii) If a, b, c are position vectors of vertices 4, B and
C with respect to O, then volume of tetrahedron

OABC = é[a bc]

(iii) If a, b, c, d are position vectors of vertices 4, B, C, D
of a tetrahedron ABCD, then its volume

1
6[ ac—a al

Reciprocal system of vectors Let a, b, ¢ be three non-co-
bxc ,, cXxa o axb

[abc]’ [abc]”  [abc]
a’, b’, ¢ are said to form a reciprocal system of vectors for

the vectors a, b, c. )
If a, b, c and o', b’, ¢’ form a reciprocal system of
vectors then

(i) a,d=bb =cc =1
(i) a.b'=a. c=0,bc’'=ba" =0;c.a’=cb’=0

planar vectors, and let 4’ =

(111) [a' ’C,] _ ﬁ

(iv) a, b, c are non-coplanar iff so are ', b, ¢'.

SOLVED EXAMPLES

54. If i, j, k are the unit vectors and mutually perpendicu-
lar, then [i —jj— k k—i] =
(A)0
©) -1
Solution (A)

(i =) 16— k) % (k= i)]
=(—)) (xk—jxi—kxk+kxi)
=@{—j) - (+k—-0+))
=i-i+i-k+i-j—ji—j-k—j-j
=2+0+0-0-0-/=7-/=1-1=0.

55. Ife /, e

1’2’3

nar Vectors e e,

B) 1
(D) none of these

” are vectors reciprocal to the non-copla-

e, thenfe ",e,’.e," e e e, ]=

(A) 7 B) 1
©0 (D) 4
Solution (B)
. rr_r 1
Since [ee,e;] =
[eleZeS]

[e',¢,¢ ]le e e]=1

56. Ifr=A(axb)+u(bxc)+v(cxa)and [abc]—
A+ u+visequal to
(Ayr-(a+b+c)
(C)4r-(a+b+c)

Solution (B)
Clearly r-c=Alabc]=—

, then

(B) 8r-(a+b+c)
(D) none of these

roa:u[abc]zéu
rxb=vlabc]l=—

r~(a+b+c):é(l+,u+v)
A+u+v=8r-(a+b+c)

Vector triple product

Let a, b, ¢ be any three vectors, then the vectors a X (b % ¢)
and (a x b) x c are called vector triple product of a, b, c.
Thus, a x (b % ¢)=(a.c) b—(a.b) ¢

Properties of Vector Triple Product

(i) The vector triple product a x (b % ¢) is a lin-
ear combination of those two vectors which are
within brackets.

(i) The vector » = a x (b % c¢) is perpendicular to a
and lies in the plane of b and c.
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(ii1) The formula a x (b x ¢) = (a .c) b — (a.b) c is
true only when the vector outside the bracket is
on the left most side. If it is not, we first shift on
left by using the properties of cross product and
then apply the same formula. Thus, (b X ¢) X a
=—{ax(bxoj=-{a-c)b—(a-b)cj=(a.
byc—(a-c)b

(iv) Vector triple product is a vector quantity.

V) ax(bxc)#(axb)xc

Rotation of a Vector About an Axis

Leta =(a,, a,, a,). If system is rotated about
(i) x-axis through an angle ¢, then the new compo-
nents of a are (a,, a, cos o+ a, sin @, — a, sino +
a, cosay).
(il) y-axis through an angle ¢, then the new compo-
nents of a are (—a, sina + a, cosq, a,, a, coso +
a, sing).
(iii) z-axis through an angle ¢, then the new compo-
nents of a are (a, cosa+a, sin &0, —a, sin &+ a,
cosa, a,).

SOLVED EXAMPLES

57. Given three unit vectors a, b, ¢ no two of which are col-

linear satisfying ax(bxc) = 1 b. The angle between a
and b is 2

58.

T T
A) — B) —
) 3 ®) -
©) % (D) none of these
Solution (C)

We have, ax(ch)zéb

= (a-c)b—(a-b)c=1/2b

= (a-c—-12)b=(a-b)c

But since b and ¢ are non-parallel, so the only possibil-
ityisa-c=1/2 and a - b = 0 Hence the angle between
aand b is /2.

If @ and b are two unit vectors, then the vector (a + b )
X (a % b) is parallel to the vector

(A)ya-b B) a+b
(C) 2a-> (D) 2a+5b
Solution (A)

We have, (a + b) x (a % b)
=a*x(axb)+bx(axb)
=(a-bya—-(a-a)b+b-b)a—(b-a)b
=(@-b)y(a-b)y+a-bb-b=b=1,a-a=a*=1
as a, b are unit vectors)
=(a-b+1)(a—->b)
=x(a—b)wherex=a-b+11isascalar.

The given vector is parallel to a — b.

EXERCISES

Single Option Correct Type

1. a and b are mutually perpendicular unit vectors. If r is
a vector satisfying r - a=0,r-b=1and [ra b] =1,
then r is
(A)axb+b
(C) b+ (axb)

(B) a+(axb)
(D) axb+a

2. a, b, c are three vectors of magnitude, \/g ,1,2 such
that @ X (a X ¢) + 3b = O. If @ is the angle between a

and ¢, then cos?8is equal to

1 3
A) — B) =
( )4 (B) 2

1
Q) =
©) 3

3. A vector a has components 2p and 1 w.r.t. a rectangu-
lar cartesian system. This system is rotated through a

(D) none of these

certain angle about the origin in the counter-clockwise
sense. If w.r.t. the new system, @ has components p + 1
and 1, then

(A)p=0 (B) p=10rp:—%

(C) p=-lorp= (D) p=lorp=-1

!
3

. Ifa-b=pfand a x b=c, then Bis equal to

(A) (fa—axc)la?
(C) (Bc—axc)a?

(B) (Ba+axc)a®
(D) (Bec+axc)a®

. Let ABCDEF be a regular hexagon. If 4D =x BC and

CF=yAB, thenxy =
(A) 4
© 2

(B) —4
(D) -2



6.

10.

11.

12.

13.
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Givenacube ABCDA B, C, D, with lower base ABCD,
upper base 4,B,C D, and the lateral edges 44, BB,
CC, and DD ; M and M, are the centres of the faces
ABCD and 4,B,C D, respectively. O is a point on line
MM, such that

OA + OB + OC + OD = OM , then OM = A OM,

if A=

1 1
(A)Z (B)E
o1 o
()6 ()8

The triangle ABC is defined by the vertices A(1, -2, 2),
B(1, 4, 0) and C(—4, 1, 1). Let M be the foot of the alti-
tude drawn from the vertex B to side AC. Then, BM =
(A) (-20/7,-30/7,10/7) (B) (-20,—30, 10)

©) (2,3,-1) (D) none of these

If AB=3i+j—kand AC =i —j + 3k . If the point P
on the line segment BC is equidistant from 4B and AC,
then AP is
(A)2i—-k
(C) 2i+k
A, B, C, D are four points on a plane with position
vectors a, b, ¢, d, respectively, such that (¢ — d)-
(b—-c)=(b—-d)-(c—a)=0. For AABC, D is the

(B) orthocentre

(D) none of these

(B) i—2k
(D) none of these

(A) incentre
(C) centroid

If a and b are two unit vectors, then the vector (a + b )
X (a % b) is parallel to the vector

(A)a->b (B) a+b

(C)2a-b (D) 2a+b
Ifr=A(axh)+u(bxc)+v(cxa)and [“bc]:é’
then A+ 1+ vis equal to

(A)r-(a+b+c) B) 8r-(a+b+c)
(C)4r-(a+b+c) (D) none of these

In a parallelogram ABCD, | AB |=a,| AD |=b and | AC
| = c¢. Then, DB - AB has the value

3a* +b* =2 a* +3b* =¢?
A —mMm B) ——M—
(A) 3 (B) >

a’ —b* +3¢? a* +3b* + ¢
) —— D) ———
©) 3 (D) 3

Leta =aji+ a,j+ ak, b=0>bi+ b,j+ bk and
c=c,i+c,j+ c,kbe three non-zero vectors such that ¢
is a unit vector perpendicular to both vectors a and b.
If the angle between vectors a and b is 7/6, then

al aZ a3
b, b, b,| isequalto
¢ ¢ c

14.

15.

16.

17.

18.

19.

(A)0
B) 1

1
©) Z(alz +a; +a;) (bl +b; +b;)

3
(D) Z(al2 +a§ +a32) (bl2 +b22 +b32) (012 +022 +c32)
(E) none of these

If a, b, ¢ are non-coplanar unit vectors such that
b+c
ax(bxc)=

=

, then the angle between a and b is

3r T
(A) T (B) 7

©) % D) 7

If the vectors a and b are perpendicular to each other,
then a vector v in terms of @ and b satisfying the equa-
tionsv-a=0,v-b=1and[vab]=1Iis
1 1
——b+———axb
W o[ axb]

i_i_ axb
B) 151" laxsP

L_'_ axb
©) Jbp " faxb]

(D) none of these

Let the unit vectors a and b be perpendicular to each
other and the unit vector ¢ be inclined at an angle 6to
both a and b. If ¢ =xa + yb + z(a X b), then

(A) x=cos6, y =sinb, z=cos26

(B) x=sin6, y = cosb, z=—cos26

(C) x=y=cosb, z> = cos20

(D) x =y =cosb, z> =—co0s20

If S'is the circumcentre, O is the orthocentre of AABC,
then S4 + SB + SC =

(A) SO
(C) 0S

(B) 250
(D) 208

If a, ¢, d are non-coplanar vectors and d - {a X [b X
(¢ xd) ]} isequal to
(A) (b-d)[acd]

(©) (c-d)[acd]

If 4a+ 5b + 9¢ = 0, then
(ax b)X[(bxc)X(cxa)]isequal to

(A) A vector perpendicular to the plane of @, b and ¢
(B) A scalar quantity

©o

(D) none of these

(B) (a-d)[acd]

(D) none of these
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20.

21.

22.

23.

24.

25.

26.

If Zai =0 where |a,|=1+ i, then the value of is

i=1

2 Zaz-'a,-

(A) —g (B) —n
© g (D) n

Forces P, Q act at O and have a resultant R. If any
transversal cuts their lines of action at 4, B, C, respec-
tively, then
P Q R
(A) ——+——+—
04 OB OC

P QR

®) 04 OB OC
P.Q R

© OA OB OC

P Q R

D) =~
OA 0B 0OC

A vector 4 has components 4 , 4,, 4, in a right-handed

rectangular cartesian coordinate system Ox, Oy, Oz.

=0

The coordinate system is rotated about the z-axis
through an angle T The components of 4 in the new
coordinate system ire

(A)A,-A4,A4, (B) 4,4, 4,

(C) A4,,4,,—A, (D) 4,,-4,,4,.

In a A OA4B, E is the mid-point of OB and D is a point

on AB such that AD : DB =2 : 1. If OD and AFE inter-
sect at P, then the ratio OP : PD is

(A)1:2 (B)2:1
(C)3:2 (D) 2:3.

If a, b, ¢ are three non-parallel unit vectors such that

ax(bxc)= %b, then the angles which a makes with

b and c are
(A) 90°, 60° (B) 45° 60°
(C) 30°, 60° (D) none of these

Ifa=i+j—k b=1i-j+ kand c is a unit vector per-
pendicular to the vector a and coplanar with a and b,
then a unit vector d perpendicular to both a and ¢ is

L(2i—j+1’c)

(A) NG
(C) %(ﬂk)

(B) %(i +J)
(D) f —=(i+k)

If the pth, gth and rth terms of a G. P. are positive num-
bers a, b and ¢, respectively, then the angle between

27.

28.

29.

30.

31.

32.

33.

the vectors il a +jl b+ kl c and i(g — r) +j(r —p) + k
P-qis

T
(4) B) ¢

NN WY

©

(D) none of these

A vector a is collinear with vector b = (6, -8, - 7%)

and make an acute angle with the positive direction of
z-axis. If | a | =50, thena =
(A) (24, 32, 30)

(C) (-24, 32, 30)

(B) (24,-32,30)
(D) none of these

The perpendicular distance of a corner of a unit cube
form a diagonal not passing through it is

(A) V6 @) Y6
©) % (D) none of these

The vectors a, b and ¢ are equal in length and taken
pairwise, they make equal angles. Ifa =i+j, b=j+
k, and ¢ makes an obtuse angle with the base vector i,
then c is equal to
(A)i+k B) —i+4 -k
-1, 4.1 1, -4 1
©) 3l+3] 3k (D) 31+3]+3k.

If the four points a, b, ¢, d are coplanar, then

[bcd]l+[cad]+[abd]=
(A)O (B) 1
©) -1 (D) [abc]

A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1),
B(2,1,3)and C(-1, 1, 2). Then, the angle between the

faces OAB and ABC will be

cos™ 9 cos™! 7
(A) 35 (B) 3]
(C) 30° (D) 90°

If a quadrilateral ABCD is such that AB = b, AD = d
and AC = mb + pd (m + p = 1), then the area of the
quadrilateral is k(p + m) | b x d |, where k is equal to

1
(A) B) §

SR

©

Let a be a unit vector and b be a non-zero vector not
parallel to a. If two sides of the triangle are represented

(D) none of these



34.

35.

36.

37.
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by the vectors V3 (axb) and b — (a - b) a, then the
angles of the triangle are
(A) 30°,90°, 60°
(C) 60°, 60°, 60°

(B) 45°,45°,90°
(D) none of these

Let u and v be unit vectors. If w is a vector such that w
+(wXxu)=v,then | (uxv) w|

1 1
A) < B) <—
(A) <3 ®) <2
© >; (D) =1
) 3 2
If b and c are any two non-collinear unit vectors and a is
any vector, then (a-b)b+(a-cje+ =P (hxc) =
|b+c]
(A) a (B) b
©) ¢ (D) none of these

If the vector —i + j — k bisects the angle between
3i + 4j and vector c, then the unit vector along c is

—-11i-10j -2k —-11i+10/+2k
(A) L7 (B) X0/ *2k
15 15
11410/ -2
©) % (D) none of these

If a, b and c are three unit vectors such that a + b + ¢ is
also a unit vector and 6,, 6, and 6, are angles between
the vectors a, b; b, ¢ and ¢, a, respectively, then among

0, 0,and 0,.

r 2

(A) all are acute angles

(B) all are right angles

(C) at least one is obtuse angle
(D) none of these

More than One Option Correct Type

43.

44.

38.

39.

40.

41.

42.

If x and y are two non-collinear vectors and 4BC is a
triangle with side lengths a, b, ¢ satisfying

(20a —15b)x +(15b—12¢)y +(12¢ = 20a) (xx y) =0,
then AABC is

(A) an acute-angled triangle

(B) an obtuse-angled triangle

(C) aright-angled triangle

(D) an isosceles triangle

If a(axb)+ p(bxc)+y(cxa) =0, then

(A) a, b, c are coplanar ifall of o, B, y# 0

(B) a, b, c are coplanar if any one of ¢, B, y# 0
(C) a, b, ¢ are non-coplanar for any o, S, ¥

(D) none of these

Ifpxg=randp.g=c,theng=

cp—pxr cp+p><r
A) P B T pp

cr—pxr cr+p><r
© D) pp

Leta=i+jand b =2i — k. The point of intersection of
the linesrxa=bXxaandrxb=axbis
(A)—i+j+k B) 3i—j+k
©)3i+j—-k D) i-j—k

The sides of a parallelogram are 2i + 4j — Skand i + 2/
+ 3k. The unit vector parallel to one of the diagonals
size is

(A) %(3i+6j—2k) (B) %(3i—6j—2k)

(©) %(—3i+6j—2k) (D) %(3i+6j+2k)

Ifx+y=a,xxy=bandx-a=1,then

(A) x= a+az><b
a
& —Da—axb
R
(©) x= b+az><b
a
b —=N)b—axb
R

Ifax(bxc)+(a-b)b=(4-2p~sina)b+ (B>~ 1)
and (¢ - ¢)a = ¢, while b and c¢ are non-collinear, then

45.

46.

() o=~ B) a=%
a—2 3
©) B=1 D) f=-1
If xxb=cXxband x L athen x is equal to
bx(axc) bxc)xa
The ) 22O
-a
©) &;b) (D) none of these
a-

Let b =4i + 3j and ¢ be two vectors perpendicular to
each other in xy-plane, then the vector in the same
plane having projections 1 and 2 along b and c respec-
tively is
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47.

48.

49.

50.

51.

52.

(A) 2i—j
(C) 2i+j
A vector of magnitude 2 along a bisector of the angle
between the two vectors 2i — 2j + k and i + 2j —2k is

B) -2i+j
(D) none of these

2 1
= _Gi—k L (i-4j+3k
(A) \/ﬁ(l ) (B) \/%(z J+3k)
2
©) —\/% (i—4j+3k) (D) none of these

The value of A such that (x, y, z) # (0, 0, 0) and
(G+j+3kx+@i-3j+ky+(—4i+5))z

=A(xi+yj+zk)is
A0 B) 1
(C) -1 (D) none of these

. T, T .
A unit vector a makes an angle 7 with i and 3 with

j. If the angle between a and k is 6, where 6 is acute,
then
1

a—li+L i+—k

(B) a=Li+lj+lk

227 2
T
0==
©) 3
T
==
(D) 5

If the three vectors a = (12, 4, 3), b=(8,-12,-9) and
¢ = (33, -4, —24) define a parallelopiped, then

(A) the lengths of the edges are 13, 17, 41

(B) areas of the faces are 220, 435, 455

(C) volume of parallelopiped is 3696

(D) all of these

A vector of magnitude /51 which makes equal angles
with the vectors g = %(i —2j+2k),

1 . L
b= g(—4z —3k) and ¢ = is given by

(A) 5i—j -5k
(C) 5i+j+5k

(B) —5i+j+5k
(D) none of these
A, B, C and D are four points such that 4B =

m (2i—6j+2k), BC=i—-2jand CD =

n (— 6i + 15 — 3k). If AB and CD intersect at some
point E, then

53.

54.

55.

56.

57.

58.

1
(A) m>—

(B) nzl
3

(C) area of ABCE = %\/g

(D) all of these

The position vectors of two points 4 and C are 9i —j +
7k and 7i — 2 j + 7k, respectively. The point of intersec-
tion of vectors AB =4i —j+ 3kand CD =2i —j+ 2k is
P. If vector PQ is perpendicular to AB and CD and PQ
= 15 units, the position vector of Q is

(A) 6i -9/ - 9% B) —4i+11j+11k
(C) 6i+9/—9% (D) none of these

If DA=a, AB=>b and CB = ka, where k>0 and X, Y
are the mid-points of DB and AC respectively such that
|a|=17and| XY |=4, then k is equal to

A S B) —

A) 17 ® 7
25

© It] (D) 1

Let @ and b be two non-collinear unit vectors. If
u=a—(a-b)bandv=axb,then|v|is

(A) |ul B) |ul+|u-al

©) lul+|u-b] D) [ul+u-(a+b)
A non-zero vector a is parallel to the line of intersec-
tion of the plane determined by the vectors 7, i +j and
the plane determined by the vectors i — j, i + k. The
angle between a and the vector i — 2/ + 2k is

W3 ®) 2

©) 3% (D) none of these

A unit vector coplanar with i +j 4+ 2k and i + 2j + k and
perpendicular to i +j + k is

j—k —j+k
R ® 7
i+ k —(j+k

The vectors a, b, ¢ are of same length and taken pair-
wise, they form equal angles. Ifa=i+jand b=j + £,
then ¢ =
(A)i+k B) j+k

i 4. k
D) —1+3)j-%

C)i+k
© 373773
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59. The vector a = — i + 2j + k is rotate D through a right
angle Passing through the y-axis in its way. The new
vector is

(A) V3 i+ -k
(©) N2 (i+j—k)

(B) —V3(i+j-k)

60. « and c are unit vectors and |b|=

The angle between a and ¢ is cos™ (%j Then, b - 2¢
=la,if is

Passage Based Questions

(A) 3
©) 4

(B) -3
(D) —4

61. The vector ¢ directed along the bisectors of the angle
between the vectorsa=7i—4j—4kand b = -2i — j+ 2k

Passage 1

The vector differential operator DEL, written V, is defined by

V:ii+ij+2k= 9 — 4 i+ki, where irep—
ox dy~ oz ox 8y oz Ox

resents the derivative w.r.t. x regarding y and z as constant.

Similarly, Py represents the derivative w.r.t. y regarding x

and z as constant and > represents the derivative w.r.t. z
z

regarding x and y as constant. The operator V is also known
as nabla.

Let ¢ (x, y, z) be defined and differentiable at each point
(x, v, z) in a certain region of space. Then, the gradient of ¢,
written V¢ or grad ¢, is defined by
J b= 8¢ 8¢ 6¢

+—j+—k.

oy oz

Vo= 2l+£]+—
ox Oy

Let » be any vector such that » = xi+ yj+ zk

62. If ¢=1In|r|then Vo=
r r
(A) = (B) )
©) - D) =
r r
1
63. If ¢ =—, then Vo=
r
(A) = B)
r r
© (D)
64. Vi =
(A)nm—'r (B) nrn—r
C)ynrar (D) none of these

D) —x/E(i+j—k) if\c\:?a\/g, is given by
. (A)i—Tj+2k (B) 2i+7j -3k
4 withaxb=2axXc. (C)—i+7j -2k (D) 4i+7j -4k
Passage 2

Let V(x, y,z)=V,i+V,j+V,k be defined and differentia-
ble at each point (x, y, z) in a certain region of space. Then,
the divergence of ¥, written V-V or div V is defined by

V-V:(ii+ij+aik)-(l/li+l/zj+lf3k)
4

ox dy
o,
ox dy oz
Here, V = iz + i J+ ik is the del operator.
x dy oz

Note the analogy with 4-B= A B, + 4,B, + 4,B;. Also,
note that V-V #V - V.

65. If ¢ =2x%2% then V. Vo =k Bxy’z* + x°z* + 6x°)°2?),

where k =
(A)2 (B) 3
©) 4 (D) 6
66. If r =xi + yj + zk then V* (l) =
r
(A)1 (B) -1
©o (D) none of these

67. If r =xi + yj + zk, then V-(%j:
r

(A0 (B) 1
©) -1 (D) none of these
Passage 3

Let V(x, y,z)=Vi+V,j+V,k be defined and differentia-
ble at each point (x, y, z) in a certain region of space. Then,
the curl or roation of 17, written V x 17, curl ¥ or rot 17,
is defined by
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68. For a scalar function ¢, possessing continuous second
order partial derivatives V X (V@) =

(A) ¢ (B) 0
(C) Vo (D) none of these

69. For a vector function A4 possessing continuous second
order partial derivatives, V-(Vx 4) =

(A) 4 (B) Vx4
<o (D) none of these

VxV = ii+£j+gk x(Vi+V,j+V;k)
ox oy oz
i J k
_|0 o 9
Ox Oy Oz
V.oV, W
SEARIA N LA AN AT
oy 822 0z Ox Ox 6y
Note that in the expansion of the determinant the
o 0 0
operators — o 6 e must precede V,, V,, V..
Match the Column Type
70.
Column-I Column-I

I. The points O, 4, B, C, D are such that (A) 0
OA=a,0B=b, 0C=2a+3band OD
=a—2b.1f|a|=3|b|, then the angle

between BD and AC is
II. a, b, c are three unit vectors such that '
1 -
ax(bxc)= E(b +c). If the vectors (B) 3

b and c are non-parallel, then the
angle between a and b is

Assertion-Reason Type

III. Let the vectors a, b, ¢ and d be such
that (axb)x(cxd)=0.Let P, and (C) —
P, be planes determined by the pairs
of vectors a, b and ¢, d respectively,
then the angle between P, and P, is

IV. If a and b are two vectors such that
a-b<0and |a-b|=|axb|, then the (D) —
angle between vectors a and b is

Instructions: In the following questions an Assertion (A)
is given followed by a Reason (R). Mark your responses
from the following options:

(A) Assertion(A) is True and Reason(R) is
True; Reason(R) is a correct explanation for
Assertion(A)

(B) Assertion(A) is True, Reason(R) is True;
Reason(R) is not a correct explanation for
Assertion(A)

(C) Assertion(A) is True, Reason(R) is False

(D) Assertion(A) is False, Reason(R) is True

71. Assertion: i, j, k are orthonormal unit vectors and a is
any vector. If axr = j= j, thena - ris arbitrary scalar.

Reason: For any two arbitrary vectors a and r,
laxrf+la-r[*=af ||

72. Assertion: If a, b, ¢ are three non-coplanar, non-zero

vectors, then
(a-a)bxc+(a-b)cxa+(a-c)axb=[bcala

Reason: If the vectors a, b, c are non-coplanar, then so
are bxc,cxXa,axb

73. Assertion: If
iX[(a—jyxi]l+ jx[(a=k)x jl+k
x[(a—i)xk]=0, then

1
a=—(G+j+k
2( Jt+k)

Reason: (a-i)i+(a- j) j+(a-k)k = a for any vector a.



Previous Year’s Questions

74.

75.

76.

77.

78.

79.

80.
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Given two vectors are i —}' and i+ 2}' the unit vec-
tor coplanar with the two vectors and perpendicular to

first is: [2002]
A A 1 A A

N B) (2} 4+

( )\/7(1 7) (B) ﬁ( i+])

©) i%(f +l€) (D) none of these

The vector i +x}'+3l€ is rotated through an angle
0 and doubled in magnitude, then it becomes
4i +(4x—2)j+2k. The value of x are: [2002]

2 1
(A) {—5,2} (B) {3,2}
2
© {5,0} D) (2.7}

If the vectors @, b and ¢ from the sides BC, CA and
AB respectively of a triangle ABC, then: [2002]

(A) Gd-b=b-¢=¢-b=0

(C) a-b=b-c=¢-a=0

(D) axa+axc+cxa=0

If the vectors d—xi + y}' +zk and such that a,c and
b form a right handed system, then ¢ is: [2002]
(A) zi —xk B) 0

©) v (D) —zi +xk

The centre of the circle given by 7 (; + 2}' + 21:7) =15

and |7-(j+2k)|=4is: [2002]
(A) (0, 1,2) B) (1,3,4)
©)(-1,3,4) (D) none of these
a a l1+d
If|b b* 1+b°|=0 and vectors (1, a, @) (1, b, b?)
c ¢ 1+¢

and (1, ¢, ¢?) are non-coplanar, then the product abc

equals [2003]
(A)2 (B) -1
©O1 (D) 0

Let a, b and ¢ be three non-zero vectors such that no
two of these are collinear. If the vector a+2b is col-
linear with ¢ and b +3¢ is collinear with @ (4 being
some non-zero scalar) then a+2b +6¢ equals

[2004]

81

82.

83.

84.

8S.

86.

87.

(A) Ad (B) Ab

(C) Ac D) 0

A particle is acted upon by constant forces 4i + } ~3k
and 37+ } —k which displace it from a point
i+ 2}' +3k to the point 50+ 4}' + k. The work done in

standard units by the forces is given by [2004]
(A) 40 (B) 30
(©) 25 (D) 15

If a, b ,C are non-coplanar vectors and A is a real
number, then the vectors a+2b +35,M; +4c¢ and
(2A—-1)c are non-coplanar for [2004]
(A) all values of 1

(B) all except one value of 4

(C) all except two values of 4

(D) no value or 4

Let u,v,w be such that |u|=1,|v|=2,w|=3. If
the projection v along u is equal to that of w along
u and v,w are perpendicular to each other then

|u—v+w| equals [2004]
(A) 2 ®) V7
©) V14 (D) 14
Leta,b and¢ be non-zero vectors such that

(@axb)yxc=—|b|c|a. If O is the acute angle

between the vectors » and ¢ then sin@ equals [2004]

1 V2
(A) 3 (B) 3
2 22
(©) 3 (D) R

If C is the mid point of 4B and P is any point outside
AB, then [2005]

(A) PA+PB=2PC

(B) PA+PB=PC

(©) PA+PB+2PC =0

(D) PA+PB+PC =0

The distance between the line 7 =2i— 2}'+3l€

+A(1 + j+4k) and the plane 7-(1+5]+k)=5 is

[2005]

10

B) 35

o) 10
3

o 10
)

3
© 1

Forany vectord, the value of (dxi)? +(ax J)* +(dx 12)2
is equal to [2005]
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88.

89.

90.

91.

92.

93.

94.

(A) 3a* (B) @’
(C) 24’ (D) 4a’
If non-zero numbers a, b, ¢ are in H.P,, then the straight

. 1 .
lineX+2+==0 always passes through a fixed point.

Thatapoint isc [2005]
(A) (1,2) B) (1,-2)
©) (1,-2) (D) [L—%)

Let a, b and ¢ be distinct non-negative numbers. If
the vectors ai +aj +ck,i+k and ci +C] +bk lie in
a plane, then c is [2005]
(A) the Geometric Mean of a and b

(B) the Arithmetic Mean of @ and b

(C) equal to zero

(D) the Harmonic Mean of @ and b

If G,b,¢ are non-coplanar vectors and A, is a real
number then [A(d +b)A’b A¢] =[ab +cb] for [2005]
(A) exactly one value of A

(B) no value of 4

(C) exactly three values of 4

(D) exactly two values of A

Let G=i—k,b=xi+j+(1—-x)k and C=yi+x

+(1+ x— y)k. Then [d, b, ¢] depends on [2005]

(A) only y

(B) only x

(C) both x and y

(D) neither x nor y

If (szl;)xE = c"zx(ExE), where @, b and ¢ are any

three vectors such that a-b #0,b-¢ # 0, then a and

¢ are [2006]

T
(A) inclined at an angle of 3 between them

(B) inclined at an angle of % between them

(C) perpendicular

(D) parallel

The values of a, for which the points A, B, C with posi-
J+k,i-3j-5k and ai -3j+k
respectively are the vertices of a right-angled triangle

tion vectors 2i —

with C =% are [2006]
(A)2and 1 (B) —2 and -1
(C) 2and 1 (D) 2and -1

If 2 and Vv are unit vectors and 0 is the acute angle
between them, then 2ux3v is a unit vector for [2007]

95.

96.

97.

98.

99.

100.Let G=j—k and ¢

(A) exactly two values of 6
(B) more than two values of 6
(C) no value of 6

(D) exactly one value of 8

Leta=i+j+k,b=i—j+2kandc=xi+(x-2)]—Fk.
If the vector ¢ lies in the plane of @ and b, then x

equals [2007]
(A)0 B) 1
(C) —4 (D) -2

The vector d =ai +2}'+ ﬁ/€ lies in the plane of the

vectors b =i +}' and ¢ = }+l€ and bisects the angle

between b and &. Then which one of the following

gives possible values of o and 3? [2008]
(A) a=2,p=2 B) a=1,5=2
(C) x=2,p8=1 D) a=1 =1

The non-zero vectors 4, b and ¢ arerelated by G = 8b
and ¢ =7b. Then the angle between a and ¢ is[2008]

(A) 0 (B) m/4
(C) m2 (D) &

If u,v,w are non-coplanar vectors and p, g are real
numbers, then the equality [3u pv pw]—[pv w qii]
—[2w gv qu]=0 holds for [2009]
(A) exactly one value of (p, q)

(B) exactly two values of (p, q)

(C) more than two but not all values of (p , )

(D) all values of (p, q)

The projections of a vector on the three coordinate
axis are 6, —3, 2 respectively. The direction cosines of

the vector are [2009]
(A) 6,-3,2 (B) 6,32
T 575’5
6 32 6 32
—_—— — D —_———,—
(© 2.3 (D) 223

=i —j—k. Then, the vector b
satisfying d@xb+¢ =0 and a b=3is [2010]
(A) 2i - j+2k (B) i-j-2k

©) i+j-2k (D) —i+j-2k

101.1fthe vectors G=i — j+2k,b=2i +4j+kandc=2i + )

+uk are mutually orthogonal, then the tuple (4, p) =
[2010]

(A)(2,-3)

© 3.-2)

B) (2,3)
D) (3,2
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1 PN 1 ~ ~ A
102.1f a=—3i +k) andb=7(2i+3j—6k),then the

Jio
value of the expression(2z—b).[(axb)x(a+2D)]is
[2011]
(A) 3 B) 5
©3 D) =5
103.The vectors @andb are not perpendicular and
¢ andd are two vectors satisfying: bx¢é =bxd and

G-d =0. Then, the vector d is equal to [2011]

a.c b.c
a.c b.c

104.Let aandbh be two unit vectors. If the vectors

¢=a+2bandd =5a-4b are perpendicular to each

other, then the angle between a and b is [2012]
T T

A) — B) =

A) S (B) 5
T T

C) — D) =

© 3 (©) %

105. Let ABCD be a parallelogram such that AB = ¢, AD = p
and oBAD be an acute angle. If 7 is the vector which
coincides with the altitude directed from the vertex B
to the side AD, then 7 is given by [2012]

3(p-9) i

©) F =é—(—f)'f1.}ﬁ
pp
(D) 7 =34+ ;
(P-P)
106.1f the vectors AB=23i +4k and AC =5i + 2}' +4k
represent the sides of a triangle ABC, then the length

of the median through 4 is [2013]
(A) 72 (B) V33
(C) 45 (D) 18

107.1f [dxbb x&c xd] = A[@bc]?, then the value of A is
equal to [2014]
(A)2 (B) 3
©o (D) 1

108.Let d,b and & be three non-zero vectors sucih that no
two of them are collinear and (@xb)x¢c :g [bllc]a.

If @is the angle between vectors b and ¢, then a value

of sin® [2015]
2 2

(A) =~ B) 3
—24/3 242

(©) Tf (D) Tf

109.Let a,band¢ be three unit vectors such that

ax(bx?d) :§(5+E). if b isnot parallel to ¢, then

the angle between a and b is [2016]
b4 3n

(A) >~ B) °,
T T

C) — D) —

©) 5 (D) 3

ANSWER KEYS

Single Option Correct Type

1.(A) 2B 3B 4.(A) 5 (B
11. (B) 12. (A) 13.(C) 14. (A) 15. (A)
21. (C) 22. (D) 23.(C) 24.(A) 25.(C)
31. (A) 32.(C) 33.(A) 34.(B) 35 (A)

41. (C) 42. (A)

More than One Option Correct Type

6. (A) 7.(A) 8.(C) 9.(B) 10. (A
16. (D) 17. (A) 18. (A) 19. (C)  20. (A)
26. (C) 27.(C) 28.(B) 29.(C) 30. (D)
36. (A) 37.(C) 38.(C) 39.(B) 40. (A)

43. (A, B) 44. (A, C) 45. (B,C) 46. (A,B) 47. (A,C) 48. (A,C) 49. (B,D) 50. (A, B, C, D)

51. (A, B) 52. (A, B, C,D)
55. (A, C) 56. (B, C)
61. (A, C)

53. (A, B)
57. (A, B) 58. (A, D)

54. (B, C)

59. (C, D) 60. (A, D)
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Passage Based Questions
62. (A) 63. (D) 64.(B) 65 (O

Match the Column Type
70. 1< (D), Il ¢ (B), I ¢ (A), IV > (C)

Assertion-Reason Type
71. (A) 72 (A)  73. (A)

Previous Year’s Questions

74. (A) 75. (A) 76. (B) 77. (A)
84. (A) 85.(A) 86.(B) 87.(C)
94. (D) 95. (D) 96. (D) 97. (D)
104. (C) 105. (B) 106. (B) 107. (D)

66. (C)

78. (B)
88. (C)
98. (A)

108. (D)

67. (A) 68. (B) 69. (C)

79. (B) 80. (D) 81. (A)
89. (C) 90. (B) 91. (D)
99. (C) 100. (B) 101. (D)

109. (A)

HINTS AND SOLUTIONS

Single Option Correct Type

82. (C)
92. (D)
102. (D)

83. (C)
93. (A)
103. (C)

1. Letr=xa+x,b+x,(axb)
Then, - a=x, |af’, r- b=x, |b]’
and, 7 - (ax b)=x, laXx b}
= x,=0,x,=l,x,=1.. r=axb+b
2. Wehave,ax (axc)+3b=0

= (a-ca—(a-a)+3b=0

= (2V3cosf)a—3¢+3b=0

= (2cos0)a—-Bc+3b=0

= [(2cos0)a—~3cf=|-/3b

= 4cos’0|al’ +3|c| —4\/3(:0s0(a~c)=3|b|2
= 12¢c08>0 +12—4/3cos0 x~/3 x 2cos0 =3
= 12 cos’0+9 —24cos’0=0

= 12cos’0=9 = 00529=2:%

3. Let i,/ be unit vectors along the coordinate axes

a=2pi+1-j

(M

On rotation, let b be the vector having components

p+1landl.
b=(p+1)i+1-j

2

where 1, j are unit vectors along the new coordinate axes.

But on rotation | b |=|a|=|b=|af

= (p+1P+1=2pP+1=3p-2p-1=0

= @p+h(p-D=0 = p:lor—é.

4. Here, a and ¢ = a X b are non-collinear vectors.
Letb=xa+y(axXc)
P=a-b=a-[xa+ylaxc)]

=x|aP+ya-(axc)=xa*=x=pla*.
And,c=axb=ax[xa+y(axc)]

=xaXa+yaX(axc)

=0+y(a-c)a-y(a-a)c
=y{a-(axb)} a-ya*c=-ya*c

= y=-l/a

from (1), b= (fa — a x c)/a>.

(M

5. Since ABCDEF is a regular hexagon, from plane geometry,

we have

E

D
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AD=2BC and FC=24B

AD =2BC and FC =2A4B. (1)
Given that AD = xBC.

2BC =xBC, by (i)
= x=2. )
Again, given that CF = y4AB or —FC = yA4B.

—2AB = yAB, using (ii)
= y=-2. 3)
From (ii) and (iii), xy = 2 (-2) = —4.
. OM =04+ OB+ 0C+ 0D (given)
=OM + MA + OM + MB + OM + MC + OM + MD
=40M + (MA + MC) + (MB + MD)
=40M (" MA=-MC, MB =-MD)

OM:lOMl, : /l:i.

4 4

. Since MB is the component of 4B L to AC
B

90°
A > C

MB =AB — AM
5 (AB-4C)AC

(4Cy’
{(6)—2k)-(=5i+3j—k)} (=5i+3/—k)

== (25+9+1)

2k) -

=(6j—2k)—%(—5i+3j—k)=g(2i+3j—k).

BM:—%(ZHSj—k).

. A point equidistant from 4B and AC is on the bisector of the
angle BAC.

A vector along the internal bisector of the angle BAC

_A4B AC

|AB|  |AC|
=3l+j—k+l—]+3k=L(4i+2k)
Jo+1+1 Ji+1+9 Vi1

AP =1t2i + k)
BP=AP—-AB=1Q2i+k)—(GBi+j—k)
=2t=-3)i—j+(@+ 1)k
Also, BC=AC—-AB=(i—j+3k)-Gi+j—k)
=—2i-2j+4k.
But BP=s BC.
Q2t=3)i—j+ @+ D) k=s(—2i-2j+4k)
2t-3=-25,-1=-2s,t+1=4s

széandtzl AP =2i+ k.

10.

11.

12.

13.

. Since (a—d)-(b—c)=0 .. DA- CB=0

AD 1 BC.
Since (b—d) - (c—a)=0, .. DB-AC=0
BD 1 CA.

Then, D is the intersection of the altitudes through 4 and B.
Therefore, D is the orthocentre of the triangle 4ABC.

We have, (a + b) X (a X b)
=ax(axb)y+bx(axb)
=(@-bya-(a-a)b+b-b)ya—(b-a)b
=(@-b)y(a—b)y+a—-b(b-b=b=l,a-a=a*=1
as a, b are unit vectors)

=(a-b+1)(a-b)

=x(a — b), wherex=a - b+ 1 is a scalar.

The given vector is parallel to a — b.

Clearly, r‘c:l[abc]zéﬂ.
1
r~a=,u[abc]=§u
1
r-b:v[abc]:gv

r-(a+b+c):é(l+y+v)

A+u+v=8r-(a+b+c).
DB =DA+ AB
or, DA=DB - AB

D C

(DA)* = (DB)* + (AB)* — 2DB - AB e
In parallelogram 2(a* + b*) = ¢* + DB?

(DBY = 24> + 2 — ¢

From (1), b* =2a*> + 2b* — * + a* — 24AB - DB

2 2 2
AB.DR= 4 b =
We have,
2
al aZ a3
b, b, b,| =[abc] =[(axb)-c]
cl CZ c3

=[lal||b|sinz/6c-c]?
=|a|b[sinn/6- 1

=(al +a +a) (b} +b; +b})x1/4

Llef=1]

=1/4(a +a, +a.) (b + b} +bY).
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14.

15.

16.

17.

%(b+c):aX(ch):(a-c)b—(a-b)c

= (a~c—\/15)b—(a-b+\/15)c=0

Since a, b, ¢ are non-coplanar so a, b, ¢ are linearly indepen-
dent. Hence,
1

ab=-——.
J2

_ab _ 1

Clallpl T 2
(@1is the angle between « and b)
= 6=37/4.

We have a L b = a, b, a X b are linearly independent
= v can be expressed uniquely in terms of a, b and a X b.

Letv=xa+yb+zaxb (1)
Giventhat,:a+b=0,v-a=0,v-b=1,[v,a,b]=1
vea=xa*orxa’=0orx=0 2)

veb=xv-b+yb*+zb-(axDb)
or, ybzzloryzé 3)
veaxb=x-04+y-0+zlaxbP
o, zlaxbP=1
1

or, z= m 4)
From (1), (2), (3) and (4), we get

1 1
V= W axbf ax

We have, ¢ =xa + yb +z (a X b)
= c-a=xandc-b=y=>x=y=cosf
Now, c-c=|c]
= [xa+yb+z(axb)]-[xa+yb+z(axb)=|c|
= 2 +Z|axbP=1
= 22+Z2[|al|bP=(a-b)P]=1
= 2 +Z2°[1-0]=1 [ alb. a-b=0]
= 2+2=1=22=1-2x"=1-2co0s> 0= —c0s26.
From geometry
2 SD = AO, where D is the mid-point of BC.
S4+SB+ SC
=S4+ SD+ DB+ SD+DC
=S4+2SD
=S4+ A0 =SO
S4 + SB + SC = SO0.
A

[*- DB+ DC=0]

18.

19.

20.

21.

22.

23.

We have, d - {a X [b X (¢ X d)]}
=d-(ax((b-dyc—(b-0c)d))
=d-((b-d)(axc)=(b-c)(axd)
=(b-dyd-(axc)—(b-c)d-(axd)

=(b-d)[acd] [ d-(axd)=0].
da + 5b + 9¢ = 0 = Vectors a, b and ¢ are collinear
= (bxc)x(cxa)=0.

(ia‘]~[iaiJ=i|al|Z+2 Z Zal-aj
i=1 i=1 i=1 I<i<j<n
2 2a 'a/:_ﬁ

1<i< j<n 2

= 0=n+2 2 Zai-aj =

1<i<j<n
Let O be taken as the origin of reference. Let a, b, ¢ be the
position vectors of 4, B, C respectively so that
OA=a,0B=b,0C=c.

(0]

Then, the vector representing the force P along OA4

o4 P

—=—a.

04 04

Similarly, the vector representing the force Q along OB

= P (unit vector along O4) = P

= %b and the vector representing the force R along OC

R

=—c.
ocC
Since R is the resultant of P and O, we have

(P/OA) a + (Q/OB) b=(R/OC) ¢
or, (P/OA)a+ (Q/OB)b—(R/OC)a=0. (1)
Since, a, b, ¢ are the position vectors of three collinear
points, therefore, we have
the algebraic sum of the coefficients of @, b, ¢ in (i) =0
i.e., (P/OA)+ (Q/OB) — (R/OC)=0
Hence, i+g :i.
04 OB OC
When rotated through %, the new x-axis is along old

y-axis and new y-axis is along the old negative x-axis;
z-axis remains same as before. Hence, the components of 4
in the new system are 4,, —4,, 4,.

Let a and b be the position vectors of 4 and B respectively
w.r.t. O as the origin.

Then p.v. of E= OFE

Los=ly
2 2

and, p.v.of D=0D = % (2b+a),". AD:DB=2:1
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Now let OD and AE intersect at P such that OP/OD = A and
AP/AE = 1.

OP = 20D and AP = uAE.

or, OP=A0D :% 2b+a)A.

and, AP:yAE:y(OE—OA):u(%b—aJ.
In A OAP, O4 + AP = OP
1 1
= a+ypu|=-b-al|==2b+a)l
“(z j 3( )

1 1 2
= [l-p—=2a|a+|-u-22|p=0
( K 3ja &“ 3)

1 1 2
= l-puy—-——A=0and—pu—-—1=0,
K 3 2 H 3
a and b are non-collinear.

Solving these equations, we get u = é, A=

3

<

Now, OP = A0D, PD = OD — OP = (1 — /) OD
OP A 3/5 3

PD 1-4 1-3/5 2

= OP=%PD

OPngD = OP:PD=3:2.
We have, ax(bxc):%b

1
(a-c)b—(a-b)c—gb

= (wc—%)b—(wb)czo (1)

(Given)
(1) exists if coefficients of b and ¢ vanish separately

Since b and ¢ are non-parallel,

. 1
ie., a~c—5:0anda-b=0.

= a-czéanda-bzo.

Let 6, and 6, be the angles which a makes with b and c,
respectively. Also a, b, ¢ are unit vectors,

1
cosO, = 5 and cos6, =0

ie., 6,=60°and 6, =90°

Hence, 6, =90° and 6, = 60°.

Let c=xa+yb

=x(i+j-k)+y(i—-j+k)

=(x+y)i+t@x-p)j-(x-»k

Since cis Ltoa
X+y+x-y+x-y=0=3x=y

Since |c|=1,
(+pP+ =y +x-yr=1
(4x)* + (—2x)* + (2x)* = 1.

26.

27.

28.

= 24x’=1.

I
pe L
NG

2, 11y

Yoo &' e

c=4xi+2xj +2xk =

1
ie, c=—=Q2i—-j—k

Let d=dji+d,j+dk
Since dis L to a and ¢
d-a=0=d+d,~d =0
and,d-c=0=2d ~d,+d,=0
=3d,=0,..d=0,..d=d
Since | d | =1,
dl+d; +d; =1
= 0+d;+d;=1 = 2d;=1
= dzzzl,ora’zz1 : !

2 ﬁ,.. 2 3 ﬁ
1

Hence, d =—(j +k).
ﬁ(J )

Let x be the first term and y the common ratio of G.P.
Then, a = pth term = xy 7!

b=gthterm=xy¢-!

c=rthterm=xy"—!
Now, (il a+jlb+klc)-[i(qg—7)+jir—p)+k(p-q)]
=(@-nlat(r-plb+p-qlc
= (=11 =)+ =p) ], (=" + (=g, (")
=(@@-nN{lx—p-Dily;+..
={g-nN+-p+@p-@}lx+{g-rnp-1)
+(r-p)@-D+@-q) (r-D}Ly=0.
Hence, the vectors are perpendicular.
Since a is collinear with b = 6i — 8j — (15/2) k.

there exists a scalar ¢, s.t.

a=tb=06ti — 8t — (15/2) tk.
Now, if a makes an angle 8 with positve z-axis, then

Cak —(15/2)1
la||k| |al
0<90° - cosO=—r50 = r<0.
2|al

Now, |al=\J[{36 +64+(225/4)}] = 50
= £=16=t=-4,

[Rejecting 1 =4,
Hence, a = — 24i + 32 j + 30k = (24, 32, 30).
Let the unit vectors 7, j and k be denoted by the coterminous
edges 04, OB and OC, respectively of the unit cube. Let CN
be the perpendicular drawn from C on the diagonal OF of
the cube which does not pass through C. Here, OF =i +j +
k. Let e be the unit vector along OFE. Then,

1< 0]
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29.

¢ G
N
AN
AN
F *y E
kA N
oy B
i
A D

i+j+k i+j+k
e: " - =
li+j+kl  Ja+1+1)

:%(i+j+k).

ON = projection of OC on OF

1 1
=k-e=k-—=(@{+j+k)=—.
\/g( J )\E
CN?=0C? — ON? [In right triangle A OCN]
e (LY 12
NG 33
CN:\Ezﬁxﬁzi
3B 33

The length of a is |a|=1* +1* =+/2. Similarly, |b|=~/2.
Since the three vectors have equal length, ... |c|= V2. Let
c=c|i+c,j+ck Then, since c makes an obtuse angle with
i, we must have ¢ - i = ¢, <0. We are also given that the angles
between the vectors are equal, i.e.,
Lab  ac ¢! b-c
|al|b] |b]|c]

Now,a-b=1,a-c=c +c,andb-c=c,+c,, s0

lalle]

L a-b o1 ¢+,
S =cos'—=cos ' +—=2
la||b] 2
¢, +c
=cos ' 2—2.

This gives the equations ¢, + ¢, =1 and ¢, + ¢, = 1, from
which we get ¢, = c and ¢, = 1 — c,. Putting these values in
¢l +c; +c =2, we get

i +(l-¢) +¢f =2

= 3¢/ -2¢,-1=0

= (-DB¢+)=0 = clzl,—%.

Since ¢, must be less than zero, we rule out the solution ¢,

.. 4
=1, giving ¢, =-1/3=c, and c,=1-¢ =3 Hence, the

required vector is
1. 4. 1
c=——i+—j——k.
3 373

30.

31.

32.

Let the given points be 4, B, C, D, respectively. Now, if the
points 4, B, C, D are coplanar, then AB, AC, AD are coplanar.

AB - (ACxAD)=0

(b—a) - {(c—a)yx(d-a)}=0.

(b—-a) {cxd—cxa—axd}=0 Yaxa=0
b-(cxd)y—b-(cxa)—b-(axd)—a-(cxd)
+a-(cxa)+a-(axd)=0

= [bed]l—-[bcal-[bad]l—[acd]+0+0=0

= [bed]l-labcl+[abd]+][cad]l=0

= [bed]+[cad]+[abd]=]abc].

Vector L to face O4B

Luu

ik

=0AxOB=|1 2 1|=5i—j-3k 1)
21 3

Vector L to the face ABC
ik

=ABxAC=|1 -1 2|=i-5j-3k 2)
-2 -1 1

Since the angle between the faces = angle between their
normals

080 = 54549 |_19
J35\35| 35
O:COS’(B).
35
We have,
BC=BA+AC=—-b+mb+pd
=(m—-1)b+pd
and, CD=CA+AD=—-mb—pd+d
=—mb+(1-p)d

Area of the triangle 4BD = % |bxd|.

C
D
d
A 7 B
Area of the triangle BCD

=%|(m—1>b+pd)x(—mb+<1—p)d)|

|—pmdxb+(1—-p)(m—-1)bxd|

N = =

1
m =1+ pllbxdl==(p+m=1)|bxd|
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Hence, the area of the quadrilateral ABCD Taking scalar product of (1) with w we get
=l(P+m)|b><d|. k:l. wewkwxu) - w=v-w
2 2 = |wi=v-w
Let ABC be a triangle in B = |wP=1-@xv) w [using (4)] (©6)

which the given vectors are
represented by the sides 4B

and AC.
ie., AB=+/3(axb)
and, AC=b—(a- b)a A c

AB- AC = \3(axb)-[b—(a-b)a]
= 3l(axb)-b—(a-b)(axb)-a]

= 3[0-0]=0.
Therefore, £ BAC = 90°
AB* =[\3(ax b)]’ =3(ax b) (1)

AC* =[b—(a-b)al

=(b)’ +(a-b)Y’a* -2(b-a)(a-b)

=(b)’ +(a-b)’ —2(a-b)

=(b)’ = (a-b)

=(b)’—|al’ |b’ cos’ 6

=(b)’[1-]al’ cos’ @] = (h)*(1-cos’O)

=(b)*sin*0 =|al’* |b|* sin’ @ = (ax b). )
Dividing (i) by (ii), we get

AB®  3(axb)’

AC? ™ (axb)
= AB*=3-AC> = AB=<34C.
tanczﬁ:\/gAC:\/E,:. /C =60°
AC  AC
So .. £ A =180 —90° — 60° = 30°.

Hence, angles of the triangle are 30°, 90° and 60°.

Given equation is w + (w X u) = v (1)
Taking cross-product with u, we get
uX[w+wxu)]=uxv

= uXwH+uXWxXu)=uxv

= uxw+U-uyw—(u-wu=uxv

= uXwH+w—(U-wu=uxv 2)
Taking scalar product of (1) with u we get
u-wru-(WxXu)=u-v
= uU-w=u-v [~ u-(wxu)y=0] 3)
Taking scalar product of (1) with v we get
vew+v-(wWXu)=v-v

= v-w+[wul=1

= Uxv)-w=1l-v-w “4)
Taking scalar product of (2) with w we get
uxw)y-w+w-w—(u-w)(u-w)y=uxv)-w

= 0+|wpP—(u-wl=@uxv)-w 5)

= Wxv)-w=wl—(u-w?

35.

36.

From (5) we get
wuxv)y-w=|wpP-(u-wy
=1—(uxv)-w—(u-wy

= 2uxv)-w=1-(u-vy3 [Using (3)]

1
Thus, (ux ) w|= 1)

< %[ (u-v)* 20].

Let 7 be a unit vector in the direction of b, J in the direction
of ¢. Note that b=/ and ¢ = J.

Wehave bxc=|b||c|sin ak=sin ak,

where £ is a unit vector perpendicular to b and c.

bxc
|bxc|

= |bxc|=sina = k=

Any vector a can be written as a linear combination of 7, J
and k. Let

a=aji+a,J +ak
Now, a-b=a-I=a,a-c=a-J=a,

and, bxc —ak

bxe|

:a3

Thus, (a-b)b+(a-c)e+ “ LX) (hx )
bxc|
Xc

=ab+ac+a
1 2 3|b><c|

=al+aJ+ak=a.

Let ¢ =xi+yj+zk, where x> +)*+2* =1

Unit vector along 3i+4; = §(3i +4j)
equation of the bisector of these two is

r=l[(xi+yj+zk)+(3i-;4j):|

But the bisector is —i +j — k.

t(x+%)i+t(y+%)j+tz=—i+j—k

1 3  3t+5
= x=---Z=- ,
t 5 5t
1 4 5-4 1
y=--——= and z =—-
t 5 5t t

Butx?+)?+22=1

3+5) (5-4t) 1
— + +5=1
5t 5t t
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= 92 +30t+25+25+ 16— 40t + 25 =257

= 75-10t=0,.. t:E:L5
10 2

45

—+5

2 =55 11
Hence, x=— =—=——
75 75 15

2

_5-30_-50_-10

YT T s T s

40.

Now, even if one of «, B, ¥y # 0, then we have [a b ] =
0 = a, b, c are coplanar.

SincepxXg=r
pX(pxq)=pxr

= (p-9)p—(p-P)g=pxr

= @-(p)Vq=pxr

= (p)q=cp-pxr

cp—pxr
2 = g=—"—.
1 2 yd
and’z__E__E 41. rxa=bxa = (r-b)xa=0
2 = r—b is paralllel to a.
unit vector along ¢ r—b=la ie.r=>b+ia (1)
_ -1l 105 2k or — i+ 10J'+2k. Similarly, 7 Xb=axb can be written as
15 15 15 15 r=a+ ub ?)
37. Since l[a+b+c|=1 = (a+b+c)-(a+tb+c)=1 For point of intersection of the two lines (1) and (2),
= 1+1+1+2(a-b+b-c+c-a)=1 weget b+Ala=a+ub = A=p=1
= a-b+b-c+c-a=-1 Hence, the required point of intersection is given by
= cosf, +cosb, + cosf, =1 r=a+b=i+j+2i—k=3i+j—k.
So, at least one of cos8,, cos6, and cos@, must be negative. 42. Let a=2i+4/—Sk,b=i+2j+3k
38. Since x and y are linearly independent, diagonals of the parallelogram are
20a-15b=15b—12c=12c~20a=0 = “=2_¢ p=a+bandg=b-a
3 45 ie, P=3i+6j-2k
= c?=da’+b* = AABC s right-angled. and, g=—i—2j+8k
39. We have, unit vectors along the diagonals are
a(axb)+Bbxc)+y(cxa)=0 3i+6j—2k —i—2j+8k
Taking dot product with ¢, we have J9+36+4 an JI+4+64
alabcl+ Blbccl+y[cac]=0  3i+6j-2k —i—2j+8k
ie, alabcl+0+0=0 Le., 5 and 7o
ie, afabc]=0 unit vector parallel to one of the diagonals is
Similarly, taking dot product with b and c, we have 1
ylabel=0,Blabec]=0 ;(3l+61—2k)
More than One Option Correct Type
43. Givenx+y=a 44. We have,ax (bxc)+(a-b)b
= y=a-x (1) =@4-2B-sin) b+ (F-1)c (1)
xXy=b () and, (c-c)a=c )
x-a=1 (3) where b and c¢ are non-collinear vectors and ¢, 3 are scalars

From (1) and (2), we get

xX(a—-x)=b

XXa—-xxXx=b = xxa=b
aX(xxa)=axb = (a-a)x—(a-x)a=axb
laPx—1-a=axb [From (3)]
x:(a+a><b)

2
a

(a> -a—axb

2
a

and, y=a—x=

From 2),(c-¢c)a-c=c-c
a-c=1 3)
From (1), we get
(a-c)b—(a-b)yc+(a-b)b
=@-2B-sin)b+(p*—1)c
o, {l+(a-b)}b—(a-b)c
=@4-2B-sin) b+ (F-1)c
= l+(a-b)=4-2-sinax “
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46.

47.
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and,a-b=—(F-1) ®)

sina=1+(1-pF= B=1,sina=1
ie., a=%+2nn,nel.

We have,xXxb=cXxb
= axX@xxb)y=ax(cxb)
= (a-b)yx—(a-x)b=ax(cxb)
w2 82X,
a-b
Also,ax (cxb)=—(cxb)xa=(bxc)xa
(bxc)xa
X=—"
b-a
Letc=cji+c,j. SincecLb..b-c=0

=

= (4i+3))(cite,)=0 = 4¢+3¢,=0
4
= ¢,=-Zc. Thus, c=%[3i—4j]-

Now, the projection of a ==*(aji+a,j) onbis1andoncis

2

3a, —4a,
5

1=

‘4al+3a2 and 2 =

Solving, we get @, =2and a, =-1 .. a==%(2i—).
Leta=2i-2j+kandb=i+2j-2k
|a|=3and|b|=3.
a vector along bisectors
ai£:2i—2j+kii+2j—2k
la| |b]| 3 3

Ll
33 3

The required vector

REEROESE

—4j+3k).

2 2
= ﬁ(& —k), E(z
We have,
(+j+3k)x+@Bi-3j+ky+(—4i+5))z
= AUxi + yj + xk)
= (x+3y—-4dz- )i+ (x-3y+5z-A)j
+Bx+y+0z—A2)k=0.
Above is a relation of the form
li+mj+nk=0
where i, j and k are non-coplanar and hence each of the coef-
ficients /, m, n is zero.
(1-D)x+3y—-4z=0
x=B+N)y+5z=0
3x+y—-Az=0.

Eliminating x, y, z we get

1-2 3 -4
1 -3-12 51|=0
3 1 -1

SA-AH)BA+2-5-3(=A1-15)-4(1+9+31)=0
S-L+20-3)+A5+3+3-12)+(—-5+45-40)=0
= —A-22-A=00r AL +21+1)=0
A(A+ 1)* = 0 which gives 1=0, -1, 1.
49. We have, a = 12i +4; + 3k
b=8i—12j—9%
c=33i—4;—24k
la|=J(12) +4* +3* =144 +16+9
=+/169 =13
1b] = J(8) +(~12)* + (-9’
=64 +144+81=+/289 =17
le| = \(33) + (= 4)° +(-24)’

=/1689+16+576 =/1681 =41.

C E
F G
cN
a
(O D
b
A B
Now, area OABD = area CFGE = |a X b|.
i j ok
axb=(12 4 3
8 -12 -9

=i(=36+36)—j(— 108 — 24) + k (— 144 — 32)
=0.i+ 132/ — 176k
lax b|=J0+(132)* +(~176)* =/(484000)

=220.
In the same way, area FABG = area CODE = |a X c|

|axc|=4/(189225) or|axc|= 435

area FAOC =area GBDE =| b X c |

|b X c|+/(207025) = 455
12 1 3
Volume of parallelopiped =[abc]=|8 -12 -9
33 -4 -24
12 1 1
=(4x3)|8 -3 -3
33 -1 -8
12 1 1
=12|8 -3 -3
33 -1 -8
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50.

51.

52.

=12[12(24-3)—1 (= 64+99) + 1 (- 8 +99)]
=12(12%x21 - 1x35+91)
=12 (252 +56) =12 x 308 = 3696.
Lengths of the edges are 13, 17, 41.
Areas of the faces are 220, 435, 455 and volume 3696.
Let the required vector be o = d|i + d,j + d;k where
d} +d; +d; =51 (given) (1
Since, each of the given vectors a, b, ¢ is a unit vector
0- d-a _ d-b _ d-c
Idllal |d||b] |d]|c|

= d-a=d-b=d-cas|d|=+51

cancels out and |a| = |b| =|c| =1

= %(d, —-2d,+2d,) = %(—4dl +0d, —3d,)
:dz

d, —5d,+2d, =0 from 1st and 3rd

and 4d, + 5d, + 3d, = 0 from 2nd and 3rd. Solving the above
two equations, we get

dl _ dZ _ d3
-15-10 8-3 5+20
d d d
= L=-2=3-](sa
ST s (say)

Putting for d|, d, and d, in (1), we get
25+1+425 =51, A==I.

Hence, the required vectors are +(5i —j — 5k).

Since they are unit vectors, we have |a| =|b| =1 =|c|. It is also
given that the angle 8 between a and ¢ equals that between b
andc, i.e.,

b-c

ac 0= —b-c
]|

lal|c]
Since a - b =0, we get from the given value of ¢,
a-c=0aa-a+fa-b+ya-(axb)=q,
i.e., or=cos6, and similarly, b - ¢ = cosf= S.
That is , o= = cos 6, so that answer (a) is correct. Next, we
have
l=c-c=20%+y*|lax b}

=202+ y[|af |bP - (a - by’] =202 +
= y*=1-20*=1-2cos* 0=—c0s26

a2
N a2:ﬁ2:1 y :1+cos29
2 2
Let EB=pAB, CE = qCD
D B
E
y C

then, 0 <p,g <1

53.

54.

Since EB+BC+ CE=0
pmQ2i—6j+2k)+({—-2j)+gn(—=6i+15j-3k)=0

= (2pm+1—6gn)i+ (- 6pm—2+15qn)j
+ (2pm — 6gn)k =0

= 2pm—-6gn+1=0,—6pm—2+15gn=0,

2pm — 6gn = 0.

Solving these, we get

p=1/(2m)and g = 1/(3n).
0<1/2m)<land0<1/(3n)<1

= m=1/2andn=1/3.

The area of A BCE = % |EBx BC|= %\/g

Given A = (9i —j + 7k) C B
C=(Ti-2j+7k) >f<
AB=4i—j+3k D

and, CD=2i —j+ 2k A

Let the position vector of P, the point of intersection of AB

and CD be r.

Then, AP =5 AB

= r—i—j+7k)=s(4i—j+ 3k)

and, CP =t CD

= r—(Ti=2j+7k)y=tQ2i—j+2k)
4s+9)i—(s+1)j+@Bs+7)k

=Qt+7)i-+2)j+Q2t+7)k
Equating the coefficients and solving, we get

s=-2,t=-3, r=i+j+k
Position vector of P=i+j+ k (1)
ik
ABXCD=|4 -1 3|=1-2j-2k.
2 -1 2
PO (i —2j—2k). As| PQ|= 15,
| —2j -2k
PQ=i15(’J37)=15(i—2j—2k)
= pv.ofQ—pv.of P=+£5(i—2j-2k).
= pv.ofQ =(@{+j+k)£5G—-2j-2k)

=(6i—9j—9%k)or (—4i+ 11+ 11k).
We have, DA =a, AB=b and CB = ka
Since X, Y are mid-points of DB and AC.

0X:OB+OD,OY=OA+OC
2 2
0A+0C —-0B-0D
2
DA+ BC _a—ka
22

XY =0Y-0X=

vy - =k

|XY|=i—(%)|a\=4(given).



55.

56.
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= (%}7 =4 (taking positive sign)
= l-k=— = k= —E:2
17 17
. L 1-k
and taking negative sign, —| — [17=4
= k—l—E = k 1+E é
7 17 17
Hence, k=—or é
17

Let 6 be the angle between unit vectors a and b. As a and b
are non-collinear, 8 # 0 and 6 # 7.

We have a - b =|a||b|cos@= cosb.

Now, |uP=|la—(a-b)bP=|a—cosOb]
=|al*+cos?0 |b*—2 cosO(a - b)
=1+ cos’0—2cos’> 6=1—cos’ @
=sin? 6.

Also, [vP=laxb]>=|al |b|*sin’6

VP =luf =[v|=ful.

Also,u-a=(a—-(a-b)b)-a=a-a—(a-b)(b-a)

=|af’ —cos*0=1 - cos* O=sin>

|u|+|u - a|=sinO+ sin0 # |ul.
Next,u-b=a-b—(a-b)(b-b)y=a-b—(a-b)
=0 ()
lu|+[u-bl=ul+0=[ul=]v|

Also, u-(a+b)y=u-a+u-b=u-a
= |ul+u-(a+b)=lul+u-a#|v|.
Equation of the plane containing i and i +; is [r —iii + j]=0
or, (r—i)-[ix@+j)]=0
o, {(x—1i+yj+zk} k=0
or, z=0 (1)
Equation of the plane containing i —j and i + k is
[r=@G—-ji—ji+k]=0
o, [(F—i+))[(i—j)x(i+k)]=0
o, [(x—-Di+(y+1)j+zk]-(-i—j+k)=0
o, —(x—-D-@+D+z=0
o, x+y—z=0. 2)
Let a=aji+a,j+ak.
Since a is parallel to (1) and (2)
a,=0anda +a,—a,=0
= a,=-a,a,=0.
Thus, a vector in the direction of a isu =i —.
If O1is the angle between a and i —2j + 2k, then

oo s DD+EDED) 3

T+l 11444 T (W2)0)
= cosO:i% = ngor%r.

57.

58.

59.

Any vector coplanar with vectors i +j+ 2k and i + 2 j + k is
x(i+j+2k)+y(i+2j+k)
e, (x+y)i+(x+2y)j+2x+y)k. (1)
If this is perpendicular to i +j + k, then
X+ +x+2)+2x+y)=0
= 4dx+4y=0=>y=—x.
Substituting y = — x in (1), the vector coplanar with the given
vectors is x(—j + k).
x(—j+k)
PP +1%)
_L R

N

So, the required unit vector =

Let ¢=xi+ yj + zk.

Given,|c|=|a|=|b| [equal magnitude]

= P+ +2=2 1
ab b-c c-a
Also, |aHb|=|b\|c|=|c\|a\ [equally inclined]
0+1+0 y+z X+y
NN RN NN
= l=y+z=x+y 2)

Solving equations (1) and (2), we have

(I=yr+y+1-yr=2

ie, 3)?—4y=0

= y =0, 4/3 and corresponding x =1, -1/3 and z= 1, —1/3.
14 -1

Hence, c=(1,0, 1) or [;’,’7).
333

We have a=—-i+2j+1k

Let the new vector be b = xi+ yj + zk

We have, |a|=|b|

e, X+’ +22=124+22+12=6 (1)
and, a-b=0

e, —x+2y+z=0

Also a, b and y-axis lie in one plane 2)

= a,b,j are coplanar

= [abjl=0
-1 2 1
e, |x y z|=0
0 10
ie, z+x=0 3)

From equations (2) and (3), we have
Z=—X,y=X

Putting in equation (1), we get x = +2

Hence, b:-_h/i(i+j—k).
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60.

62.

63.

Given |a|=1,|c|=1,|b|=

axb=2axc and angle between a and c is cos™' (%)

Also, from (2)
b-c—2c-c=Xa-¢

1 1
=i —5()62 +y2 + 22)73/22x}+ _]'{—E(x2 + y2 +zz)73/22y}+

{7(x +y +z)3/2 }

Now, a- c—|a|\c|cos[cos f] (1)(1)( ) 1 2 4
4 = 32-22-1-8=1
1 = 2P+21-24=0=>1P+1A-12=0
ac=y M = (A+4)(A-3)=0, . A=3,-4.
Again, b—2c=Aa ) 61. Let a, and b be unit vectors along a and b respectively,
= a-b-2a-c=Aa-a then, a, = (1/9)(7i —4i — 4k)
1 L
= a-b—%=1 [v aa=d=ada"=1] and, bozg(—21—1+2k)
—~ ab= /“_l 3) The required vector ¢ =A(q, +b,) (where Ais a scalar)
2 _ . .
Again, from (2) =A(1/9)i—-(7/9)j+(2/9)k
b-b-2b-c=2a-b N |C|ZZAZX(1+‘;91+4J
1
16-2b-c=A| A+—
= 16-2b-c ( *2) (by 3)) = (V6)'=(54/8D2° = A=49.
2 — (i —T 7
N bc—S—A——i ) c=2({—-7j+2k).
2 4
Passage Based Questions
S / R —xi — yi —zk r
r:xz+yl+zk.then ‘V|= X2+y2+22 :m:—?.
and, ¢ =1In|r| :lln(xz +y +2%).
| 2 64. V"=V + )y +2°) =V(xX* +y* +2°)"
Vo :EVln(xz +y'+2%) 5 5
:ii{(XZ+y2+22)n/2}+j7{(x2+y2+22)n/2}+
1.0 0 Ox oy
=—i—In(x*+y’+z2)+ j=—In(x*+y* +2°) + B
2| ox 6y kg{(x2+yz+zz)n/z}
z
kagln(x2+y2+zz)} . ,
‘ =i E(x2 +y° +zz)5_]2x +J ﬁ(x2 +y2 +22)E_I2y +
1 2x 2y 2z 2 2
:E ix2+ 2-4—22+sz+ 2-4—zz+kx2+ 7 2 n 2
Y Y Y k{(x2+y2+zz)2 22}
_xityi+zk _r 2
e .
| | =n(x*+y* +2°)2 (xi+yj+zk)
R R |
r JX+yr ez :n(rz)Eilr:nr”’zr
:V{(xz +y2+22)_1/2}
—z—(x )y (x g 65. V¢—l—(2x3yzz4)+] (2x yzz4)+k§(2x3yzz4)
ox ay Z
kg(xz NN =6x2y* i+ 43 y 24+ 8x3 )y Pk
Oz Then,

V-V¢=[E§Ci+:yj +;;kj (6x7y*ZYi+4x’yzj

+8x°y*2’k)
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= SR D) s S e b, V(U9 =V it ]
= 12xy%2* + 4x°2* + 24x% %2 .
i j ok
k=4.
1 oo o 1 = S
66. Vz(j_(2+2+z][] ox 6y Oz
r 6x 8}1 62 1’x2+y2+22 @ % %
0 ( 1 J 0 (4 + 22) Ox Oy Oz
— | — == (X +y +z
a 2 2 2 a —
x| Xty +z x S :g(%j o [ (&pj_a(aﬂ.+
=—x(x"+y +z7) lov\az) ezl oy az\ax ) axlaz))’
o’ 1 0 2 2, _2\32 of(o 0 8¢
L R TR T 9% _7(% k
Ox («/x +y' 4z j ox |:ax(6yj dy\ ox

— 3x2 (xZ +y2 + ZZ)_S/Z_ (XZ +y2 + ZZ)_3/2 62¢ 62¢ A 62¢ 82¢ ‘ 82¢ az¢
2xr =P —x? = —- i+ - Jj+ —— |k=0.
X -y —x 0y0z  0z0y 0z0x  Ox0z

- (xz +y2 +22)5/2

Similarly, ik
o’ 1 _ ==X 0. v.vxa-v.|L 2 2
ES \/szryzﬁLz2 Sy )T & O &
A
82 1 22 —x*—)° noh
anda =2 2 2572 6A2 0A
N B G S| (— j (6 —‘jk}
x 0
Then, by addition, 4
¢, 7,7 1 0 (o4, 8A2J [ ) (6142 6Alj
Z 2 — =0 Y
[axz o’ s ](\[xz+y2+zzj ox oy
62A2 . 4, 4, 4,

0x0z 0yoz 6)/8)6 0z0x 626)}

r ~
67. V-(FJ:V{r ’r) 8x

=(VI)r+()Ver [o V(9A)=(VP).A+d(V - A)]
=3rrr+3r7 =0 [ V-r=3]

Match the Column Type

70 1. BD - AC =|BD||AC|cos6, where 6 is the angle between o, (a-c—=12)b—-(a-b+1/2)c=0
BD and AC. 1 1
= (OD-0B)-(0C—04) or, a~c=5,a-b:—5 (As b and c are non-parallel)
=|0D - OB||OC — O4|cos@ 1 |
= (a—2b-b) - 2a+3b—a)=|a—3b||a+3b|cosd or, cosﬁ:E,cosasz [a, b, c are unit vectors]
= a’—9b*=|a—3b||a+3b|cosO
= 0=|a—3b|la+3b|cosO[" |a|=3|b]|, .. a*=9b] or, ﬂzg,azz?ﬂ_

= co0sf=0,.. 0=— . 2z
Hence, angle between a and b is 3

II. Let angles between a and b and between a and ¢ be o

and f3, respectively. III. A normal to the plane P, is given by N, =a * b and a
1 normal to the plane P, is given by N, =c¢ x d.
We have, aX(bXC):E(b+C) Since (a x b) x (¢ x d) =0, we get N, x N, = 0.

1 1 If @is an angle between P, and P,, we get
or, (a-c)b—(a-b)c:5b+gc |N,|x|N,|sinf=0 or sinf=0= §=0.
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IV. We have,|a - b|=|a x b|
= |al|b||cosB|=|a]|b||sinb|
(where @ is the angle between a and b)

Assertion-Reason Type

= |cosO|=]sinf] = 9:%or37ﬂ(as0s957t)

71. We have,|a xr|*+|a - r|*=|al*|r]?
= |JP+(a-r)=[aP|r}

= (a-r)==xylal |r] -1.

This shows that @ - » depends on |r|for given a.
Hence, a -  is an arbitrary constant.

72. As a, b, ¢ are non-coplanar, b X ¢, ¢ X a, a X b are also
non-coplanar.

So, any vector can be expressed as a linear combination of
these vectors.

Let a=AbXc+ucxa+vaxb
a-a=Albcal,a-b=ulcabl,a-c=vlabc]
a:(a~a)b><c+(a~b)c><a+(a~c)a><b

[bea] [cab] [abc]
(a-a)bxc+(a-b)ycxa+(a-c)axb=[bcala.

Previous Year’s Questions

Buta-b<0, .- 0:3771.
73. We have,

ix[@a-j)xil=0 -0)(a-j)—[i.(a=)]i
=a—j—(-a)

Jxla-kyxj=-Da-kb-[-(@a-0blj
=a-k—(j-a)j

kx[(a-i)xkl=(k-k)(a—i)—[(k- (a—D)]k
=a—-i—(k-a)k

According to the given condition, we have
ix[(a—)xil+jx[(a-k)xjl+kx[(a—i)xk]=0
ie, 3a—(i+j+hk)—[(a-D)i+(a-))j+(@a-k)kl=0
ie, 3a—a=i+j+k

ie., a= %(i + j+k).

74. Given two vectors lie in xy—plane. Hence a vector coplanar
with them is

a=xi +yf

il(i-j) = a-(i-5)=0

= (xi+y)((-)=0 = x-p=0
= X=y
G=xi+xjand|d| -V +x* = x2
. . a  x(i+]))
Required unit vector = — = ——==
ld|  x2

1 ~ -
==+
V2
75. The vector, i+ x}' + zk ifitis doubled in magnitude becomes
4i +(4x-2)j+2k
2| +xj+3k |=| 4 +(4x—2) ] + 2k |

= 21+x°+9=\16+(@4x-2)y +4
= 40+ 42 =20 + (4x — 2)

= 3x?-4x-4=0

= 3x-6x+2x—4=0

= 3x(x-2)+2(x-2)=0

= (-2)(3x+2)=0

= x:2,—E

3

76.

77.

78.

Key Idea: If the vectors a, b and & represent the sides of a
triangle, then a + b+¢=0

G+b+2=0

Hence axb=bXxc=¢xa.

Given that d@ = xi + y}' +zkand b = } are such that a,¢ and b
form a right handed system.

ik
c=bxa=[0 1 0
X y z

=iz —xk

The equation of a line through the center represented by vec-
tor j + 2k and normal to the given plane is

F=7+2k+ A +2]+2k) (1)
This meets the plane at a point for which we must have
[(G+2k)+AG +2]+2k)]- (G +2]+2k) =15

= 6+91=15



79.

80.

81.

82.

83.

84.

85.

Vector Algebra  21.43
- =1 PB+BC+CP=0
On putting A= 1 in Eq. (i), we get Adding, we get
F=i+3j+4k PA+PB+ AC + BC+2CP =0
Centre of the circle is (1, 3, 4). .
) ) Since AC =—-BC
a a 1 |1 a a
b b 1+|l b b=0 & CP=-PC
2 2 _ —_ _
c ¢ Q| fl cec = PA+PB-2PC=0.
a a 1 P
= (+abo)lb b 1=0
c 1
= abc=-1.
A c ~ B

Hence, (8) is the correct answer
(@+2b)=1¢ (1)
And b+3c=t,a 2

(1)=2x(2) = @(1+2t)+&(~t,—6)=0 = 1+2¢,=0
= t,=-1/2&1 =—6.

(since a and ¢ are non—collinear)

Putting the value of 7 and #, in (1) and (2), we get
a+2b+6¢=0.

Work done by the forces F, and F, is (F, + F,)-d where d is
the displacement.

Now, according to question

F+F,=(4 +j-3k)+(3i+j—k)=7i +2j -4k and

d=(5+4]+k)—( +2]+3k)=4i + 2] — 2k. Hence
(F+F)-d is 40.
Condition for given three vectors to be coplanar is
1 2 3
0 2 4
0 0 2A-1

Hence given vectors will be non coplanar for all real values
of A. except for 0 and 1/2.

Projection of v along u and w along # is

=0 = A=0,1/2.

V- Wi
— and —
| ]

respectively
Now, according to question

By triangle law,
PA+AC+CP=0

86.

87.

88.

89.

90.

Distance between the line with equation 7 = 2i —2}'+ 3k
+A(i — j+4k) and the plane 7-(i+5/+k)=5 equiva-
lently x+5y+z=5 is equal to the perpendicular distance
of point (2, -2, 3) from the plane

2-10+3-5] 10

V1+52+1 _ﬁ.

Let d=xi + y} + zlg, then

ie.,

axi= z}'—yle

= (@xi)Y=y"+z"

Similarly (@ x })? = x* + 22

and (Zixk:)zzx2+y2 = (Ez'><f)2=y2+z2

Similarly (d@ x £)> = x>+ »°

= (@xi)Y+@+)) +@xk} =2+ +z°)=2a.
Given that a, b, ¢ are in H.P.
2 1 1

,,,,, =0
b a c

£+1+l:0

a b c

Lox_y_ 1
-1 2 -1
x=lLy=-2

Vectors ai + a} + clg, i+k and ci + c} + bk are coplanar

a a c
Therefore, 1 0 1|l=0 = c*=ab
c ¢ b

a, b, care in G.P.

[A(@+b)A*b AG]=[a b+ b]
A A 0] |1t o1
= |0 A* 0[=]|0 1 1
0 0 Al |0 1 0
= A=-1

Hence no real value of A.
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91.

92.

93.

94.

9s.

96.

Given é:f—lg,gzxf+}+(l—x)l€ and
E:yf+x}+(1+x—y)l€.

[abc]=a- (b X&)

ik
= pxi=|x 1 1-x :f(1+x—x—y—x2)
vy x l+x-y

—]A'()c+x2 —)cy—y%—xy)%—/;(x2 -y)
a-(bxd)=1
Which does not depend on x and y.

Given condition (axl;)xE:ﬁx(ExE),a-b;tO,E-E;tO

= dj¢c

The vectors
BA=i-2j+6k
CA=(2-a)i+2]
CB=(1-a)i —6]
imply

CA-CB=0

= (2-a(l-a)=0

= a=21
Given that |21 x3v|=1
= 6]u||v||sinf|=1
= sinG:l

6

Hence there is exactly one value of 6 for which 2a x 37 isa
unit vector.
G=i+j+kb=i—j+2k and c=xi +(x-2)j—k

x x—-2 -1
Therefore, |1 1 1
1 -1 2

=0

= 3x+2—-x+2=0
= 2x=-4

= x=-2.

Let for some A,d = /1(1; +¢), then

f+2]‘+l€

NG )
= 2A=+2aandi=+2 and1 =2

= a=landf=1.

ai +2]+ Bk =A(

97.

98.

99.

100.

101.

102.

103.

Since a = SI;,E =-7b.

gandb are like vectors and band¢ are unlike.
= aandc¢ will be unlike
Hence, the angle between dandc= .
Gp*—pg+2¢)i v Ww]=0

But since #,v,w are non—coplanar, [ vV
implies that

w]#0 which

3p*—pg+2¢°=0

2
= 2p2+p2—pq+(§)2+7%:0

7
= 2p°+(p-Ly+Lg2=0=0
p +(p 2) 27

= p=0,q=0,p=%

This is possible only when p = 0, ¢ = 0 and therefore exactly
one value of (p, g).
Projection of a vector on coordinate axes are x, = x,, ¥, =V,

%7 E

SO,\/(xz _Xl)z +(», _y1)2 +(z, —zl)2 =J36+9+4=7

6 32 .
The D.C’s of the vector are ;,—;,7 respectively.

QU

c=bx
=0
= (bi+b,j+bk)-(—j—-k)=0

U
S
> A

= b —b,—b=0
and G-b =3

= b,—b,=3

= b=b,+b=3+2b,

= b=(3+2b)i+(3+b,)]+bk

I}

05
0,

Sl
oY
Il

¢-a=0

= 2A4+4+u=01-14+2u=0

Solving we get:

A==-3,u=2.

(2a-b){(@xb)x(a+2b)}
=(2a-b).{2a-b){[a.(a+2b)b —[b.(a+2b)al}
=—5(a)2(h)2+5(ab)2 =-5

bxc=bxd

= ax(bxc)=ax(bxd)

= (ac)b—(ab)c=(ad)b—(ab)d

= (ac)b-(ab)c=—(ab)d

ac. -

E:E—(ag)b
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104. ¢-d=0 = 5|d+6a-b—8|b=0 o |AM|=V16+16+1=133
= 6i-5=3 = ab=tr = @h==" 107. [a@x bb x &¢ x d] = A[abe ]!
2 3
o A=1
= gon p - 1 -
105 4E (VP?E‘;rcompone“tqu P 108. Since (@-6)b — (b -8)a =—[bc|a
AE=({’ ?)“
pa = —b.i=lip|el
From AABE;AB + BE = AE 3
L - .
o Gep= LD = —[b|I¢|coso =[]
(79) 3
L 1
= 7=*é+(lj (i)ﬁ = cosf=——
(P-4 3
106. Let M be the median, then . 22
R = sm9=T.
i AB+4C
AN =47 = —j+ 4k 109. Given expression is (5.5_\25)5_(5.54_\/25)5:0

= 5-I;=C089=*\/§/2 = 60=57/6
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