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angle

Let a revolving line starting from OX revolves about its end 
point O on a plane in the direction of arrow and occupy the 
position OP. It is said to trace out an angle XOP. Here OX 
is called the initial position and OP, the terminal position. 
The fi xed point O is called  the vertex.

(a) (b)
Fig. 25.1

 An angle is considered as the fi gure traced by rotating 
a given ray about its end point.

measuRemenT of angles

If the rotation is in anticlockwise sense, the angle meas-
ured is positive and if the rotation is in clockwise sense, 
the angle measured is negative.

I M P O R T A N T  P O I N T S
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There are three systems for measurement of an angle:

 1. Sexagesimal System or English System
  In this system an angle is measured in degrees, min-

utes and seconds. A complete rotation describes 
360°.

 1 right angle = 90°, (read as 90 degrees)
 1° = 60′ (read as 60 minutes)
 1′ = 60′′ (read as 60 seconds)
 2. Centesimal or French System
  In this system an angle is measured in grades, min-

utes and seconds.
 1 right angle = 100g (read as 100 grades)
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25.2 Chapter 25

 1g = 100′ (read as 100 minutes)
 1′ = 100′′ (read as 100 seconds)

1′ of centesimal system ≠ 1′ of sexagesimal system

1″ of centesimal system ≠ 1″ of sexagesimal system

C A U T I O N

 3. Radian or Circular Measure
  A radian is a constant angle subtended at the cen-

tre of a circle by an arc whose length is equal to the 
radius of the circle and is denoted by 1c.

fi g. 25.3

∠AOB = 1 radian.

 This angle does not depend upon the radius of the 
circle from which it is derived.

Radian is a unit to measure angle and it should not be inter-
preted that π stands for 180°, π is a real number whereas 
π c stands for 180°.

C A U T I O N

RemembeR

π radians = 180° = 200g.

RelaTIon beTWeen dIffeRenT sYsTems 
of measuRemenT of angles

 
1

10

9
1

9

10
°= = ⋅grades degrees; g

 
1

180
0 0172°= =

π
radians radians. ;

 
1

180
57 17 45radian degrees= = ° ′ ′′

π

 
1

200
1

200g = =
π

π
radians; radian grades

 Thus if the measure of an angle in degrees, grades and 
radians be D, G and θ respectively, then

D G
180

= =
200

θ
π

RelaTIon beTWeen sIdes and InTeRIoR 
angles of a RegulaR polYgon

 1.  Sum of interior angles of polygon of n sides 

= (2n – 4) × 90°
 2. Each interior angle of a regular polygon of n sides

=
−

× °
2 4

90
n
n

TRIck(s) foR pRoblem solvIng

 The angle between two consecutive digits in a clock is 
30°.

 The hour hand rotates through an angle of 30° in one 

hour or 
1

2







°

 in one minute

 The minute hand rotates through an angle of 6° in one 
minute.

fundamenTal TRIgonomeTRIc
IdenTITIes

 1. sin2θ + cos2θ  = 1 or cos2θ  = 1 – sin2θ 

or sin2θ = 1 – cos2θ
 2. 1 + tan2θ = sec2θ or sec2θ – tan2θ = 1
 3. 1 + cot2θ = cosec2θ or cosec2θ – cot2θ = 1

TRIck(s) foR pRoblem solvIng

Since sin2θ + cos2θ = 1, | sinθ | ≤ | and | cosθ | ≤ |

⇒ –1 ≤ sinθ ≤ 1 and –1 ≤ cosθ ≤ 1;

 0 ≤ sin2θ ≤ 1, 0 ≤ cos2θ ≤ 1.

Since cosecθ = 1/sinθ, cosecθ ≥ 1 or cosecθ ≤ –1

Also, since secθ = 1/cosθ, sec θ ≥ 1 or secθ ≤ –1

sIgns of TRIgonomeTRIc RaTIos In
dIffeRenT QuadRanTs

The following table describes the signs of various t-ratios 
in diff erent quadrants. Also, refer to, the fi gure given below 
the table.

Quadrant I II III IV

MP = y +ve +ve -ve -ve

OM = x +ve -ve -ve +ve
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Quadrant I II III IV

sinθ =
y
r

+
+

= +ve
ve

ve +
+

= +ve
ve

ve
−
+

= −ve
ve

ve
−
+

= −ve
ve

ve

cosθ = x
r

+
+

= +ve
ve

ve
−
+

= −ve
ve

ve −
+

= −ve
ve

ve
+
+

= +ve
ve

ve

tan ,θ =

≠

y
x

x 0

+
+

= +ve
ve

ve
+ = −ve
ve

ve
−

−
−

= +ve
ve

ve
−
+

= −ve
ve

ve

Fig. 25.4

	 The signs of other t-ratios can be found by using recip-
rocal relations, i.e.

cosec andθ
θ

θ
θ

θ
θ

= = =
1 1 1

sin
, sec

cos
cot

tan
. So, we have

Quadrant: → I II III IV

t-ratios
which are + ve

All sinθ
cosecθ

tanθ
cotθ

cosθ
secθ

Remember

	 In the first quadrant, all are +ve. 

	 In the second quadrant, sin and cosec are +ve
	 In the third quadrant, tangent and cotangent are +ve
	 In the fourth quadrant, cosine and secant are +ve.

fig.25.5

Simple rule to remember:

add – sugar – to – coffee

or

after – school – to – college

In the above, ‘a’ stands for ‘all’, ‘s’ stands for ‘sine’, ‘t’ stands 
for ‘tan’ and ‘c’ stands for ‘cos’. The reciprocals of these 
ratios are also positive in the respective quadrants.

Increase and Decrease of Trigonometric Functions

We can discuss the way of increase and decrease of trigonometric functions as described in the following tables:

I quadrant II quadrant III quadrant IV quadrant

sin θ increases from 0 to 1 decreases from 1 to 0 decreases from 0 to -1 increases from -1 to 0

cos θ decreases from 1 to 0 decreases from 0 to -1 increases from -1 to 0 increases from 0 to 1

tan θ increases from 0 to ∞ decreases from ∞ to 0 increases from 0 to ∞ increases from -∞ to 0

cot θ decreases from ∞ to 0 increases from 0 to ∞ decreases from ∞ to 0 decreases from 0 to -∞

sec θ increases from 1 to ∞ increases from -∞ to -1 decreases from -1 to -∞ decreases from ∞ to 1

cosec θ decreases from ∞ to 1 increases from 1 to ∞ increases from -∞ to -1 decreases from -1 to -∞

Domain and Range of Trigonometric 
Ratios

Functions Domain Range

sin x, cos x (-∞, ∞) [-1, 1]

tan x
 
( , ) ( )−∞ ∞ − + ∈









2 1
2

n n
π

I (-∞, ∞)

cot x (-∞, ∞) - {nπ | n ∈ I} (-∞, ∞)

Functions Domain Range

sec x ( , ) ( )−∞ ∞ − + ∈








2 1
2

n n
π

I (-∞, -1] ∪ 
[1, ∞) 

cosec x ( , )−∞ ∞ − ∈{ }n nπ I (-∞, -1] ∪ 
[1, ∞) 
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Trigonometric Ratios of Standard 
Angles

          
Angles

T-Ratios 

0° 30° 45° 60° 90°

sin x 0
1
2

1

2
3

2
1

cos x 1 3
2

1

2
1
2

0

tan x 0
1

3
1 3 Undefined

Trigonometric Ratios for Some Special Angles

Angle sin θ cos θ tan θ cot θ sec θ coses θ
0°/0 0 1 0 ∞ 1 ∞

15
2
°

π /
3 1

2 2

− 3 1

2 2

+ 3 1

3 1

−
+

3 1

3 1

+
−

2 2

3 1+
2 2

3 1−

18
10
°

π /
5 1
4
− 10 2 5

4
+ 5 1

10 2 5

−

+
10 2 5

5 1

+
−

4

10 2 5+
5 1+

225
8
.
/

°
π

2 2
2
− 2 2

2
+ 2 1− 2 1+ 4 2 2− 4 2 2+

30
6
°

π /
1
2

3
2

1

3
3

2

3
2

36
5
°

π /
10 2 5

4
− 5 1

4
+ 5 1

10 2 5

+

−
10 2 5

5 1

−
+

5 1−
4

10 2 5−

45
4
°

π /

1

2

1

2
1 1 2 2

54
3 10

°
π /

5 1
4
+ 10 2 5

4
− 5 1

10 2 5

+

−
10 2 5

5 1

−
+

4

10 2 5−
5 1−

60
3
°

π/
3

2

1
2 3

1

3
2

2

3

675
3 8

.
/
°

π
2 2

2
+ 2 2

2
− 2 1+ 2 1− 4 2 2+ 4 2 2−

72
2 5

°
π/

10 2 5
4
+ 5 1

4
− 10 2 5

5 1

+
−

5 1

10 2 5

−

+
5 1+

4

10 2 5+

72

5 12

°
π/

3 1

2 2

+ 3 1

2 2

− 3 1

3 1

+
−

3 1

3 1

−
+

2 2

3 1−
2 2

3 1+

90

2

°
π /

1 0 ∞ 0 ∞ 1

          
Angles

T-Ratios 

0° 30° 45° 60° 90°

cosec x Undefined 2 2
2

3
1

sec x 1
2

3
2 2 Undefined

cot x Undefined 3 1
1

3
0
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Trigonometric ratios of allied 
angles

Two angles are said to be allied when their sum or differ-
ence is either zero or a multiple of 90°.

	 i.e. the angles –θ, 90° ± θ, 180° ± θ, 270° ± θ and 360° 
± θ are called allied angles.

Fig. 25.6

Table for Trigonometric Ratios of Allied Angles

-θ 90° - θ 90° + θ 180° - θ 180° + θ 270° - θ 270° + θ 360° - θ 360° + θ

sinθ -sinθ cosθ cosθ sinθ -sinθ -cosθ -cosθ -sinθ sinθ

cosθ cosθ sinθ -sinθ -cosθ -cosθ -sinθ  sinθ cosθ cosθ

tanθ -tanθ cotθ -cotθ -tanθ tanθ cotθ -cotθ -tanθ tanθ

Working Rule to Find Allied Angles

Case I: When the angle is nπ ± θ, where n ∈ I and θ is acute.

	 There is no change in trigonometric function i.e., sin 
remains sin, cos remains cos and tan remains tan. Angle 
associated becomes θ.

	 The sign is affixed according to the quadrant in which the 
angle lies.

Case II: When the angle is 
nπ

θ
2
± ,  where n is an odd inte-

ger and θ is acute.

	 The trigonometric function is replaced by its cofunction i.e. 
sin changes to cos, tan changes to cot and sec changes to 
cosec and vice-versa.

	 Angle associated becomes θ.

	 The sign is affixed according to the quadrant in which the 
angle lies.

	 Note that the sign is always decided on the basis of the 
operating function.
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25.6 Chapter 25

 sin nπ = 0, cos nπ = (–1)n.

 sin (nπ + θ) = (–1)n sinθ, cos (nπ + θ) = (–1)n cosθ
 For odd integer n,

sin ( ) , cos
n nnπ π
2

1
2

0
1

2= − =
−

 sin
( ) cos ,

( ) sin ,

n n

n

n

n

π
θ

θ

θ
2

1

1

1

2

2

+





 =

−

−

−

if is odd,

if is eveen.









I M P O R T A N T  P O I N T S
cos

( ) sin ,

( ) cos ,

n n

n

n

n

π
θ

θ

θ
2

1

1

1

2

2

+





 =

−

−

+

if is odd,

if is eveen.









To fi nd ratios for nπ – θ and 
nπ
2

, ⋅ replace θ by –θ in all of 
the above

TRIgonomeTRIc RaTIos In TeRms of each oTheR

sin θ cos θ tan θ cost θ sec θ cosec θ

sinθ sinθ 1 − cos2θ
tanθ

1 + tan2θ
1

1+ cot2θ
sec2θ  − 1
secθ

1
cosecθ

cosθ 1− sin2θ cosθ
1

1 + tan2θ
cotθ

1 + cot2θ
1

secθ
cosec2θ  − 1
cosecθ

tanθ
sinθ

1 − sin2θ
1 − cos2θ

cosθ
tanθ 1

cotθ sec2θ  − 1
1

cosec2θ  − 1

cotθ 1− sin2θ
sinθ

cosθ
1 − cos2θ

1
tanθ cotθ

1

sec2θ − 1 cosec2θ  − 1

secθ
1

1 − sin2θ
1

cosθ 1 + tan2θ 1 + cot2θ
cot

secθ
cosecθ

cosec2θ  − 1

cosecθ 1
sinθ

1

1 − cos2θ
1+ sin2θ
tanθ

1 + cot2θ
secθ

sec2θ  − 1 cosecθ

addITIon and subTRacTIon foRmulae

 1. sin(A + B) = sinA cosB + cosA sinB
 2. cos(A + B) = cosA cosB – sinA sinB

 3. tan( )
tan tan

tan tan
A B

A B
A B

+ =
+

−1
 4. sin(A – B) = sinA cosB – cosA sinB
 5. cos(A – B) = cosA cosB + sinA sinB

 6. tan( )
tan tan

tan tan
A B

A B
A B

− =
−

+1

 7. cot( )
cot cot

cot cot
A B

A B
A B

+ =
−

+
1

 8. cot( )
cot cot

cot cot
A B

A B
B A

− =
+

−
1

 9. sin(A + B) sin(A – B) = sin2A – sin2B
 10. cos(A + B) cos(A – B) = cos2A – sin2B
 11. sin(A + B + C) = sin A cos B cos C + cos A sin B cos 

C + cos A cos B sin C – sin A sin B sin C
  (Σ (one sine and two cos) – three sines)
  or
   = cosA cosBcosC(tanA + tanB + tanC – tanA tanB 

tanC)
 12. cos (A + B + C) = cos A cos B cos C – sin A sin B cos 

C 
  – sin A cos B sin C – cos A sin B sin C (three cos – 

Σ(one cos and two sine))
  or
  = cos A cosB cosC(1 – tanA tanB – tanB tanC – tanC 

tanA)

Chapter 25.indd   6 5/4/2016   11:30:01 AM



Trigonometric Ratios and Identities  25.7

	 13.	 tan( )
tan tan tan tan tan tan

tan tan tan tan
A B C

A B C A B C
A B B C

+ + =
+ + −

− − −1 ttan tanC A

	 14.	 tanA + tanB + tanC – tanA tanB tanC

=
+ +sin ( )

cos cos cos

A B C
A B C

	 15.	 1 – tanA tanB – tanB tanC – tanC tanA

=
+ +cos( )

cos cos cos

A B C
A B C

	 16.	 tan
tan

tan

π
4

1

1
+






 =

+
−

A
A

A

	 17.	 tan
tan

tan

π
4

1

1
−






 =

−
+

A
A

A
	 18.	 sin(A

1
 + A

2
 + ... + An) = cosA

1
 cosA

2
 ... cosAn (S

1
 – S

3
 

+ S
5
 – ...)

	 19.	 cos(A
1
 + A

2
 + ... + An) = cosA

1
 cosA

2
 ... cosAn (1 – S

2
 

+ S
4
 – S

6
 + ...)

	 20.	 tan( )A A A
S S S
S S Sn1 2 1

+ + + =
− + −

− + − +
�

�
�

1 3 5

2 4 6

		  	where S
1
 = Σ tanA

1
, S

2
 = Σ tanA

1
 tanA

2
, 

		  	 S
3
 = Σ tanA

1
 tanA

2
 tanA

3
 and so on.

	 21.	 sin α + sin (α + β) + sin (α + 2β) + ... + sin (α + (n – 
1) β)

=
+ −






 








sin ( )

sin
sin

α β

β
β

n
n

1
2

2
2

		  If β = α, then

		

sin sin , , sin

sin sin

sin
α α

α

α
+ + + =

+





×

2

1

2 2

2

… n

n n

	 22.	 cos α + cos(α + β) + cos(α + 2β) + ,..., + cos(α + 
(n – 1)β )

=
+ −






 








cos ( )

sin
sin

α β

β
β

n
n

1
2

2
2

		  If β = α, then

	        

cos cos , , cos

cos ( ) sin

sin
α α α

α α

α
+ + + =

+





×

2

1
2 2

2

… n
n

n

Transformation  Formulae

Product into Sum or Difference

	 1.	 2 sinA cosB = sin(A + B) + sin(A – B), A > B
	 2.	 2 cosA sinB = sin(A + B) – sin(A – B), A > B
	 3.	 2 cosA cosB = cos(A + B) + cos(A – B)
	 4.	 2 sinA sinB = cos(A – B) – cos(A + B)

Sum and Difference into Product

	 1.	 sin sin sin cosC D
C D C D

+ =
+








−





2

2 2

	 2.	 sin sin cos sinC D
C D C D

− =
+








−





2

2 2

	 3.	 cos cos cos cosC D
C+D C D

+ = 







−





2

2 2

	 4.	 cos cos sin sinC D
C D C D

− = −
+








−





2

2 2

	 5.	 tan tan
sin ( )

cos cos
C D

C D
C D

+ =
+

	 6.	 tan tan
sin ( )

cos cos
C D

C D
C D

− =
−

	 7.	 cot cot
sin ( )

sin sin
C D

C D
C D

+ =
+

	 8.	 cot cot
sin ( )

sin sin
C D

D C
C D

− =
−

Trigonometric Ratios of Multiple 
Angles

(An Angle of the form nθ, n ∈ I)

	 1.	 sin sin cos
tan

tan
2 2

2

1 2
θ θ θ

θ
θ

= =
+

	 2.	 cos 2θ = cos2θ – sin2θ = 2 cos2θ – 1

		  	
= − =

−
+

1 2
1

1
2

2

2
sin

tan

tan
θ

θ
θ

	 3.	 tan
tan

tan
2

2

1 2
θ

θ
θ

=
−

	 4.	 cot
cot

cot
2

1

2

2

θ
θ
θ

=
−
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	 5.	 1 2 2
1

2
1 22 2+ = = +cos cos , cos ( cos )θ θ θ θ

	 6.	 1 2 2
1

2
1 22 2− = = −cos sin , sin ( cos )θ θ θ θ

	 7.	 sin 3θ = 3sin θ – 4 sin3θ, sin3 1

4
θ = (3 sinθ – sin3θ)

		  	 = 4 sin(60° – θ)sinθ sin(60° + θ)

	 8.	 cos 3θ = 4 cos3θ – 3 cosθ, cos3 1

4
θ =  (cos 3θ + 3 cosθ)

		  	 = 4 cos(60° – θ) cosθ  cos(60° + θ)
		  	 = 4 cos(120° – θ) cosθ  cos (120° + θ)

	 9.	 tan
tan tan

tan
3

3

1 3

3

2
θ

θ θ
θ

=
−

−
		  	 = tan (60° – θ) tanθ tan (60° + θ)

	 10.	 cot
cot cot

cot
3

3

3 1

3

2
θ

θ θ
θ

=
−

−

	 11.	 cos A cos 2A cos 22A ... cos 2n – 1 A
A
A

n

n
=

sin

sin

2

2

Trigonometric Ratios of 
Submultiple Angles

(An Angle of the form 
θ
n

,  n ∈ I)

	 1.	 sin sin cos
tan /

tan /
θ

θ θ θ
θ

= =
+

2
2 2

2 2

1 22

	 2.	 cos cos sin cos sin

tan

tan

θ
θ θ θ θ

θ

θ

= − = − = −

=
−

+

2 2 2 2

2

2

2 2
2

2
1 1 2

2

1 2
1 2

	 3.	 tan
tan

tan
θ

θ

θ
=

−

2 2
1 2

2

	 4.	 cot
cot

cot
θ

θ

θ
=

−2

2
1

2 2

	 5.	 cos
cos2

2

1

2

θ θ
=

+

	 6.	 sin
cos2

2

1

2

θ θ
=

−

	 7.	 tan
cos

cos
2

2

1

1

θ θ
θ

=
−
+

	 8.	 cot
cos

cos
2

2

1

1

θ θ
θ

=
+
−

	 9.	
1

2

−
=

cos

sin
tan

θ
θ

θ

	 10.	 1

2

+
=

cos

sin
cot

θ
θ

θ

	 11.	 sin cos sin cos
θ θ π

θ θ
π

2 2
2

4
2

4
± = ±






 =







∓

Trick(s) for Problem Solving

	 sin cos sin
A A

A
2 2

1+ = +

	 or sin cos sin
A A

A
2 2

1+ = ± +

	 i.e., 
+ − ≤ ≤ +
−




, / / /

,

If

other wise

2 4 2 2 3 4n A nπ π π π

	 sin cos sin
A A

A
2 2

1− = −

	 or sin cos sin
A A

A
2 2

1−





 = ± −

	 i.e., 
+ − ≤ ≤ +
−




, / / /

,

If

other wise

2 4 2 2 5 4n A nπ π π π

	 (i)  tan
tan

tan

A A

A2

1 12

=
± + −

		

= ±
−
+

=
−

1

1

1

cos

cos

cos

sin

A

A

A

A

	 where  A ≠ (2n + 1)π

	 (ii)  cot
cos

cos

A A

A2

1

1
= ±

+
−

		
=

+1 cos

sin

A

A

fig. 25.7

		  where A ≠ 2nπ
The ambiguities of signs are removed by locating the quad-

rant in which 
A

2
 lies or you can follow the adjoining figure.
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fig. 25.8

Greatest and Least Values of the 
Expression

a sinθ + b cosθ
Let  a = r cosα, b = r sin α, then 

a2 + b2 = r2 or r a b= +2 2

Then a sinθ + b cosθ = r(sinθ cosα + cosθ sinα)

= r sin(θ +α)
But –1 ≤ sin(θ + α) ≤ 1, so
		  –r ≤ r sin(θ + α) ≤ r 

or − + ≤ + ≤ +a b a b a b2 2 2 2sin cosθ θ

Thus, the greatest and least values of a sinθ + b cosθ are 
a b2 2+  and –  a b2 2+  respectively.

Trick(s) for Problem Solving

sin2x + cosec2x ≥ 2, for every real x

cos2x + sec2x ≥ 2, for every real x

tan2x + cot2x ≥ 2, for every real x

Conditional Identities

When the angles A, B and C satisfy a given relation, many 
interesting identities can be established connecting the 
trigonometric functions of these angles. In providing these 
identities, we require the properties of complementary and 
supplementary angles. For example, if A + B + C = π, then
	 1.	 sin(B + C) = sinA, cosB = –cos(C + A)

	 2.	 cos(A + B) = –cosC, sin C = sin(A + B)
	 3.	 tan(C + A) = tan B, cot A = –cot(B + C)

	 4.	 cos sin , cos sin
A B C C A B+

= =
+

2 2 2 2

	 5.	 sin cos , sin cosC A B A B C+
= =

+
2 2 2 2

	 6.	 tan cot , tan cot
B C A B C A+

= =
+

2 2 2 2

Remember

If A + B + C = π, then

	 sin2A + sin2B + sin2C = 4sinA sinB sinC

	 cos2A + cos2B + cos2C = – 1 – 4 cos A cosB cosC

	 tan A + tanB + tanC = tanA tanB tanC

	 cot A cotB + cotB cotC + cotC cotA = 1

	 cot cot cot cot cot cot
A B C A B C

2
+ + =

2 2 2 2 2

	 tan tan tan tan tan tan
A B B C C A

2 2 2 2 2 2
1+ + =

	 sin sin sin cos cos cosA B C
A B C

+ + = 4
2 2 2

	 cos cos cos sin sin sinA B C
A B C

+ + = +1 4
2 2 2

Graphs of Trigonometric Functions

	 1.	 Graph of y = sin x

Fig. 25.9

	 2.	 Graph of y = cos x

Fig. 25.10
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25.10  Chapter 25

	 3.	 Graph of y = tanx

Fig. 25.11

	 4.	 Graph of y = cotx

Fig. 25.12

	 5.	 Graph of y = secx and y = cosecx

Fig. 25.13

Fig. 25.14

	 6.	 Graph of y = 3 sin 2x

Fig. 25.15

		  Since the period of sinx is 2π. Therefore, the period of 

sin 2x is 
2

2

π
π= .  Also, –3 ≤ 3 sin2x ≤ 3. The graph 

of y = 3 sin2x is drawn for a period 0 ≤ x ≤ π. The 
complete graph is simply the repetition of the portion.

		  	 In a similar way the graphs of other trigonometric 
functions can be drawn.
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Single Option Correct Type

	 8. 	 If e–π/2 < θ < π/2, then

		  (A)	cos logθ < log cosθ
		  (B)  cos logθ > log cosθ
		  (C)	 cos logθ ≤ log cosθ
		  (D)	none of these

	 9.	 sinθ = +










1

2

x
y

y
x

 necessarily implies

		  (A)	x > y
		  (B)  x < y
		  (C)	x = y
	 	 (D)	both x and y are purely imaginary

	10.	 If xy + yz + zx = 1, then 
x y

xy
+
−

=∑
1

		  (A)	
4

xyz
			   (B) 

1

xyz

		  (C)	xyz			   (D)  none of these

	11.	 cos 12° cos 24° cos 36° cos 48° cos 72° cos 96° equals

		  (A)	 −
1

26
			   (B)  1

28

		  (C)	 1

27
			   (D)  −

1

27

	12. 	 If α β γ
π

, , ∈





0

2
, ,  then 

sin ( )

sin sin sin

α β γ
α β γ

+ +
+ +

 is

		  (A)	< 1			   (B)  > 1
		  (C)	= 1			   (D)  none of these

	13.	 If cos sin sin sin ,θ θ θ α+ +{ } ≤2 2 k  then the value 

of k is

		  (A)	 1 2+ cos α 		  (B)  1 2+ sin α

		  (C)	 2 2+ sin α 		  (D)  2 2+ cos α

	14. 	The maximum value of (cos a
1
) (cos a

2
) . . .(cos an) 

under the restrictions 0 ≤ a
1
, a

2
, . . . , α

π
n ≤ 2

 and (cot 
a

1
) (cot a

2
) . . . (cot a

n
) = 1 is

		  (A)	
1

2 2
n 			   (B) 

1

2n

		  (C)	
1

2n
			   (D)  1

EXERCISES 

	 1.	 The value of cos a cos 2a cos 3a ....cos 999 a, where 

a =
2

1999

π
,  is

		  (A)	 1

299
			   (B)  1

2999

		  (C)	
1

29999
			   (D) 

1

21999

	 2.	 Let a a1

8

2

8

8 8
= 





 = 






tan , tan ,

tan cotπ π
π π

	 a a3

8

4

8

8 8
= 





 = 






cot , cot

tan cotπ π
π π

 Then,

		  (A)	a
4
 > a

3
 > a

2
 > a

1
		  (B)  a

3
 > a

4
 > a

2
 > a

1

		  (C)	a
4
 > a

3
 > a

1
 > a

2
		  (D)  a

3
 > a

1
 > a

2
 > a

4

	 3. 	 If x cos23θ + y cos4θ = 16 cos6θ + 9 cos2θ be an iden-
tity, then

		  (A)	x = –1, y = 24		  (B)  x = 1,  y = 24
		  (C)	x = 24, y = 1		  (D)  none of these

	 4.	 |tanθ + secθ | = |tan θ | + |secθ |, 0 ≤ θ ≤ 2π is possible 
only if

		  (A)	θ π
π

∈ − 






[ , ]0
2

		 (B)  θ ∈ [0, p]

		  (C)	 θ
π

∈ 




0

2
, 		  (D)  none of these

	 5.	 If sinθ, sinϕ and cosθ are in G.P., then the roots of the 
equation x2 + 2x cot ϕ + 1 = 0 are always

		  (A)	real			   (B)  imaginary
		  (C)	 equal			   (D)  greater than 1

	 6. 	 If cos 25° + sin 25° = k, then cos 50° is equal to

		  (A)	 k k2 2− 		  (B)  − −2 2k

		  (C)	 2 2− k 			  (D)  − −k k2 2

	 7. 	 If 
2

1

1

1

sin

cos sin

cos sin

sin

α
α α

α α
α+ +

=
− +

+
=…x then

		  (A)	
1

x
			   (B)  x

		  (C)	1 – x			   (D)  1 + x
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25.12  Chapter 25

	15.	 The inequality 2 2 2
1

1

2sin cosθ θ+ ≥
−










 holds for

		  (A)	0 ≤ θ < π		  (B)  π ≤ θ < 2π
		  (C)	 for all real θ		  (D)  none of these

	16.	 The expression 2sinθ + 2–cosθ is minimum when θ is 
equal to

		  (A)	 2
4

n n Iπ
π

+ ∈, 		  (B)  2
7

4
n n Iπ

π
+ ∈,

		  (C)	 n n Iπ
π

± ∈
4

, 		  (D)  none of these

	17.	 If x
x

n
n

+ =
+

1

1

2
, then cos

....
( )

1
1 10

2

1 2 3
0

−

∞












− < <

x

x x x
x

to
 

is equal to

		  (A)	x
0
			   (B)  1/x

0

		  (C)	1			   (D)  –1

	18.	 If 0 < θ < π, then

		  (A)	 1
2

+ ≤cot cotθ
θ

 		 (B)  1
2

+ ≥cot cotθ
θ

		  (C)	 1
2

+ ≥cot cot
θ

θ 		  (D)  1
2

+ ≤cot cot
θ

θ

	19.	 If cos (θ – α) = a and sin (θ – β) = b (0 < θ – α, θ –β < 
π/2), then cos2 (α – β) + 2ab sin (α –β) is equal to

		  (A)	a2 – b2		  	 (B)  a2 + b2

		  (C)	2a2b2			   (D)  a2 b2

	20.	 If in the triangle ABC
A B C

, tan , tan tan
2 2 2

and  are in 

harmonic progression, then the least value of cot
B
2

 is

		  (A)	 2 			   (B)  3
		  (C)	2			   (D)  none of these

	21.	 If x sin a + y sin 2a + z sin 3a = sin 4a x sin b + 
y sin 2b + z sin 3b = sin 4b x sin c + y sin 2c + z 
sin 3c = sin 4c,  then the roots of the equation 

t
z
t

y z x3 2

2

2

4 8
0− −

+
+

−
= ; a, b, c ≠ nπ; are

		  (A)	sin a, sin b, sin c
	 	 (B)	 cos a, cos b, cos c
		  (C)	 sin 2a, sin 2b, sin 2c
		  (D)	cos 2a, cos 2b, cos 2c

	22.	 If a sin x + b cos (x + θ) + b cos (x – θ) = d, then the 
minimum value of | cosθ | is

		  (A)	
1

2
2 2

| |a
d a− 		  (B) 

1

2
2 2

| |b
d a−

		  (C)	
1

2
2 2

| |b
a d− 		  (D)  none of these

	23.	 If sin cosθ θ+ =
7

2
 and 0 < θ < π/6, then tan

θ
2







  

equals

		  (A)	 7 2− 			   (B) 
1

3
7 2( )−

		  (C)	 2 7− 			   (D) 
1

3
2 7( )−

	24.	 If sin (θ + α) = a and sin ( , ,θ β α β θ
π

+ = < <





b 0

2
 

then cos2 (α – β) – 4ab cos (α – β) is equal to

		  (A)	1 – 2a2 – 2b2		  (B)  1+ 2 a2 + 2b2

		  (C)	1– a2 – b2		  (D)  none of these

	25.	 If sin x + cosec x + tan y + cot y = 4, where x and 

y∈ 





0
2

, ,
π

 then tan
y
2

 is a root of the equation

		  (A)	a2 + 2α + 1 = 0		  (B)  a2 + 2α – 1 = 0
		  (C)	2a

2
 – 2α – 1 = 0		  (D)  none of these

	26.	 The value of 2 sin2θ + 4 cos (θ + α) sin α sin θ + cos 2 
(α + θ) is

		  (A)	cosθ + cosα		  (B)  independent of θ
		  (C)	 independent of α	 	 (D)  none of these

	27.	 The value of cos θ ⋅ cos 2θ ⋅ cos 22θ ... cos 2n – 1θ for 

θ
π

=
+2 1n

 is

		  (A)	1			   (B)  1

2n

		  (C)	2n			   (D)  none of these

	28.	 The sum of the series sinθ ⋅ sec3θ + sin 3θ ⋅ sec32θ + 
sin 32θ sec33θ + ... up to n terms is

		  (A)	
1

2
3(tan tan )nθ θ− 	 (B)  (tan 3nθ – tanθ)

		  (C)	 tan3nθ – tan3n – 1θ		 (D)  none of these

	29.	 If x
1
, x

2
, x

3
, ..., x

n
 are in A.P. whose common difference 

is α, then the value of sin α [sec x
1
 sec x

2
 + sec x

2
 sec 

x
3
 + … + sec x

n–1
 sec x

n
] is equal to

		  (A)	
sin

cos cos

n
x xn

α

1

		  (B) 
sin ( )

cos cos

n
x xn

−1

1

α

		  (C)	
sin ( )

cos cos

n
x xn

+1

1

α
		  (D)  none of these
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	30.	 If cos 5θ = a cosθ + b cos 3θ + c cos 8θ + d, then 

		  (A)	a = 20 			   (B)  b = –20 
		  (C)	c = 16 			   (D)  d = 5

	31.	 If 
sin

sin

cos

cos
, ,

α
β

α
β

α β
π

= = < < <
3

2

5

2
0

2
and  then

		  (A)	tan α = 1		  (B)  tanα =
3

5

		  (C)	 tan β =
3

5
		  (D)  tan β = 1

	32. 	 If sin x + cos x + tan x + cot x + sec x + cosec x = 7 and 

sin ,2 7x a b= −  then 

		  (A)	a = 8			   (B)  b = 22
		  (C)	a = 22			   (D)  b = 8

	33. 	Let n be an odd integer. If sin sin ,n br
r

r

n

θ θ=
=
∑

0

 for 

every value of θ, then

		  (A)	b
0
 = 0			   (B)  b

0
 = n

		  (C)	b
1
 = 0			   (D)  b

1
 = n

	34.	 If α and β be the solutions of a cosθ + b sinθ = c, then

		  (A)	 sin sinα β+ =
+

2
2 2

bc
a b

		  (B)	 sin sinα β =
−
+

c a
a b

2 2

2 2

		  (C)	 sin sinα β+ =
+

2
2 2

ac
b c

		  (D)	 sin sinα β⋅ =
−
+

a b
b c

2 2

2 2

	35.	 Let n be a fixed positive integer such that

		  sin cos ,
π π
2 2 2n n

n





 +







 =  then

		  (A)	n = 4			   (B)  n = 5
		  (C)	n = 6			   (D)  none of these

	36.	 If a cos2 3α + b cos4 α = 16 cos6 α + 9 cos2 α is iden-
tity, then

		  (A)	a = 1			   (B)  a = 24
		  (C)	b = 1			   (D)  b = 24

	37.	 If A and B are acute angle such that A + B and A – B 
satisfy the equation tan2θ – 4 tanθ + 1 = 0, then

		  (A)	 A =
π
4

			   (B)  B =
π
6

		  (C)	 A =
π
6

			   (D)  B =
π
4

	38.	 For 0 < ϕ < π/2, if x yn

n

n

n

= =
=

∞

=

∞

∑ ∑cos , sin ,2

0

2

0

φ φ  and 

z n

n

n=
=

∞

∑ cos sin ,2

0

2φ φ  then xyz =

		  (A)	xy + z			   (B)  xz + y
		  (C)	x + y + z			  (D)  yz + x

	39.	 Let fn ( ) tan ( sec )( sec )( sec )θ
θ

θ θ θ= + + +
2

1 1 2 1 4  ....

(1 + sec2n θ), then

		  (A)	 f2 16
1

π





 = 		  (B)  f3 32

1
π






 =

		  (C)	 f4 64
1

π





 = 		  (D)  f5 128

1
π






 =

	40.	 If (a – b) sin (θ + ϕ) = (a + b) sin (θ – ϕ) and 

a b ctan tan ,
θ φ
2 2
− =  then

		  (A)	b tan ϕ = a tan θ
		  (B)	a tan ϕ = b tan θ

		  (C)	 sinφ =
− −
2

2 2 2

bc
a b c

		  (D)	 sinθ =
− +
2

2 2 2

ac
a b c

	41.	 If α, β and γ are connected by the relation 2 tan2 α 
tan2β tan2γ  + tan2α tan2β + tan2β tan2γ  + tan2γ tan2 α = 
1, then

		  (A)	sin2α + sin2β + sin2γ  = 1
		  (B)	 cos2α + cos2β + cos2γ  = 2
		  (C)	 cos 2α + cos 2β + cos 2γ  = 1
		  (D)	cos (α + β) cos (α – β) = –cos2γ

More than One Option Correct Type
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	42.	

Column-I Column-II

	 I.	 If 8 33

0

sin sin cosθ θ α θ=
=
∑ k
k

n

k  is an 

identity in θ, where a
k
’s are constants, 

then n =

	(A)	 0

	 II.	 If α β
π

cos cosA A= +





 =

2

3

		  γ
π

cos ,A+







4

3
then aβ + bγ + gα = 

	(B)	 1

	III.	 The number of all possible 5-tuples 
(a

1
, a

2
, a

3
, a

4
, a

5
) such that a

1
 + a

2
 sin x 

+ a
3
 cos x + a

4
 sin 2x + a

5
 cos 2x = 0 

holds for all x is

	(C)	 6

	IV.	 The value of 

		  sin cos
2

11

2

111

10 p
i

p

p

π π
−








=
∏  is

	(D)	 -1

	43.	

Column-I Column-II

	 I.	 If sinθ = 3 sin (θ + 2α), then the value 
of tan (θ + α) + 2 tan α is

	(A)	 0

	 II.	 If p sinθ + q cosθ = a and p cosθ – 

q sinθ = b then 
p a
q b

q b
p a

+
+

+
−
−

+1 is 

equal to

	(B)	 1

	III.	 The value of the expression 

cos cos cos sin
π π π π
7

2

7

10

7 14
−

		  sin sin
3

14

5

14

π π
⋅  is

	(C)	 sec θ

	IV.	 If secθ + tanθ = 1, then one root of the 
equation (a – 2b + c)x2 + (b – 2c + a)x 
+ (c – 2a + b) = 0 is

	(D)	 −
1

4

	44.	

Column-I Column-II

	 I.	 Least ratio of the sides of regular 
n-sided polygon inside and outside the 
unit circle is

	(A)	 1

	 II.	 The tangents of two acute angles are 
3 and 2. The sine of twice their differ-
ence is

	(B)	 0

	III.	 If n =
π
α4

,  then tan α tan 2α tan 3α ... 

tan (2n – 1)α is equal to

	(C)	
1

2

	IV.	 If x y z= =cos cos ,
2

3

4

3

π π
 then xy + 

yz + zx =

	(D)	
7

25

	 V.	 The ratio of the greatest value of 2 – 
cos x + sin2x to its least value is 	(E)	

13

4

	45.	

Column-I Column-II

	 I.	 The value of  
2

15

4

15

8

15

14

15

π π π π
cos cos cos ⋅ 

is

	(A)	
2

1

	 II.	 If A and B be acute positive angles sat-
isfying 3sin2 A + 2 sin2 B = 1 and 3 sin 
2A – 2 sin 2B = 0, then cos (A + 2 B) =

	(B)	
1

16

	III.	 The number of integral values of k for 
which the equation 7 cos x + 5 sin x = 
2 k + 1 has a solution is

	(C)	 0

	IV.	 If A = tan 27 θ – tanθ and

		  B
A
B

= + + =
sin

cos

sin

cos

sin

cos

θ
θ

θ
θ

θ
θ3

3

9

9

27
then

	(D)	 8

	46.	

Column-I Column-II

	 I.	 If α , β, γ and δ are four solutions of 

the equation tan tan ,θ
π

θ+





 =4

3 3  

no two of which have equal tangents, 
then the value of tan α + tan β + tan γ 
+ tan δ is 

	(A)	 2

	 II.	 If 
cos( )

cos( )

cos( )

cos( )
,

θ θ
θ θ

θ θ
θ θ

1 2

1 2

3 4

3 4

0
−
+

+
+
−

=

		  then tan θ
1 
tan q

2
 tan q

3
 tan θ

4
 =

	(B)	 3

	III.	 If sec (α – β), sec α and sec (α + β) 
are in A. P. (with β ≠ 0 ), then 

		  cos secα
β
2
=

	(C)	 -1

Match the Column Type
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	 II.	 tan 9º – tan 27º – tan 63º + tan 81º is 
equal to 	(B)	

1

8

	III.	
1

290

1

3 250cos sin°
+

°
 is equal to

	(C)	 4

	IV.	 sin sin sin
π π π
18

5

18

7

18
⋅  is equal to 	(D)	 4

3

	IV.	 If α α β π=
−

−
< < <

2 1

2
0

cos

cos
( ),

β
β

 

then tan /

tan /

α
β

2

2
 is equal to

	(D)	 0

	47.	

Column-I Column-II

	 I.	 tan α + 2 tan 2α + 4 tan 4α + 8 cot 8α 
– cot α + 1 is equal to

	(A)	 1

Previous Year's Questions

	48.	 In a triangle ABC, 2ca sin
A B C− +

2
 is equal to:

� [2002]

		  (A)	a2 + b2 − c2		  (B)  c2 + a2 − b2

		  (C)	b2 − c2 − a2		  (D)  c2 − a2 − b2

	49.	 sin
( )

2

2

4
θ =

+
xy

x y  is true if and only if:� [2002]

		  (A)	x + y ≠ 0		  (B)  x = y, x ≠ 0, y ≠ 0
		  (C)	x = y			   (D)  x ≠ 0, y ≠ 0

	50.	 The value of 
1 15

1 15

2

2

− °
+ °

tan

tan
 is:� [2002]

		  (A)	1			   (B)  3

		  (C)	
3

2
			   (D)  2

	51.	 If tan ,θ = −
4

3
 then sinθ is:� [2002]

		  (A)	 −
4

5

4

5
but not 		  (B)  −

4

5

4

5
or

		  (C)	
4

5

4

5
but not − 		  (D)  none of these

	52.	 If sin( ) , sin( ) ,α β α β+ = − =1
1

2
 then tan(α + 2β) tan 

(2α + β) is equal to:� [2002]

		  (A)	1			   (B)  −1
		  (C)	 zero			   (D)  none of these

	53.	 If y = sin2θ + cosec2θ, θ ≠ 0 then:� [2002]

		  (A)	y = 0			   (B)  y ≤ 2
		  (C)	y ≥ −2			   (D)  y ≥ 2

	54.	 In a triangle ABC, a = 4, b = 3, ∠A = 60°, then c is the 
root of the equation:� [2002]

		  (A)	c2 − 3c − 7 = 0		  (B)  c2 + 3c + 7 = 0
		  (C)	c2 − 3c + 7 = 0		  (D)  c2 + 3c − 7 = 0

	55.	 In a ∆ = =ABC
A C

, tan , tan ,
2

5

6 2

2

5
 then:� [2002]

		  (A)	a, c, b are in AP		  (B)  a, b, c are in AP
		  (C)	b, a, c are in AP		  (D)  a, b, c are in GP

	56.	 The equation a sin x + b cos x = c where | |c a b> +2 2  
has:� [2002]

		  (A)	a unique solution
		  (B)	 infinite number of solutions
		  (C)	no solution
		  (D)	none of the above

	57.	 If α is a root of 25 5 12 0
2

2cos cosθ θ
π

α π+ − = < <  then 

sin 2α is equal to :� [2002]

		  (A)	
24

25
			   (B)  −

24

25

		  (C)	
13

18
			   (D)  −

13

18

	58.	 If in a triangle ABC a
C

c
A b

cos cos
,

2 2

2 2

3

2







+ 





=  then 

the sides a, b and c� [2003]

		  (A)	are in A.P.		  (B)  are in G.P.
		  (C)	 are in H.P.		  (D)  satisfy a + b = c

	59.	 Let α, β be such that π < α − β < 3π. If sin sinα β+ = −
21

65

and cos cos ,α β+ = −
27

65
 then the value of cos

α β−
2

 is

� [2004]

		  (A)	 −
3

130
			   (B) 

3

130

		  (C)	
6

65
			   (D)  −

6

65

	60.	 If u a b a b= + + +2 2 2 2 2 2 2 2cos sin sin cos ,θ θ θ θ  then 
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the difference between the maximum and minimum 
values of u2 is given by� [2004]

		  (A)	 2 2 2( )a b+ 		  (B)  2 2 2a b+
		  (C)	 (a + b)2			   (D)  (a − b)2

	61.	 The sides of a triangle are sinα, cosα and 1+ sin cosα α  

for some 0
2

< <α
π

.  Then the greatest angle of the tri-

angle is� [2004]

		  (A)	60°			   (B)  90°
		  (C)	120°			   (D)  150°

	62.	 In a triangle PQR, ∠ =














R If

P
and

Qπ
2 2 2

. tan tan  are 

the roots of ax2 + bx + c = 0, a ≠ 0 then� [2005]

		  (A)	a = b + c			  (B)  c = a + b
		  (C)	b = c			   (D)  b = a + c

	63.	 In a triangle ABC, ∠ =C
π
2

 If r is the inradius and R is 

the circumradius of the the triangle ABC, then 2 (r + 
R) equals� [2005]

		  (A)	b + c			   (B)  a + b
		  (C)	a + b + c			  (D)  c + a

	64.	 If the roots of the quadratic equation x2 + px + q = 0 are 
tan 30° and tan l5°, respectively then the value of 2 + 
q − p is� [2006]

		  (A)	2			   (B)  3
		  (C)	0			   (D)  1

	65.	 The number of values of x in the interval [0, 3π] satis-
fying the equation 2 sin2x + 5sinx − 3 = 0 is� [2006]

		  (A)	4			   (B)  6
		  (C)	1			   (D)  2

	66.	 A triangular park is enclosed on two sides by a fence 
and on the third side by a straight river bank. The two 
sides having fence are of same length x. The maximum 
area enclosed by the park is� [2006]

		  (A)	
3

2
2x 			   (B) 

x3

8

		  (C)	
1

2
2x 			   (D)  π x2

	67.	 If 0
1

2
< < + =x x xand cos sin ,  then tan x is� [2006]

		  (A)	
( )1 7

4

−
			  (B) 

( )4 7

3

−

		  (C)	 −
+( )4 7

3
		  (D) 

( )1 7

4

+

	68.	 Let A and B denote the statements� [2009]

		  A: cosα + cosβ + cosλ = 0

		  B: sinα + sinβ + sinλ = 0

		  If cos( ) cos( ) cos( ) ,β λ β α α β− + − + − = −
3

2
 then

		  (A)	A is true and B is false
		  (B)	A is false and B is true
		  (C)	both A and B are true
		  (D)	both A and B are false

	69.	 Let

		  cos( ) sin ( ) , , ,α β α β α β
π

+ = − = ≤ ≤
4

5

5

13
0

4
and where  

then tan 2α =� [2010]

		  (A)	
56

33
			   (B) 

19

12

		  (C)	
20

7
			   (D) 

25

16

	70.	 For a regular polygon, let r and R be the respective 
radii of the inscribed and the circumscribed circles. A 
false statement among the following is� [2010]

		  (A)	There is a regular polygon with 
r
R

=
1

2

		  (B)	There is a regular polygon with 
r
R

=
2

3

		  (C)	There is a regular polygon with 
r
R

=
3

2

		  (D)	There is a regular polygon with 
r
R

=
1

2

	71.	 If A = sin2x + cos4x then, for all real values of x, 
� [2011]

		  (A)	
13

16
1≤ ≤A 		  (B)  1 2≤ ≤A

		  (C)	
3

4

13

16
≤ ≤A 		  (D) 

3

4
1≤ ≤A

	72.	 In a ΔPQR, if 3 sin P + 4 cos Q = 6 and 4 sin Q + 3 cos 
P = 1, then the angle R is equal to� [2012]

		  (A)	 ⋅

5

6

π
			   (B)  ⋅

π
6

		  (C)	 ⋅

π
4

			   (D)  ⋅

3

4

π

	73.	 ABCD is a trapezium such that AB and CD are parallel 
and BC CD⊥ . If angle ADB = B , BC = P and CD = q, 
then AB is equal to� [2013]

		  (A)	
p q

p q

2 2+
+

cos

cos sin

θ
θ θ

		  (B) 
p q

p q

2 2

2 2

+
+cos sinθ θ

		  (C)	
( )sin

( cos sin )

p q
p q

2 2

2

+
+

θ
θ θ

		 (D) 
( )sin

cos sin

p q
p q

2 2+
+

θ
θ θ

Chapter 25.indd   16 5/4/2016   11:30:24 AM



Trigonometric Ratios and Identities  25.17

Single Option Correct Type

	 1.  (B)	 2.  (C)	 3.  (B)	 4.  (A)	 5.  (A)	 6.  (A)	 7.  (B)	 8.  (B)	 9.  (C)	 10.  (B)
11.  (A)	 12.  (A)	 13.  (B)	 14.  (A)	 15.  (C)	 16.  (B)	 17.  (A)	 18.  (A)	 19.  (B)	 20.  (B)
21.  (B)	 22.  (B)	 23.  (B)	 24.  (A)	 25.  (B)	 26.  (B)	 27.  (B)	 28.  (A)	 29.  (B)

More than One Option Correct Type

	30.  (b, c)	 31.  (b, d)	 32.  (c, d)	 33.  (a, d)	 34.  (a, b)	 35.  (b, c)	 36.  (a, d)	 37.  (a, b)	 38.  (a, c)
	39.  (a, b, c, d)	 40.  (b, c, d)	 41.  (a, b, c)

Match the Column Type

	42.  I ↔ (C), II ↔ (A), III ↔ (B), IV ↔ (E)		  43.  I ↔ (B), II ↔ (B), III ↔ (D), IV ↔ (C)
	44.  I ↔ (D), II ↔ (A), III ↔ (B), IV ↔ (E)		  45.  I ↔ (B), II ↔ (C), III ↔ (D), IV ↔ (A)
	46.  I ↔ (D), II ↔ (C), III ↔ (A), IV ↔ (B)		  47.  I ↔ (A), II ↔ (C), III ↔ (D), IV ↔ (B)

Previous Year's Questions

	48.  (B)	 49.  (B)	 50.  (C)	 51.  (B)	 52.  (A)	 53.  (D)	 54.  (A)	 55.  (A)	 56.  (C)	 57.  (B)
	58.  (A)	 59.  (A)	 60.  (D)	 61.  (C)	 62.  (B)	 63.  (B)	 64.  (B)	 65.  (A)	 66.  (C)	 67.  (C)
68.  (C)	 69.  (A)	 70.  (B)	 71.  (D)	 72.  (B)	 73.  (D)	 74.  (A)	 75.  (D)

Answer keys

	74.	 The expression 
tan

cot

cot

tan

A
A

A
A1 1−

+
−

 can be written as

� [2013]

		  (A)	secA cosecA + 1		  (B)  tanA + cotA
		  (C)	 secA + cosecA		  (D)  sinA cosA + 1

	75.	 Let f x
k

x xk
k k( ) (sin cos )= +

1
 where x R k∈ ≥and 1 then, 

the value of f x f x4 6( ) ( )−  equals� [2014]

		  (A)	
1

6
			   (B) 

1

3

		  (C)	
1

4
			   (D) 

1

12
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25.18  Chapter 25

	 1.	 Let P = cos a cos 2a cos 3a ... cos (999a)

		  Let Q = sin a sin 2a sin 3a ... sin (999 a)

		  Thus, 2999 PQ = 2 sin a cos a) (2 sin 2a cos 2a)

		  (2 sin 3a cos 3a)...

		  (2 sin (999 a) cos (999 a)

		  = sin 2a sin 4a sin 6a ... sin (1998 a)

		  = (sin 2a sin 4a sin 6a ... sin 998 a) 

		  [–sin (2π – 1000 a)] [–sin (2π – 1002a)]....

		  [–sin (2π –1998a)]

		  = sin 2a sin 4a ... sin 998 a sin 999 a 

		  sin 997 a ... sin a

		  = Q [ ∴  2π = 1999a]

		  Clearly, Q ≠ 0

		  ∴ = ⇒ =2
1

2
999

999
PQ Q P

	 2.	 For α >1, the function y = ax is an increasing function

		  Since 0
8 4

< <
π π

		  ∴ > >cot cot tan
π π π
8 4 8

		  ⇒  a
4
 > a

3
� (1)

		  For α < 1, the function y = ax is a decreasing function.

		  ∴  a
2
 < a

1
� (2)

		  Again, cot tan
π π
8

1
8

0> > >

		  ∴  a
1
 < 1 and a

3
 > 1  ∴  a

1
 < a

3�
(3)

		  From (1), (2) and (3), we get

		  a
2
 < a

1
 < a

3
 < a

4

	 3.	 We have, x cos2 3θ + y cos4θ  = 16 cos6θ + 9 cos2θ
		  ⇒  x(4 cos3θ – 3 cosθ)2 + y cos4θ
		  = 9 cos2θ  + 16 cos6θ
		  ⇒  x(16 cos6θ + 9 cos2θ – 24 cos4θ) + y cos4θ
		  = 9 cos2θ  + 16 cos6θ
		  ⇒  9x cos2θ + (y – 24x) cos4θ + 16x cos6θ
		  = 9 cos2θ + 16 cos6θ
		  On comparing, we get

		  9x = 9 and y – 24x = 0

		  ∴  x = 1 and y = 24.

	 4.	 | tan θ + sec θ | = | tan θ | + | sec θ | only if sec θ and tanθ both 
have same sign

		  i.e., secθ ⋅ tanθ ≥ 0 or 
sin

cos

θ
θ2

0≥

		  ⇒  sinθ ≥ 0 and cosθ ≠ 0

		  ⇒ ∈ − 






θ π
π

[ , ]0
2

	 5.	 We have, sinθ, sinϕ and cosθ are in G.P.

		  ⇒ = ⇒
−

=sin sin cos
cos sin2 1 2

2

2

2
φ θ θ

φ θ

		  ⇒  cos 2ϕ = 1 – sin 2θ ≥ 0.� (i)

		  Now, the discriminant of the given equation is

		  4 4 42
2 2

2
cot

cos sin

sin
φ

φ φ
φ

− =
−









		  = 4 cos 2ϕ × cosec2ϕ ≥ 0	 (∴  of (i))

		  ∴  Roots of the given equation are always real.

	 6.	 We have, cos 50° = cos225° – sin225°

		  = (cos 25° + sin 25°) (cos25° – sin 25°)

		  = k(cos25° – sin 25°).

		  But (cos 25° + sin 25°)2 + (cos25° – sin 25°)2 = 2

		  ⇒ ° − ° = −cos sin25 25 2 2k

		  (As cos 25° – sin 25° is positive)

		  ∴ ° = −cos .50 2 2k k

	 7.	 Given, x =
+ +

2

1

sin

cos sin

α
α α

		  ⇒  x(1 + cosα + sinα) = 2 sinα
		  ⇒  x(1 + cosα) = (2 – x) sinα

		  Let y =
− +

+
1

1

cos sin

sin
.

α α
α

 Now 
x
y
=

+
+ −
2 1

1 2 2

sin ( sin )

( sin ) cos

α α
α α

		  ⇒ =
+

+ + − +
=

x
y

2 1

1 2 1
1

2 2

sin ( sin )

sin sin sin

α α
α α α

		  ⇒  x = y

	 8.	 We have, e–π/2 < θ < π/2

		  ⇒ − < <
π

θ
π

2 2
log log loge

		  Now, log , log loge e e e= < ∴ < =1
2 2

1and
π π

		  ∴ − < < <
π

θ
π

2
1

2
log

Hints and Solutions

Single Option Correct Type
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Trigonometric Ratios and Identities  25.19

		  ⇒  log θ lies in 1st and 4th quadrant

		  ∴  cos (logθ) is positive� (1)

		  Now, 0 < cosθ < 1  ⇒  log cosθ < log 1 = 0

		  ⇒  log cosθ is negative� (2)

		  From (1) and (2), we conclude cos logθ > log cosθ.

	 9.	 Put t
x
y

= > 0

		  t
t

t
t

+ = −





+ ≥
1 1

2 2
2

		  equality holding iff t = 1

		  Also, t
t

+ = ≤
1

2 2sin ,θ  so that t should necessarily be 1.

		  i.e.,  x = y.

	10.	 Put x = tan A, y = tan B, z = tan C

		  ∴  tan A tan B + tan B tan C + tan C tan A = 1

		  ⇒  tan C[tan A + tan B] = 1 – tan A tan B

		  Now,
x y

xy
A B

A B
+

−
=

+
−∑ ∑

1 1

tan tan

tan tan

		  =
+

−
+

+
−

+
+

−
tan tan

tan tan

tan tan

tan tan

tan tan

tan ta

A B
A B

B C
B C

C A
C1 1 1 nn A

		  = + +
1 1 1

tan tan tanC A B

		  =
+ +tan tan tan tan tan tan

tan tan tan

A B B C C A
A B C

		  = =
1 1

tan tan tanA B C xyz

	11.	 cos cos cos cos cos cos
π π π π π π π
15

2

15

3

15

4

15

6

15

8

15 15
12= °








		  = 













cos cos cos cos cos cos

π π π π π π
15

2

15

4

15

8

15

3

15
2

3

15

		  =








×

















sin

sin

sin

sin

2
15

2
15

1

2

2
3

15
3

15

4

4
2

2π

π

π

π

		  = ×







sin

sin

sin

sin

16

15

16
15

1

2

12

15
3

15

2

π

π

π

π

		  =
+







×

−






= −

1

64

15

15

3

15
3

15

1

26

sin

sin

sin

sin

π π

π

π π

π

	12.	 We have, sin α + sin β + sin γ – sin (α + β + γ)

		  = sin α + sin β + sin γ – sin α cos β cos γ

		  – cos α sin β cos γ – cos α cos β sin γ + sin α sin β sin γ
		  = sin α[1 – cos β cos γ] + sin β [1 – cos α cos γ]

		  + sin γ [1 – cos α cos β] + sin α sin β sin γ > 0

		  ∴  sin α + sin β + sin γ > sin (α + β + γ)

		  ⇒
+ +

+ +
<

sin( )

sin sin sin

α β γ
α β γ

1

	13.	 Let u = + +{ }cos sin sin sinθ θ θ α2 2

		  ⇒  (u – sinθ cosθ)2 = cos2θ (sin2θ + sin2α)

		  ⇒  u2tan2θ – 2u tanθ + u2 – sin2α = 0

		  Since tan θ is real, therefore

		  4u2 – 4u2 (u2 – sin2α) ≥ 0

		  ⇒  u2 – (1 + sin2α) ≤ 0

		  ⇒ ≤ +| | sinu 1 2α

	14.	 cos α
1
 cos α

2
 ... cos α

n
 

		  = sin α
1
 sin α

2
 ... sin α

n
 (given)

		  ⇒ … =cos cos
(sin cos ) (sin cos )2

1
2 1 12 2

2
α α

α α α α
n

n n
n

…

		  ⇒ … =cos cos
sin sin2

1
2 12 2

2
α α

α α
n

n
n

…

		  ⇒ … =cos cos
(sin sin ) /

/
α α

α α
1

1
1 2

1 2

2 2

2n
n…

		  Since, maximum value of sin α = 1

		  So, maximum value of cos cos
/

α α1 2

1

2
… n n

=

	15.	 We have,

		  1

2
2 2 2 2[ ]sin cos sin cosθ θ θ θ+ ≥ ⋅

		  [ A.M. ≥ G.M.]

		  ⇒  2sin θ + 2cos θ ≥ 2. 2(sinθ + cosθ)/2� (1)

		  Now, (sin cos ) sinθ θ θ
π

+ = +





2

4

		  ≥ − 2  for all real θ.

		  ∴  2sinθ + 2cosθ ≥ 2 ⋅ 2(sinθ  + cosθ)/2

		  > ⋅ =− −2 2 22 2 1 1 2/ ( / )

		  Thus, 2 2 21 1 2sin cos ( / ) ,θ θ+ ≥ −  for all real θ.

	16.	 Since A.M. ≥ G.M.

		  ∴
+

≥ ⋅
−

−2 2

2
2 2

sin cos
sin cos

θ θ
θ θ

		  ⇒ + ≥− + −
2 2 2

1
1

2sin cos (sin cos )θ θ θ θ

		
=

+ −







2
1

1

2 4
sin θ π

		  Thus, 2sinθ + 2– cosθ  is minimum 
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		  when sin θ
π

−





 = − − = +

4
1

4
2

3

2
i.e.,θ

π
π

π
n

		  or, θ π
π

= + ∈2
7

4
n n I, .

	17.	 Let x
0
 = cosθ, then x1

1

2
1= +( cos )θ

		  = cos θ/2, x
2
 = cos (θ/22), x

3
 = cos (θ/23),...and so on.

		  ∴
−

∞













1 0
2

1 2 3

x

x x x …to 

		  =
∞

sin

cos cos cos

θ
θ θ θ
2 2 22

… …n

		  =
∞

2
2 2

2 2 22

sin cos

cos cos cos

θ θ

θ θ θ
… …n

		  =
∞

2
2 2

2 2 2

2

2 2

2 3

sin cos

cos cos cos

θ θ

θ θ θ
… …n

	 	 =
→∞

+

lim
sin

cos
n

n
n

n

2
2

2 1

θ

θ

		  =

















=
→∞

+

lim
sin

cos
n

n

n n

θ

θ

θ θ
θ2

2

1

2 1

		  ∴
−

∞












= =cos cos .

1 0
2

1 2

0

x

x x
x

…
θ

	18.	 1
2

1 2
1

2
2

2

2

+ − = +
−

−cot cot
cot

cot
cotθ

θ
θ

θ
θ

		  =
+ − −

=
−







≤

2
2 2

1 2
2

2
2

2
1

2
2

0

2 2

2

cot cot cot

cot

cot

cot

θ θ θ

θ

θ

θ

		  ∵ 0
2 2

< <





θ π

		  ⇒ + ≤1
2

cot cotθ
θ

	19.	 We have,

		  sin(α – β) = sin(α – θ + θ – β)

		  = sin[ (θ – β) – (θ – α)]

		  = sin(θ – β) cos(θ – α) – cos(θ – β) sin (θ – α)

		  = − − −ba b a1 12 2

		  and cos(α – β) = cos[θ – β) – (θ – α)]

		  = cos(θ – β) cos(θ – α) + sin(θ – β)

		  sin(θ – α)

		  = − + −a b b a1 12 2

		  Substituting these values in the given expression, we get

		  cos2(α – β) + 2ab sin(α – β)

		  = − + − + − − −( ) [ ( ) ( )]a b b a ab ab a b1 1 2 1 12 2 2 2 2

		  = − + − + − −a b b a ab a b2 2 2 2 2 21 1 2 1 1( ) ( ) ( ) ( )

		  + − − − = +2 2 1 12 2 2 2 2 2a b ab a b a b( ) ( ) .

	20.	 Given, A + B + C = π

		  ⇒ = + +cot cot cot cot cot cot
A B C A B C
2 2 2 2 2 2

� (i)

		  But tan , tan , tan
A B C
2 2 2

 are in H. P. ⇒ cot , cot , cot
A B C
2 2 2

are in A. P. ⇒ + =cot cot cot
A C B
2 2

2
2

� (ii)

		  From (i) and (ii), we get cot cot cot cot
A B C B
2 2 2

3
2

⋅ ⋅ =

		  ∴ ⋅ =cot cot
A C
2 2

3 � (iii)

		  Now, 
cot cot

cot cot

A C
A C2 2

2 2 2

+
≥

		  ⇒ ≥
2

2
2

3
cot

B

	 [From (ii) an (iii)]

		  ∴ ≥cot
B
2

3

	21.	 The first equation can be written as x sin a + y × 2 sin a cos 
a + z sin a(3– 4 sin2 a)

		  = 2 × 2 sin a cos a cos 2a

		  ⇒  x + 2y cos a + z (3 + 4 cos2 a – 4) 

		  = 4 cos a (2 cos2 a –1) as sin a ≠ 0 

		  ⇒  8 cos3 a – 4z cos2 a – (2y + 4) cos a + (z – x) = 0

		  ⇒ − −
+

+
−

=cos cos cos3 2

2

2

4 8
0a

z
a

y
a

z x

		  which shows that cos a is root of the equation

		  t
z
t

y
t

z x3 2

2

2

4 8
0− −

+
+

−
=

		  Similarly, from second and third equations we can verify that 
cos b and cos c are the roots of the above equation

	22.	 a sin x + b cos(x + θ) + b cos(x – θ) = d

		  ⇒  a sin x + 2b. cos x. cos θ = d 
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	 	 ⇒ ≤ + ⋅ ⇒
−

≤| | cos cosd a b
d a

b
2 2 2

2 2

2

24
4

θ θ

		  ⇒ ≥
−

|cos |
| |

θ
d a

b

2 2

2

	23.	 From the given condition, we have 

	 	 2 2

1 2

1 2

1 2

7

22

2

2

tan( / )

tan ( / )

tan ( / )

tan ( / )

α
α

α
α+

+
−
+

=

		  ⇒ + −





 = +






2 2

2
1

2
7 1

2
2 2tan tan tan

α α α

		  ⇒ + − + − =( ) tan tan ( ) .7 2
2

4
2

7 2 02 α α

		  This quadratic has the roots

		  tan
( )( )

( ) ( )

α
2

4 16 4 7 2 7 2

2 7 2

4 2

2 7 2
=

± − + −

+
=

±
+

		  That is, tan ( / ) /( ) /( ).α 2 3 7 2 1 7 2= + +or  The given 
condition on α implies 0 < α/2 < π/12. Therefore, we get

		  0
2 12

0
2

2 3< < ⇒ < < −tan tan tan .
α π α

		  Only the second root satisfies this condition, because

	 	
3

7 2
7 2 2 3

+
= − > −

		  and,
1

7 2

1

3
7 2 2 3

+
= − < −( ) .

		  Hence, the required value of tan (α/2) is 
1

3
2 .( )7 −

	24.	 Using,

		  cos(α – β) = cos[(α + θ) – (θ + β)]

		  = cos(θ + α) cos(θ + β) + sin(θ + α) sin(θ + β)

		  = − − +1 12 2a b ab,

		  the given expression can be written as

		  2 cos2 (α – β) – 1 – 4ab cos(α – β)

		
= − − +

− − − − +

2 1 1

1 4 1 1

2 2 2

2 2

( )

( )

a b ab

ab a b ab

		  = 2 [ (1 – a2) (1 – b2) – a2b2] – 1 = 1 − 2a2 − 2b2.

	25.	 Given that sin x + cosec  x + tan y + cot y = 4

		  ⇒ = =x y
π π
2 4

and

		  ⇒ tan y = 1

		  ⇒
−

= ⇒ + + − =
2 2

1 2
1

2
2

2
1 0

2

2tan /

tan /
tan tan .

y
y

y y

	26.	 We have,

		  2sin2θ + 4 cos(θ + α) sinα sinθ + cos 2(α + θ)

		  = 2sin2θ + 2cos(θ + α) 2sinα sinθ + cos 2(α + θ)

		  = 2sin2θ + 2cos(θ + α) [cos(θ – α) – cos(θ + α)] 

		  + cos 2(α + θ)

		  = 2sin2θ + 2cos(θ + α) cos(θ – α) 

		  – 2cos2(θ + α) + cos2(α + θ)

		  = 2sin2θ + 2(cos2θ – sin2α) – 2cos2(θ + α)

		  + [2 cos2(α + θ) – 1]

		  = 2sin2θ + 2cos2θ – 2sin2α – 1

		  = 2(sin2θ + cos2θ) – 2sin2α – 1

		  = 2 – 2sin2α – 1 = 1 – 2sin2α = cos2α,

		  which is independent of θ.

	27.	 We have, cos θ ⋅ cos 2θ ⋅ cos 22θ ... cos 2n – 1θ

		  = ⋅ ⋅ ⋅ −1

2
2 2 2 22 1

sin
( sin cos cos cos cos )

θ
θ θ θ θ θ… n

		  = 2sin θ (sin 2θ ⋅ cos 2θ ⋅ cos22θ ... cos2n – 1θ)

		  = ⋅ ⋅ −1

2
2 2 2 2 2

2

2 1

sin
( sin cos cos cos )

θ
θ θ θ θ… n

		  = −1

2
2 2 2

2

2 2 1

sin
(sin cos cos )

θ
θ θ θ… n

		  ..........................................

		  ..........................................

		  = ⋅
−

− −1

2
2 2

1

1 1

n
n n

sin
sin cos

θ
θ θ

	 	 = =− −1

2
2 2

1

2
21 1

n
n n

n
n

sin
( sin cos )

sin
sin

θ
θ θ

θ
θ

		  = − =
+

∴ + =





1

2 2 1
2

n n
n

sin
[sin( )] ,

θ
θ

π
θ θ ππ θ ∵

		  = ⋅ =
1

2

1

2n nsin
sin .

θ
θ

	28.	 We have, tan
tan

tan
θ =

−

2
2

1
2

2

θ

θ

		  ⇒ =
−

=
−

1

2

2

1
1

2

2
2

2
1

2

2cot

cot

cot

cot

cotθ

θ

θ

θ

θ

		  ⇒ =
−

cot
cot

cot
θ

θ

θ

2

2
1

2
2

		  Now, cot cot cot
cot

cot

θ
θ

θ
θ

θ2
1

2
1 2

1

2
2

2

− − = − −
−

		  =
− − +2

2
2

2 2
1

2
2

2 2cot cot cot

cot

θ θ θ

θ
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		  =
−sin cos cos sin

cos cos

x x x x
x x

2 1 2 1

1 2

		  = tan x
2
 – tan x

1
.

		  ∴  sin α [sec x
1
 sec x

2
 + sec x

2
 sec x

3
 + ... to n terms]

		  = (tan x
2
 – tan x

1
) + (tan x

3
 – tan x

2
) + 

		  ... + (tan x
n
 – tan x

n
 
– 1

]

		  = tan x
n
 – tan x

1

		  =
−sin cos cos sin

cos cos

x x x x
x x

n n

n

1 1

1

		  =
−

=
−sin( )

cos cos

sin( )

cos cos

x x
x x

n
x x

n

n n

1

1 1

1 α

		  =
− +

=
−






cot cot

cot

cot

cot
.

2

2

2
2

2
1

2
2

2
1

2
2

θ θ

θ

θ

θ

		  Now, since 0 < θ < π, ∴ < < ⇒0
2 2 2

θ π θ
cot  cot is 

positive.

		  Also, square of a real number ≥ 0

		  ∴ − − ≥ ⇒ ≥ +cot cot cot cot .
θ

θ
θ

θ
2

1 0
2

1

	29.	 We have, sin

cos cos

sin( )

cos cos

α
x x

x x
x x1 2

2 1

1 2

=
−

More than One Option Correct Type

	30.	 cos 5θ = cos(4θ + θ)

		  = cos4θ cosθ – sin4θ sinθ
		  = (2cos2 2θ – 1) cosθ – 2sin 2θ cos 2θ sinθ
		  = (2[2cos2 θ – 1]2 – 1) cosθ – 2.2 sinθ cosθ
		  [2cos2θ – 1] sinθ
		  = cosθ [2(4cos4 θ + 1 – 4cos2 θ) – 1]

		  – 4sin2θ cosθ [ 2cos2θ –1]

		  = 8cos5θ –8cos3θ + 2cosθ – cosθ
		  – 4(1– cos2θ) cosθ(2cos2 θ –1)

		  = 8cos5 θ –8 cos3θ + cosθ – 4cosθ
		  [2cos2θ – 1 – 2cos4θ + cos2θ ]
		  = 16 cos5θ –20cos3θ + 5cosθ
		  ∴  a = 5, b = − 20, c = 16, d = 0

	31.	 We have, sin

sin

cos

cos

α
β

β
α

⋅ = ⋅ =
3

2

2

5

3

5

		  ⇒ = ⇒ = =
tan

tan

tan tan
( )

α
β

α β3

5 3 5
k say

		  Also, 2 3sin sinα β=

		  ⇒
+

=
+

⇒
+

=
⋅

+

2

1

3

1

2 3

1 3

3 5

1 52 2 2 2

tan

tan

tan

tan

α

α

β

β

k

k

k

k

		  ⇒ + = + ⇒ = ⇒ =4 1 5 5 1 3 5 1
1

5
2 2 2( ) ( ) .k k k k

		  ∴ = =tan tan .α β
3

5
1and

	32.	 sin x + cos x + tan x + cot x +  sec x + cosec x = 7

		  ⇒ + + +





+ +





=(sin cos )
sin

cos

cos

sin cos sin
x x

x
x

x
x x x

1 1
7

		  ⇒ + +






+
+





=(sin cos )
sin cos

sin cos

sin cos
x x

x x
x x
x x

1
7

		  ⇒ + +





= −(sin cos )
sin sin

x x
x x

1
2

2
7

2

2

		  Squaring, we get

		  ( sin )
sin sin

1 2 1
4

2

4

22
+ + +





x
x x

		  = + −49
4

2

28

22sin sinx x

		  ⇒  sin32x – 44 sin22x + 36 sin 2x = 0

		  ⇒  sin22x – 44 sin 2x + 36 = 0	 [∴  sin 2x ≠ 0]

		  ⇒ = − ⇒ = =sin , .2 2 22 8 7 22 8x a b

		  Hence, (a, b) = (22, 8)

	33.	 Putting θ = 0,

		  we get 0 = b
0
,  ∴ =

=
∑sin sinθ θbr

r

r

n

0

		  ⇒ = −

=
∑sin

sin
(sin )

n
br

r

r

nθ
θ

θ 1

1

		  = b
1
 + b

2
sinθ + b

3
sin2θ + ... + b

n
sinn – 1θ

		  Taking limit as θ → 0, we obtain lim
sin

sinθ

θ
θ→

=
0 1

n
b

		  ⇒ = = =
×

=



→ →

b n
n n n n

n1 0 0

1

1
∵ lim

sin
lim

cos

cosθ θ

θ
θ

θ
θ

	34.	 We have, a cosθ = c – b sinθ
		  ⇒  a2 (1 – sin2θ) = c2 – 2bc sinθ + b2 sin2θ
		  [Squaring both sides]

		  ⇒  (a2 + b2) sin2θ – 2bc sinθ + (c2 – a2) = 0.

		  Since α and β are the values of θ as given,

		  ∴  roots of the above equation are sin α and sin β.

		  ∴  sin α + sin β = sum of roots =
+

2
2 2

bc
a b
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		  and,  sin α sin β = product of roots =
−
+

c a
a b

2 2

2 2
.

	35.	 We have,

		  sin cos sin
π π
2 2

2
4 2n n n

+ = +







π π

		  ⇒ = +







n
n2

2
4 2

sin
π π

		  So, for n
n

n
> = +






 > =1

2 2 4 2 4

1

2
, sin sin .

π π π

		  Thus, n > 4.

		  Since sin
π π
4 2

1+





 <n

 for all n > 2, 

		  we get 
n

2 2
1<  or n < 8.

		  ∴  4 < n < 8.

	36.	 Given, a cos2 3α + b cos4 α = 16 cos6 α + 9 cos2 α
		  ⇒  9 cos2 α + 16 cos6 α = a (4cos3 α – 3 cosα)2 + b cos4 α
		  = a (16 cos6 α + 9 cos2 α – 24 cos4 α) + bcos4 α
		  = 9a cos2 α + (b – 24a) cos4 α + 16 a cos6 α
		  Comparing , we get 9a = 9 ⇒ a = 1, b – 24 a = 0 

		  ∴  b = 24, a = 24

	37.	 Since A + B and A – B satisfy the given equation,

		  therefore, tan(A + B) + tan(A – B) = 4� (1)

		  tan(A + B) ⋅ tan(A – B) = 1� (2)

		  From (1) and (2), we have

		  tan( )
tan( ) tan( )

tan( ) tan( )
A B A B

A B A B
A B A B

+ + − =
+ + −

− + −
=∝

1

		  ⇒ = =2
2 4

A A
π π

or .

		  Therefore, from (1), we have

	 	
1

1

1

1
4

+
−

+
−
+

=
tan

tan

tan

tan

B
B

B
B

		  ⇒
+ + −

−
=

( tan ) ( tan )

tan

1 1

1
4

2 2

2

B B
B

		  ⇒
+

−
= ⇒

−
+

=2

2 1

1
4

1

1

1

2

2

2

2( tan )

tan

tan

tan

B
B

B
B

		  ⇒ = ⇒ = =cos .2
1

2
2

3 6
B B B

π π
or

	38.	 We have,

	 	 x n

n

= =
−

=
=

∞

∑ cos
cos

cos2

0
2

21

1
φ

φ
φec

		  y n

n

n= =
−

=
=

∞

∑sin
sin

sec2

0
2

21

1
φ

φ
φ

		  z n n

n

=
=

∞

∑cos sin2 2

0

φ φ

		  =
−

=
−

=
−

1

1

1

1 1 12 2cos sin /φ φ xy
xy

xy

		  ⇒  xyz – z = xy  ⇒  xyz = xy + z

		  Also, xy = =
+1

2 2

2 2

2 2sin cos

sin cos

sin cosφ φ
φ φ
φ φ

		  = + = +
1 1

2 2cos sin
,

φ φ
x y

		  So that, we can write xyz = x + y + z.

	39.	 We have, tan ( sec ) tan
cos

cos

θ
θ

θ
2

1
2

1





 + = 








+







θ
θ

		  = ⋅ =
⋅

= =
sin

cos

cos

cos

sin cos

cos

sin

cos
tan

θ

θ

θ

θ

θ θ

θ
θ
θ

θ2

2

2
2

2
2 2

2

		  Therefore, by repeated use of (1), we have

		  f
n
 (θ) = tan θ (1 + sec 2θ) (1 + sec 4θ)

		  � (1+ sec 2n θ)

		  = tan 2θ (1 + sec 4θ)� (1 + sec 2n θ)

		  = tan 4θ (1 + sec 8θ)� (1 + sec 2n θ)

		  = tan 2n θ

		  Now, f2
2

16
2

16 4
1

π π





 =







 = =tan tan

π

	40.	 (a – b) sin (θ + ϕ) = (a + b) sin(θ – ϕ) 

	 	 ⇒
+
−

=
+
−

sin( )

sin( )

θ φ
θ φ

a b
a b

		  ⇒
+ + −
+ − −

=
sin( ) sin( )

sin( ) sin( )

θ φ θ φ
θ φ θ φ

2

2

a
b

		  ⇒ = = =
2

2

sin cos

cos sin

tan

tan

θ φ
θ φ

θ
φ

a
b

a
b

		  ⇒  b tanθ = a tanϕ

		  ⇒
−

=
−

2
2

1
2

2
2

1
2

2 2

a btan

tan

tan

tan

φ

φ

θ

θ

		  ⇒

−













− −













=
−

a a c

b

a c

b

b
tan

tan

tan

tan

θ

θ

θ

θ

2

1 2

2

1
2

2
2

		  ⇒
−








− + −







=
−

a ac

b c ac

2

2 2 2 2

2

2
2

2

2

1
2

tan

tan tan

tan

tan

θ

θ θ

θ

θ

		  ⇒ −





 −





a ac2 2

2
1

2
tan tan

θ θ
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	 	 = − − +b a c ac2 2 3 2 2

2 2 2
2

2
tan tan tan tan

θ θ θ θ

		  ⇒ − − +a ac a ac2 2 3 2

2 2 2
tan tan tan

θ θθ

		  = − − +b a c ac2 2 3 2 2

2 2 2
2

2
tan tan tan tan

θ θ θ θ

		  ⇒ + − = +





( ) tan tana c b ac2 2 2 2

2
1

2

θ θ

		  ⇒
+

=
+ −

2
2

1
2

2

2
2 2 2

tan

tan

θ

θ
ac

c a b

		  ⇒ =
+ −

sinθ
2

2 2 2

ac
c a b

		  Similarly, sinφ =
− −
2

2 2 2

bc
a b c

	41.	 The given relation can be written

		  tan tan tan tan tan .2 2 2 2 21 2β γ α β γ∑ = −

		  Using this, we have

		  sin2 α + sin2 β + sin2 γ

		  =
+

+
+

+
+

tan

tan

tan

tan

tan

tan

2

2

2

2

2

21 1 1

α
α

β
β

γ
γ

		  =
+ +

+ + +
∑ tan ( tan )( tan )

( tan )( tan )( tan )

2 2 2

2 2 2

1 1

1 1 1

α β γ
α β γ

		

tan ( tan tan tan ) tan tan tan

tan ( t

2 2 2 2 2 2 2

2

2 1 2 3

1 1 2

α α β γ α β γ
α
+ − +

+ + −
∑

aan tan tan ) tan tan tan2 2 2 2 2 2α β γ α β γ+∑

		  =
+ −

+ −
=∑

∑
2

2
1

2 2 2 2

2 2 2 2

tan tan tan tan

tan tan tan tan
.

α α β γ
α α β γ

		  This proves (a). Answer (b) follows because

		  cos2α + cos2β + cos2γ  = 3 – (sin2α + sin2β + sin2γ ) = 2.

		  Using these results, answer (c) follows:

		  cos cos cos (cos sin )2 2 2 2 2α β γ α α+ + = −∑
		  = −∑∑cos sin2 2α α

		  = 2 - 1 = 1

		  However, answer (d) implies

		  cos2α – sin2β = – cos2γ
		  ⇒  cos2α + cos2β + cos2γ = 1,

		  which is not correct, from (b).

Match the Column Type

	42.	 I We have, α θ θ θk
k

n

kcos sin sin
=
∑ =

0

38 3

		  =
−






8

3 3

4
3

sin sin
sin

θ θ
θ

		  = 6 sinθ sin 3θ – 2 sin23θ
		  = 3(cos 2θ – cos 4θ) – (1 – cos 6θ)

		  = –1 + 3 cos 2θ – 3 cos 4θ + cos 6θ
		  ∴  n = 6.

	 II.	 We have,

		  α β
π

γ
π

cos cos cosA A A= +





 = +








2

3

4

3

		  Dividing by αβγ, we get αβ + βγ + γα

	 	 = + +





 + +


















1 2

3

4

3k
A A Acos cos cos

π π

		  = + +





1
2

3k
A Acos cos( )cosπ

π

		  = − =
1

0
k

A A[cos cos ] .

	III.	 Since the equation a
1
 + a

2
 sin x + a

3
cos x + a

4
 sin 2x + a

5
 cos 

2x = 0 holds for all values of x,

		  a
1
 + a

3
 + a

5
 = 0  (on putting x = 0)

		  a
1
 – a

3
 + a

5
 = 0  (on putting x = π)

		  ⇒  a
3
 = 0 and a

1
 + a

5
 = 0� (1)

		  Putting x = π/2 and 3π/2, we get

		  a
1
 + a

2
 – a

5
 = 0 and a

1
 – a

2
 – a

5
 = 0

		  ⇒  a
2
 = 0 and a

1
 – a

5
 = 0� (2)

		  (1) and (2) give

		  a
1
 = a

2
 = a

3
 = a

5
 = 0

		  The given  equation reduces to a
4
 sin 2x = 0. This is true for 

all values of x, therefore, a
4
 = 0

		  Hence, a
1
 = a

2
 = a

3
 = a

4
 = a

5
 = 0

		  Thus, the number of 5-tuples is one

	IV.	 (sin cos )2 2
1

10

p i p
p

π π−
=
∏

		  = +
=
∏( ) (cos sin )i p i p
p

10

1

10

2 2π π

		  = − = −
=

+ + +

∏e e
p i

p

i
2

11

1

10 2

11
1 2 10

π π
( )�
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		  = – e10πi

		  = –1(cos 10π + i sin 10π) = −1

	43.	 I Given, sinθ = 3 sin(θ + 2α)

		  ⇒  sin(θ + α – α) = 3 sin (θ + α + α)

		  ⇒  sin(θ + α) cosα – cos(θ + α) sinα
		  = 3sin(θ + α) cosα + 3cos(θ + α) sinα.

		  ⇒  –2sin(θ + α) cosα = 4cos(θ + α) sinα

		  ⇒ −
+
+

=
sin( )

cos( )

sin

cos

θ α
θ α

α
α

2

		  ⇒  –tan(θ + α) = 2tanα
		  ⇒  tan(θ + α) + 2 tan α = 0.

	II.	 We have, p sinθ + q cosθ = a� (1)
		  and, pcosθ – q sinθ = b� (2)

		  Squaring (1) and (2), and then adding, we get

		  (p sinθ + q cosθ)2 + (p cosθ – q sinθ)2 = a2 + b2

		  ⇒  p2(1) + q2(1) – a2 – b2 = 0

		  ⇒  (p2 – a2) + (q2 – b2) = 0

		  ⇒  (p + a) (p – a) + (q + b) (q – b) = 0

		  ⇒
+
+

+
−
−

=
p a
q b

q b
p a

0

	III.	 ⋅sin sin sin
π π π
14

3

14

5

14

	 	 = −





 −






 −






cos cos cos

π π π π π π
2 14 2

3

14 2

5

14

		  = 





















cos cos cos

3

7

2

7 7

π π π

		  = − ( ) ( ) 





cos cos cosπ π π

7 2 7
4

7

		  Also, cos cos
10

7

4

7

π π
=

		  so, cos cos cos sin sin sinπ π π π π π
7

2
7

10
7 14

3

14

5

14
−

		  = ( ) ( ) ( )2 7
2

7
4

7cos cos cosπ π π

		  = ⋅
( )

⋅ ( )
= −2

8
7

2 7

1

43

sin

sin

π

π

	IV.	 ( ) ,a b c− + =∑ 2 0  so one root is 1

		  Now, secθ + tanθ = 1

		  Also, sec2θ – tan2θ = 1

		  ⇒  secθ – tanθ =1  ⇒  secθ = 1

		  so, one root is secθ
	44.	 I Given tan α = 3 and tan β = 2

		  ∴ − =
−

−
=

−
+ ×

=tan( )
tan tan

tan tan
α β

α β
α β1

3 2

1 3 2

1

7

		  ⇒ − = − =sin( ) cos( )α β α β
1

50

7

50
and

		  ∴  sin 2(α – β) = 2 sin (α – β) cos (α – β)

		  = × × =2
1

50

7

50

7

25
.

	 II.	 We have,

		

tan tan( ) tan tan

tan tan

ta

α α α
π
α

α

α
π

α

⋅ − = ⋅ −







= ⋅ −







=

2 1
2

1

2

n

nn cot .α α =1

		  ∴  The given expression = 1.

	III.	 We have, x y z k= = =cos cos ( )
2

3

4

3

π π
say

	 	 ⇒ = = =
1 1 1

2

3 1
4

3
x k y k z k

,
cos

,
cos

π π

		

∴ + + = + +







= − −





 =

1 1 1 1
1

2

3

4

3

1
1

1

2

1

2
0

x y z k

k

cos cos
π π

		  ⇒  xy + xz + yz = 0.

	IV.	 We have,

		  2 – cos x + sin2x = 2 – cos x + 1 – cos2x

		  = – (cos2x + cos x) + 3 

		  = − +





−












+cos x
1

2

1

4
3

2

		  = − +





13

4

1

2

2

cos .x

		  ∴  Maximum value occurs at cos x = −
1

2
 and it is 

13

4
 and 

minimum value occurs at cos x = 1 and it is 1

		  ∴  The required ratio is 13

4
.

	45.	 I The given expression

		

= ⋅ ⋅







 = −

cos cos cos cos

cos cos

2

15

4

15

8

15

16

15

16

15
2

14

1

π π π π

∵
π

π
π
55

14

15







 =









cos

π

		  = cos A ⋅ cos 2A ⋅ cos 22A ⋅ cos 23A, where A =
2

15

π
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		  = = =
°
°

sin

sin

sin

sin

sin

sin

2

2

32

15

16
2

15

384

16 24

4

4

A
A

π

π

		  =
1

16
 [ sin 384º = sin (360º + 24º) = sin 24º]

	 II.	 From the given relations we have

		  sin sin2
3

2
2B A= 





		  and, 3 sin2A = 1 – 2 sin2B = cos 2B.

		  so that tan
( / ) sin

sin
cot2

3 2 2

3 2
B

A
A

A=
⋅

=

		  or, 1 – tan 2B tan A = 0

		  ⇒ + =A B2
2

π
.

	III.	 The given equation can be written as r cos(x – α) = 2k + 1 
where r cos α = 7, r sin α = 5 

		  ⇒ − =
+

= + =cos( )x
k

rα
2 1

74
7 5 742 2 2as

		  ⇒ − ≤
+

≤1
2 1

74
1

k

		  ⇒ − ≤ + ≤74 2 1 74k

		  ⇒  –8 ≤ 2k + 1 ≤ 8 (For integral values of k)

		  ⇒  –4 ≤ k ≤ 3

		  k = –4. –3,–2, –1, 0, 1, 2,3

		  which gives 8 integral values of k. 

	IV.	 We can write

		  A = tan 27θ – tan 9θ + tan 9θ – tan 3θ + tan 3θ – tan θ
		  But,

		

tan tan
sin cos cos sin

cos cos

sin

cos cos

si

3
3 3

3

2

3

2

θ θ
θ θ θ θ

θ θ
θ

θ θ

− =
−

= =
nn

cos

θ
θ3

		  ∴ = + +




=A B2

9

27

3

9 3
2

sin

cos

sin

cos

sin

cos

θ
θ

θ
θ

θ
θ

		  ∴ =
A
B

2

1

	46.	 I Using,

		  tan
tan

tan
θ

π θ
θ

+





 =

+
−4

1

1

		  and 3 3
3 3

1 3

3

2
tan

( tan tan )

tan
,θ

θ θ
θ

=
−

−

		  the given equation becomes

		  3 tan4 θ – 6 tan2 θ + 8 tanθ – 1 = 0.

		  If tanα, tanβ, tanγ and tanδ are the roots of this equation, 
then the sum of these roots, tanα + tanβ + tanγ + tanδ equals 
zero, since the coefficient of tan3 θ is zero.

	 II.	 The given equation can be written as

		  ⇒
+
−

cos cos sin sin

cos cos sin sin

θ θ θ θ
θ θ θ θ

1 2 1 2

1 2 1 2

		  +
−
+

cos cos sin sin

cos cos sin sin

θ θ θ θ
θ θ θ θ

3 4 3 4

3 4 3 4

		  ⇒
+
−

+
−
+

=
1

1

1

1
01 2

1 2

3 4

3 4

tan tan

tan tan

tan tan

tan tan

θ θ
θ θ

θ θ
θ θ

		  ⇒
+

− +
=

2 2

1 1
01 2 3 4

1 2 3 4

tan tan tan tan

( tan tan )( tan tan )

θ θ θ θ
θ θ θ θ

		  showing that tanq
1
 tanq

2
 tanq

3
 tanθ

4
 = −1 

	III.	 For the given A. P., we have 2 secα = sec(α – β) + sec(α + β), 
which gives

		
2 1 1 2

2 2cos cos( ) cos( )

cos cos

cos sinα α β α β
α β

α β
=

−
+

+
=

−

		  ⇒  cos2α – sin2β = cos2 α cosβ
		  ⇒  cos2α (1– cosβ) = sin2β

		  ⇒ 





 =cos sin sin cos2 2 2 22

2
4

2 2
α

β β β

		  ⇒ =cos sec2 2

2
2α

β

	IV.	 1 1
2 1

2

2 2 1

2
+ = +

−
−

=
− + −

−
cos

cos

cos

cos cos

cos
α

β
β

β β
β

		  =
+
−

1

2

cos

cos

β
β

		  ⇒ =
+

cos
cos /

sin /
2

2

22

2

1 2 2

α β
β

� (1)

		

⇒ − = −
+

=
+ −

+

1
2

1
2

1 2 2

1 2 2 2

1 2 2

2
2

2

2 2

2

cos
cos /

sin /

sin / cos /

sin /

α β
β

β β
β

		  =
+ − − 

+

1 2 2 1 2

1 2 2

2 2

2

sin / sin /

sin /

β β

β

		  ⇒ =
+

sin /
sin /

sin /
2

2

2
2

3 2

1 2 2
α

β
β � (2)

		  Dividing equation (2) by (1), we get

		  tan tan
tan /

tan /
2 2

2
3

2

2

2
3

α β α
β

= ⇒ =

	47.	 I Using the identity cotx – tanx = 2 cot 2x, we have

		  tanα + 2 tan 2α + 4tan4α + 8cot 8α – cotα

Chapter 25.indd   26 5/4/2016   11:30:52 AM



Trigonometric Ratios and Identities 25.27

  = tanα – cotα + 2tan2α + 4tan 4α + 8cot 8α
  = –2cot 2α + 2 tan 2α + 4tan 4α + 8cot 8α
  = – 4cot 4α + 4 tan 4α + 8cot 8α
  =  –8cot 8α + 8cot 8α = 0.

 II. We have, 

  tan9º – tan27º – tan63º + tan81º

  = tan9º – tan27º – cot27º + cot9º

  = tan9º + cot9º – (tan27º + cot27º)

  =
° °

−
° °

=
°

−
°

1

9 9

1

27 27

2

18

2

54sin cos sin cos sin sin

  =
−

−
+

=
+ − +

−
=

8

5 1

8

5 1

8 5 1 5 1

5 1
4

( )
.

 III. The given expression is equal to

  =
° + °

+
° − °

1

270 20

1

3 270 20cos( ) sin ( )

  =
°

+
− °

1

20

1

3 20sin ( cos )

  =
° − °
° °

=
° − °

°

3 20 20

3 20 20

3

2
20

1

2
20

3

4
40

cos sin

sin cos

cos sin

sin

  
=

° ° − ° °

°

sin cos cos sin

sin

60 20 60 20

3

4
40

  
=

°

°
=

sin

sin

.
40

3

4
40

4

3

 IV. sin π/8 sin 5π/18 sin 7π/18

  = sin 10º sin 50º sin 70º

  = ° − ° °
1

2
40 60 70[cos cos ] sin

  = ° ° − °
1

2
40 70

1

4
70cos sin sin

  = ° + ° − °
1

4
110 30

1

4
70[sin sin ] sin

  = ° − ° + × − ° =
1

4
180 70

1

4

1

2

1

4
70

1

8
sin( ) sin .

previous Year's Questions

 48. We know that:
  The sum of angles A + B + C = π
  ⇒ A + C = π - B

  ⇒
− +

= −
A B C

B
2 2

π

  ∴
− +






 = −






2

2
2

2
ca

A B C
ca Bsin sin

π

  = =
+ −





2 2
2

2 2 2

ac B ac
a c b

ac
cos

  = a2 + c2 - b2

 49. ∵ sin ,θ <1

  sin2 1θ <

  ⇒
+

≤
4

1
2

xy
x y( )

  ⇒ ≤ + −0 42( )x y xy

  ⇒ + + − ≥x y xy xy2 2 2 4 0

  ⇒ − ≥( )x y 2 0

  which is true for all real x and y provided x + y ≠ 0, otherwise 
4

2

xy
x y( )+

 will be meaningless.

sec
( )

2
2

4
θ =

+
xy

x y
 is possible only, if x = y.

N O T E

 50. Key Idea: Cosine in terms of tangent

  cos
tan

tan
2

1

1

2

2
θ

θ
θ

=
−
+

  
1 15

1 15
30

2

2

− °
+ °

= °
tan

tan
cos

  ∴ =
3

2
 51. Key Idea: tanθ is negative in second and fourth quadrants.

  ∴ = −tanθ
4

3
  Here p = 4 and b = 3

  ∴ = + = + =h p b2 2 16 9 25

  ⇒ h = 5

  ∴ = =sinθ
p
h

4

5
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		  But tanθ is negative which is possible only if θ lies in second 
or fourth quadrant.

		  ∴ = −sin .θ may be
4

5

4

5
or

	52.	 ∵ sin( )α β+ =1 

		  ⇒ + =sin( ) sinα β
π
2

		  ⇒ + =α β
π
2

� (i)

		  and sin( )α β− =
1

2
 

		  ⇒ − =α β
π
6

� (ii)

		  Solving eqs. (i) and (ii), we find

		  ∴ + +tan( ) tan( )α β α β2 2

		  = 













tan tan

2

3

5

6

π π

		  = −





 −





cot cot

π π
6 3

		  = × =3
2

3
1

	53.	 ∵ y ec= +sin cos2 2θ θ

		  = − +(sin cos )θ θec 2 2

		  ⇒ ≥y 2

		  But at θ = 0, y becomes meaningless

		  ∴ y ≥ 2

	54.	 Using cos A
b c a

bc
=

+ −2 2 2

2

		  We write for a = 4, b = 3 and ∠A = 60°

		  ∴ ° =
+ −
× ×

cos60
9 16

2 3

2c
c

		  ⇒ =
−

×
1

2

7

2 3

2c
c

		  ⇒ c2 − 7 = 3c

		  ⇒ c2 − 3c − 7 = 0

		  Thus, c is the root of above equation.

	55.	 Key Idea: tan
( )( )

( )

A s b s c
s s a2

=
− −

−

		  Now tan tan
A C
2 2

5

6

2

5
= ×

		  ⇒
− −

−
⋅

− −
−

=
( )( )

( )

( )( )

( )

s b s c
s s a

s a s b
s s c

1

3

		  ⇒
−

=
s b
s

1

3

		  ⇒ 3s − 3b = s

		  ⇒ 2s = 3b

		  ⇒ a + b + c = 3b

		  ⇒ a + c = 2b

		  a, b, c are in AP.

	56.	 Using − + ≤ + ≤ +a b a x b x a b2 2 2 2sin cos .

		  Given | |c a b> +2 2  which inplies

		  c a x b x a b= + > +sin cos ,2 2 or

		  c a x b x a b= + < − +sin cos 2 2

		  which are reverse inequalities. Then no solution exists for

		  a sin x + b cos x = c.

	57.	 ∵ θ α=  satisfies the equation 25 cos2θ + 5 cosθ − 12 = 0

		  ∴	 25cos2α + 5cosα − 12 = 0

		  ⇒	 25cos2α + 20cosα 15cosα − 12 = 0

		  ⇒	 5cosα(5cosα + 4) − 3(5cosα + 4) = 0

		  ⇒ = −cos ,α
4

3

3

5
 

		  But 
π

α π
2
< <

		  ∴ = − <cos ( cos )α α
4

5
0∵

		  ⇒ =sinα
3

5

		  sin sin cos2 2 2
3

5

4

5
α α α= = − × ×

		  ∴ = −
24

25

	58.	 a
C

c
A b1

2

1

2

3

2

+





+
+





=
cos cos

		  ⇒ a + c + b = 3b
		  ⇒ a + c = 2b

		  Hence, (A) is the correct answer

	59.	 Given that sin sin cos cos .α β α β+ =
−

+ =
−21

65

27

65
and

		  Squaring and adding, we get

		  2 2
1170

65 2
+ − =cos( )

( )
α β

		  ⇒
−






 = ⇒

−







=
−

<
−

<







cos cos2

2

9

130 2

3

130 2 2

3

2

α β α β

π α β π
∵ ..

	60.	 We have u a b a b= + + +2 2 2 2 2 2 2 2cos sin sin cosθ θ θ θ
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		  =
+

+
−

+
+

+
−a b a b a b b a2 2 2 2 2 2 2 2

2 2
2

2 2
2cos cosθ θ

		  ⇒ = + +
+







 −

−







u a b

a b a b2 2 2
2 2 2 2 2 2

22
2 2

2cos θ

		  Now, min value of u2 = a2 + b2 + 2ab

		  And the max. value of u2 = 2(a2 + b2)

		  ⇒ − = −u u a bmax min ( ) .2 2 2

	61.	 Greatest side is 1+ sin cos ,α α  by applying cosine rule we 
get the greatest angle = 120°.

	62.	 tan , tan
P Q
2 2













 are the roots of ax2 + bx + c = 0

		  tan tan
P Q b

a2 2







+ 





= −

		  tan tan
P Q c

a2 2













=

		

tan tan

tan tan
tan

P Q

P Q
P Q2 2

1
2 2

2 2







 +









− 















= +





 =

−





 =tan

π R
2

1

		  ⇒
−

−
= ⇒ − = − ⇒ − = −

b
a
c
b

b
a

a
a

c
a

b a c
1

1

		  ⇒	 c = a + b

	63.	 We have

		  2 2
2 2

2 2 2

r R c
ab

a b c
a b c a b

a b c

a b c a b

+ = +
+ +

=
+ + +

+ +

= + = +

( )

( ) ( )

( )

( )since

	64.	 x2 + px + q = 0

		  Sum and product of the roots respectively are

		  tan 30° + tan 15° = −p

		  tan 30° .tan 15° = q

		  ∴ ° =
° + °

− ° °
=

−
−

=tan
tan tan

tan tan
45

30 15

1 30 15 1
1

p
q

		  ⇒ − p = 1 − q

		  ⇒ q − p = 1 ∴ 2 + q − p = 3.

	65.	 2 sin2x + 5 sin x − 3 = 0

		  ⇒ (sin x + 3) (2 sin x − 1) = 0

		  ⇒ =sin
.

x
1

2

		  Now, in the interval [0, 3π] x has 4 values

	66.	 Area x=
1

2
2 sinθ

		  Now, A x atmax sin ,= = =







1

2
1

2
2 θ θ

π

	67.	

		  cos sin sin sin ,x x x x+ = ⇒ + = ⇒ = −
1

2
1 2

1

4
2

3

4
 

so x is obtuse.

		  Now, 
2

1

3

4
3 8 3 0

2

2tan

tan
tan tan

x
x

x x
+

= − ⇒ + + =

		  ∴ =
− ± −

=
− ±

tan x
8 64 36

6

4 7

3

		  ∵ tan tan< ∴ =
− −

0
4 7

3
x

	68.	 Given that cos( ) cos( ) cos( )β γ γ α α β− + − + − = −
3

2
 which 

is equivalent to

		  2 3 0[cos( ) cos( ) cos( )]β γ γ α α β− + − + − + =

		  ⇒ − + − + − +

+ + + +

2 2

2 2 2

[cos( ) cos( ) cos( )] sin

cos sin cos sin

β γ γ α α β α

α β β 22 2 0γ γ+ =cos

		  ⇒ + + + + + =(sin sin sin ) (cos cos cos )α β γ α β γ2 2 0

	69.	 cos( )α β+ =
4

5

		  ⇒ + =tan( )α β
3

4

		  sin( )α β− =
5

13

		  ⇒ − =tan( )α β
5

12

	70.	 r
a

n
=

2
cot

π

		  ‘a’ is side of polygon.

		  R
a

ec
n

=
2

cos
π

		
r
R

n

ec
n

n
= =

cot

cos
cos

π

π
π

		  cos
π
n
≠

2

3
 for any n ∈ N.

	71.	 A x x
x

A= + =
+

⇒ ≤ ≤sin cos
cos2 4 7 4

8

3

4
1

	72.	 3sinP + 4cosQ = 6� (1)

		  4sinQ + 3cosP = 1� (2)

		  From (1) and (2) P is obtuse.

		  (3sin P + 4cos Q)2 + (4sin Q + 3cosP)2 = 37
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25.30  Chapter 25

		  ⇒ 9 + 16 + 24 (sinP cosQ + cosP sinQ) = 37

		  ⇒ 24sin (P + Q) = 12

		  ⇒ + =sin( )P Q
1

2

		  ⇒ + =P Q
5

6

π

		  ⇒ =R
π
6

	73.	 Applying sine rule in triangle ABD,

		
AB BD

sin sin( )θ θ α
=

+

		  ⇒ =
+
+

=
+

⋅

+
+

⋅
AB

p q p q
q

p q

p

2 2 2 2

2 2

sin

sin cos cos sin

sin
sin cos

θ
θ α θ α

θ
θ θ

pp q2 2+

		  ⇒ =
+
+

AB
p q

p q
( )sin

( cos sin )
.

2 2 θ
θ θ

	74.	
tan

cot

cot

tan

A
A

A
A1 1−

+
−

		  =
−

−
−

=
−
−

=
+

1

1 1

1

1

2 3

2

cot ( cot )

cot

( cot ) cot ( cot )

cos c

A A
A
A

cot A
A A

ec A oot

cot
sec cos

A
A

A ecA= +1

	75.	
1

4

1

6
4 4 6 6(sin cos ) (sin cos )x x x x+ − +

		  =
+ − +3 2

12

4 4 6 6(sin cos ) (sin cos )x x x x

		  =
− + − − +3 1 2 2 1 3

12

2 2 2 2( sin cos ) ( sin cos )x x x x

		  =
1

12
.
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