CHAPTER

Limits

Chapter Highlights

Limit of a function, Indeterminate forms, Algebra of limits, Evaluation of limits, Algebraic limits, Limit of an
algebraic function when x — oo, Trigonometric limits, Exponential and logarithmic limits, Evaluation of limits

using L'Hospital’s rule

LIMIT OF A FUNCTION

Let a function f be defined at every point in the
neighbourhood of a (an open interval about a) except pos-
sibly at a. If as x approaches closer and closer to a, but not
equal to a, then the value of the function f(x) approaches a
real number /. The number / is referred to as the limit of f(x)
as x tends to @ and we write it as

lim f (x) =1

xX—a

Note that f(x) approaches [ means the absolute difference
between f(x) and /, i.e. |f(x) — /| can be made as small as
we please.

When the values of f(x) do not approach a single
finite value as x approaches a, we say that the limit Does
not exist.

CAUTION

A number is said to be a limiting value only if it is finite and
real, otherwise we say that the limit does not exist.

Right Hand Limit

We say that right hand limit of f(x) as x tends to ‘a’ exists
and is equal to /, if as x approaches ‘a’ through values
greater than ‘a’, the values of f(x) approach a definite
unique real number /; and we write

lim f(x) =1, or fla+t0)=/

Method for Finding Right Hand Limit

To evaluate lim f(x)
x—a"

1. Putx=a+ hinf(x) to get
2. Take the limit as 7 — 0.

Left Hand Limit

We say that left hand limit of f(x) as x tends to ‘a’ exists
and is equal to /, if as x approaches ‘a’ through values less
than ‘a’, the values of f(x) approach a definite unique real
number /, and we write

lim f(x) =1,
x—a

or fla-0)=1,

Method for Finding Left Hand Limit

To evaluate lim f(x).
x—a

1. Putx=a—hin f(x) to get }lin})f(a+h).
-l
2. Take the limit as &7 — 0.

CAUTION

For finding lim f(x), we study the behaviour of the function f
X—a

in the neighbourhood of ‘a’ and not at ‘a’. Thus, the function
f may or may not be defined at x = a.
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SOLVED EXAMPLES

1.

X2 -9x+20
lim —— =
x—5 x —[x]
(A) 1
(B) 0

(C) Does not exist
(D) Cannot be determined

Solution: (C)
2
x°—=9x+20 i (x—=4)(x-5)

lim
x—=5 x —[x] x—5 x —[x]
LHL = lim W
x—5- x —[x]
- lim S-h-4)5-h-5) (h>0)

h—=0 (5=h)=[5-h]
A=W (= h)h)
h—0 5—h—4 h—0  (1-h)
LHL=0

lim &= =5)

Also, RHL =
x—5 x —[x]
~ lim S+h—-4)5+h-5)
h—>0 (5+h)—[5+h]
~ lim (1+ h)(h) _ lim 1+ h)h
h—>05+h—-5 h>0 h
RHL=1
As LHL # RHL

Limit does not exist.
X—aq
|x —a; |
Then lim (44, ... 4,),1<m<n
x—)am

If4,=

1

(A) is equal to (-1)"
(B) is equal to (—1)" "'
(C) is equal to (—1)" !
(D) Does not exist

Solution: (D)
We have, 4= TG ,i=1,2,...,n

|x —a; |

and a<a,<...a,_;<a,

Let x be in the left neighbourhood of a,,,.
Then,

x—a;<0fori=m,m+1,...n

i=1,2,...,nandifa,<a,<a;<...<a,.

and x—a,>0 for i=12,....,m-1
i=&=71,fori=m,m+l,...,n
—(x—a)
and  A=2"% 1 fori=1,2,..,m—1

1
xX—aq

Similarly, if x is in the right neighbourhood of g;

Thenx—a;<0fori=m+1,...,nandx—a;>0
fori=1,2,....m
A=—"% — lfori=m+1,..n
—(x—q)
and A= "% i fori=1,2,....m
xX—a

i

Now, lim (44, .. 4,) =(1)"" """
x—a,

and  lim (44, ... 4)) =(1)"""
xX—a,

Hence, lim (4,4, ... A,) Does not exist.
xX—a,

INDETERMINATE FORMS

If a unique value cannot be assigned to f(a), then f(x) is
said to be inderminate at x = a. 0

Most general of all indeterminate forms is —, others
being 0

1. 0 —o0= l - l = H = 9 which is indeterminate
0 0 0 0
and hence is (c0 — o)
1/0

0 . . .
= 6 which is indeterminate and hence is

(o]
oo

3. 0Xoo=0. 1 = 9 which is indeterminate and hence is
(0% o)

4. 17
Lety=17
= log y = o log 1 = oo x 0 which is indeterminate
and hence is 17

5.0
Lety= 0°
= logy=0-1log 0 =0 X e which is indeterminate
and hence is 0°

6. °
Lety =0
= logy =0 -log e =0 X o which is indeterminate
and hence is oo°.
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ALGEBRA OF LIMITS Solution: (B)
) ) ) Since, 0 < (rx)< 1l forr=1,2,3,...,n
If lim f (x) =/and lim g(x) =m, then following results " "
xX—a xX—a
are true: = 0< Y () < X ()
r=1 r=1
1. lim[f(x)+g(x)]=1lim f(x)+ lim g(x) =/+m. n
x—a x—a x—a = 0< Z(rx) <n
2. lim[f(x)—g(x)] = lim f(x) — lim g(x) =/-m. r=1
xoa xoa xoa Dividing throughout by n?, we have
3. lim k- f(x) =k-lim f(x) =k, n
xX—a xX—a
(rx)
where £ is a constant. < ,z':l
4. lim [/ (x)-g(x)] = lim / (x) - lim g(x) = Im. 2o T2
xX—a xX—a xX—a n
lim f(x
5. lim ZAC) = x_mf( ) = — (provided m # 0). i < 1i rz::l(VX) .
alg@] lim g om R i
6. lim (fog) (x) = lim flg(x)] = f(xllg}l g(X)) = 3 ()
f(m). = 0< lim ““5— <0
n— oo n
In particular, () + (2x) ()
() +Q2x)+ .+ (nx
(a) lim log g(x) = log(lim g(x)) =log m. 0< nh_rflo n? <0
xX—a xX—a

;
(b) lim 8™ = emEW _

xX—a

7. lim[f(x)]"= [lim f(x):|n =[" forallne N.

8. Sandwich Theorem (or Squeeze Principle).
If f, g and /4 are functions such that f(x) < g(x) < /i (x)
for all x in some neighbourhood of the point a (except
possibly at x = @) and if lim f(x) =/= lim A(x),
then lim g(x) =1. T T

X—a

9. If lim f(x) =/, then ‘1131‘ f(x)‘ =1i.

xX—a

IMPORTANT POINTS

Sandwich theorem helps in calculating the limits, when limits
cannot be calculated using the usual method

SOLVED EXAMPLE

lim () +(2x)+ (3x) + ... + (nx)

3. 3 , where
n— oo n
{x} = x — [x] denotes the fractional part of x, is
(A) 1 (B) 0

© % (D) None of these

According to Sandwich Theorem or Squeeze Principle

lim X))+ 2x)+ ...+ (nx) _

0
n— oo n2
CAUTION
The converse of the above result may not be true,
i.e., lim |f(x)| =1l =l = limf(x) =/
EVALUATION OF LIMITS

The problems on limits can be divided into the following
categories:

Limits
Algebraic Trigonometric Exponential and
limits limits logarithmic limits
ALGEBRAIC LIMITS

The following methods are useful for evaluating limits of
algebraic functions:
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Method of Factorization
If f(x) and g (x) are polynomials and g(«a) # 0, then we have

lim f(x)
lim TAC ) S

x>a g(x) lim g (x)

_f@
g(a)

Now, if f(a) = 0 = g(a), then (x — a) is a factor of both f(x)
and g (x). We cancel this common factor (x — a) from both
the numerator and denominator and again put x = @ in the
given expression. If we get a meaningful number then that
number is the limit of the given expression, otherwise we
repeat this process till we get a meaningful number.

SOLVED EXAMPLE
I —2¥x +1

4. lim is equal to
-l (x=1)? q
1 1
A) — B) —
(A) 9 (B) p:
1
©) 3 (D) None of these

Solution: (A)

. %/x7—2%/;+1 yr=2y+1
lim 3 im >
x—l1 (x—l) y—)l (y )
[Putting U =y;asx—> 1,y —> 1]
2
= lim gy 21) 2
2 y=D (" +y+])

1
m-———— = —.
=Ly 9

Method of Rationalization

This method is useful where radical signs (i.e., expressions
of the form ~/a £ /b ) are involved either in the numera-
tor or in the denominator or both. The numerator or (and)
the denominator (as required) is (are) rationalised and limit
taken after cancelling out the common factors.

SOLVED EXAMPLE

x-3

Jx+6- 3) .

5. The value of hm (loga

(A) log, 6
(B) log, 3
(©) log,2
(D) None of these

Solution: (A)

lim

=3 63

|:loga (x=3)(Jx+6+ 3)}
(x—3)

= linéloga(\/x+6 +3) =log, 6
x—

= lim
x—3

Standard Formula

x—>a X —d

where n € Q, the set of rational numbers.

SOLVED EXAMPLE
6. lim z x = 1r

x—)l
() 0 @) ")
O 1 (D) None of these

Solution: (B)

We have,

11m2x _1r

x—)lr 1 X

n(n+1)

=Y r T =14+243+ . tn= 5

r=1

LIMIT OF AN ALGEBRAIC FUNCTION

WHEN X — o

S (x)
g(x)

x — oo, where f(x) and g(x) are algebraic functions of x, it
is convenient to divide all the terms of f(x) and g (x) by the
highest power of x in numerator and denominator both and
use the following standard limits:

In order to find the limit of a function of the type as

1. lim 1 =0

x—o0 X

2. lim 1 =0,ifp>0.

X— x

TRICK(S) FOR PROBLEM SOLVING

oo, ifa>1
1, ifa=1
if —1<a<1
ifa<—1

n—e 0,

does not exist,
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I 2 2 2
. iim apxP +axP T+ +a,_(x+a, S_E;:l[r =2t (7 = 2n =Dt
x—e box? +bx? 4L +by_1x+ b, . o2 .
. = S=- {M} —2n{—n(n+l)(2n+l)}
2o ifp=g 2 2 6
bO
= J0, ifp<g +(n2—2n—1){ln(n+l)}+n2(n):|
oo, if p>q 2
Solving and rearranging, we have
S=§(n4—11n3—19n2+6n)
Some Useful Summations g (A 11 = 1942 + 6n
lim — = lim — 7
1. zn=1+2+3+...+n="(”7+1) roen e &
1 11 19 6
=—Ilim|l-———=+—
2. Zn2:12+22+32+...+nzzw 24nfl( noon ,ﬁ)
n(n+1) ? 1S ANl 1
A= +22+30 4 = | co lm Y DY ke = oo
2 Lty | k=1
4.Zar”fl=a+ar+ar2+...+ar"71=—a(l_r); -1
provided r < 1. I=r 8. nlfi,rll I

1 6
SOLVED EXAMPLES (A) 3 (B) r

2
7. The value of ©) —5 (D) None of these
1 " nl "2 Solution: (B)
lim —|1 k|+2 k|+3 kl|+..+n-1
ngll,n“[ {k_l ] {kz_'l J {kz_fl J " jl (n — 2)th factor of the series is
will be 12”_1."2"'""'1
A L g | o | o | "on+l o’ -+l
@) 24 (B) 12 © 6 D) 3 Therefore, required limit = lim t3¢,¢5 ... ¢, _,t, _1t,
n—» oo
Solution: (A) (234 n=3n-2n-1
The (r + 1)th term of the series is = ,,h_rfl, (Zgg 1 .n+l)

tr+1:(r+1)k§k (13) 21 31 n2+n+l:|

= Lo =+ D[1+2+3+... (n—r)terms] 771328t —ntl
1 i 23 n+n+l 6
= = D)=t T aSenntl) 77
N I 1 F+ D) —rm+n—rm+r*=r) 9. If [x] denotes the integral part of x, then
1 R I
=ty = 5(r+1)(r2 —(1+2n)r+n’) '}gl}onj(gl[k X]] =
1 b
= too1= 5(1’3 - 2w +(n* = 2n—1)r+n?) (A) O (B) 5
n-l X X
Now, S= Yt ©) 3 (D) o

r=0
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Solution: (C) Solution: (C)

n r 2r
L= lim %(2 [kzx]] Required limit = lim z Sl

P
n—oop i=1 n—e 7 10

. 2 2 2 n g g
Since kx — 1 < (k'x) <k’x limZ{(%) +(é)}
7! " o

= 2 (Fx=1) <Y (Kx)< Y kx
k=1 k=1 k=1

= x| X [-D0 < Y Kx]<x| YK = lim {—- +=
k=1 k=1 k=1 k=1 noe |2 1_1 5 1_1
D(2n+1 2 >
N xn(n+1)(2n+1)
6 =1+-= >
i 4
< 2 [kzx] < xn(n+ 16)(2n +1)
2x% +5x
11. 1 h < —_— 1
Dividing throughout by n°, we have o f(x) v ere S < 2 "
xn(n+ 1)5211 +1) _LZ A) 1 (B) 2 (C) -1 (D) -2
6
) k? " D1 Solution: (B)
<3t 3X] < )g D lim 2273~ tim{2-2 | =2
k=1 1 6n xoe X xoes x)
x 1 1) 1 L [k*x] 2
= —(1+—)(2+—)——2S 3 and lim 25 (542 =2,
6 n n n k=1 N X—>o0 x2 X—>o0 X
< f(l + l)(z i l) .. Using Sandwitch theorem, }gr}o f(x) =2.
n n
Taking limits as n — oo, we get TRIGONOMETRIC LIMITS
lim |:f(1 + l)(z + l) — iz] <L For finding the limits of trigonometric functions, we use
n—eo n n n trigonometric transformations and simplify. The following
results are quite useful:
1 1
< lim — (1+ )(2+—) sin x
n—>co n n 1. (a) lim =1
1 x—=0 Xx
Since, as n — oo, we have — — 0 (b) limcosx =1
n x—0
ot
— rep X (© lim 2%
3 3 x—=0 X
P
According to Squeeze Principle or Sandwich Theorem, (d) lim Sih X _ 1
we have =0 x
-1
X
=% @© lim 2 Y
3 x—0 X
.0
w o An . sinx @
10. lim —+—2 g+...+5 2 is equal to ® ili% x 180"
n—>ee 10© 10 10"

2. 11m f(x) = llm f(a + h) 5 Where a # O, on taklng
( 4 4 2 .



Some Useful Expansions

3 5 7

1. sinx=x——+x——x—+...oo;xeR
3t 57
2 4 6
2. cosx=1—x—+x——x—+...c>o;xeR
21 41 6!
3
3. tanx=x+x—+£x3+1—7x7+£x9+...oo; 13.
3 15 315 2835
<=
2
2
1
4 seox=l+ 424 O o o< T
2 24 720 2
1 1
5. cosecx=—+£+Lx3+ 3 X 4.0 0<x|<T
x 6 360 15120
3
2
6. cotx=——f—x———xs—...oo;0<|x|<7r
x 3 45 945
.1 1x 13x 1.3.5%
7.8l x=x+-——+——+——+...09x< ]
23 245 24.6.7
8. cos 'x= E—sin’lx
2
n 1 13 x° 135 x/
== —dx+——+——+—— "+ oo <1
2 23 245 246 7
9. tan 'x =
PR 7
X——+———+.. 09 |x|<1
3 5 7
n 1 1 1 1 +if x>1
F e ——— o _
2 x 3 50 T —if x<-1
SOLVED EXAMPLES
3
12. hmw:
x—=0 xXSIn X COS X 14.
(A)g 1
2 2
)1 (D) None of these

Solution: (A)

. 1-cos’ x
lim ———
x—0XxSInx coSx

~ lim (I—cosx)(1+ cos® x + cos X)
x—0

X Sinx cosx

.2 X

2sin? —(1+ cos? x + COS X)
lim
x—0

X X
2x Sin— COS— COS X
2 2

Limits 11.7
in ™
.1 s1n2 1+ cos® x + cosx
= lim — .
x—>02 X
- COS— - COS X
2
1
L33
2 1 2
. X X X x
lim [ cos— cos— cos—...cos— | =
n—m( 2 4 8 2”)
X sin x
A) — B)
sinx X
© 0 (D) None of these
Solution: (B)
Required Limit = lim cos~ cosi2 cosi3 . COS—
n—>oo 2 2 2"

. X X .X X
= lim [cos—...cos n_1(2 s1n—ncos—nJ]
nﬁstini 2 - 2
2?!
. 1 X X . X
= lim ——— cosE... 2 cos—sin—;
n_)mZZSini 2 2
2n
= lim;(Z cos%sing) = limL
T oM gin n%w2"sin(x)
2" 2"

X
sinx _. 2" sin x
= lim =

X noe| . [ x X
sin| —
2

. ( 16 1 6 1 6 )
lim| tan@+—tan—+—tan—+...+ —tan— | =
H—3o0 2 2 22 22 on on

(A) l (B) l —2cot26
0 0
(C) 2cot26 (D) None of these
Solution: (B)
tan 20— sin 260
c0s20
1 2sinfcosf

cot20  cos> @ —sin’ 0
cos’ 6 —sin’ 0

2sin6 cos6

cot20=
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2 )
- 2eot 20— .cos 0 3 .sm 0
sin@ cos@® sinO cosO
= 2cot 20=cot 6—tan O
= tan 6= cot 6—2 cot 260
Now, tan @=cot 6—2 cot 26
1 0 1 0
= —tan—= — cot— —cot@
2 2 2 2
1 0 1
= 2—2tan2—2— z—zcot———cote
1 1 0 1
= — tan— = —cot— — ——cot——
2n 2}1 2}1 2" n 2n
1
= S=-2 cot2t9+—coti
2" 2"
Therefore,

n—soo

n— oo n— oo
0
= _2cot20+ lim 4| —2"
o 6
tan —
2n
]
= —-2cot20+ —
)

tan ([-7° Jx) — x> tan ([- 1)

15. lim 3
x=0 sin” x
denotes the greatest integer function
(A) 0 (B) 1
(C) tan 1010 (D) e

Solution: (C)

Since, [-77] = [-9.87] = —10, therefore
212 2 2

lim tan[—7" ]x 2x tan[—7" ]

x>0 sin” x

mtan(—lez)—xztan(—IO) x?

lim S = lim (—2 cot20 + ZL” cotzin)

=1
x—0 x? sin’
tan (lez) . x*tan10
+ lim
2 x—0 xz

=—lim
x—0 X

tan (10x
an ( x)+

T0x2 tan 10
X

lim (~10)

x—=0

=tan 10 - 10

S Ened 30|

V3h (3 cosh—sinh)

16. lim
h—0

X

is equal to

(1

. 1 0 1 0 1 0
lim | tan@ + — tan— + — tan— + ...+ —tan—
2 2 22 22 2n 2n

equals, where [ ]

17.

18.

4 4 2 3
(A) 3 (B) - 3 © 3 (D) 2

Solution: (A)

30 )|

J3h (\/3 cosh—sinh)
2 \/5 lcosh+£sinh - ﬁcosh—lsinh
2 2 2 2

lim
h—0

= lim
70 V3h(x/3 cos h—sin h)
. 2 [2 sin h]
= lim
103 h(+[3 cos h—sin h)
4. Siz h
= lim
10 f3 ({3 cos h —sin h)
___ 4 _4
SBB-0) 3
it lim =% s non-zero finite, then » may be
x>0 x —gin" x
equal to
A1 (B) 2
©) 3 (D) None of these

Solution: (A)

Clearly, forn =1, lim ~ 0% — 1,
x—>0Xx—8Smnx

. 3 3 CcO 4 X .
lim | cosec’x-cot x —2cot” x-cosec x + 1S
x—0 secx

equal to
A1 B) -1
<) 0 (D) None of these

Solution: (A)

. 3 3 CO 4 X
lim | cosec”x - cot x —2cot” x - cosec x +
sec x

x—0
N cos’ x
sin® x
cosx(1— cos? x)2

= lim 2 = limcosx =1
x—0 sin” x x—0

2cos’ x

. COS X
lim | — T
=0l sin" x sin” x

EXPONENTIAL AND LOGARITHMIC LIMITS

For finding the limits of exponential and logarithmic func-
tions, the following results are useful:
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1o1im &=L oy AEESINE AT SR
x—=0 Xx | 21 4! 6! 2
X _ = lim
2. tim “ L “log. 4, a>0 £50 e
x—0 X
X X _ . 1 .. .
3 lim = log, ( a ); a.b>0 = xllino (—' + terms containing x and its powers)
x—0 X b
1 1
1+x)" -1 =— = —
4, lim¢=n T4 24

x—0 X
1 n
5. lim (1+x)"* = lim (1+—) =e
x—0 n—oo n
6. lim (1+ah)/" =¢"
h—0

log x

7. lim
x—oeo  xM

8. lim 08 (L+x)

x—0

a X
9. lim (1+—) =¢

X—>o0 X

=0, (m > 0)

=log,e,(a>0,a#1)

S(x)
10. lim (1 + ) = e, where f(x) — o0 as x — oo,

x>0

f(x)
11. lim (1+ f(x)"/® =e.

Some Useful Expansions

2 3
Le=1+2+" 12 4 tow
20 3!
2 3
a_ X X x -
2. e7=1 TRIETIREY to
2 3
3. loge(l-l-x):x—7+?—...tooo,—l<xS1
2 3
4. loge(l—x)z—x—%—%—...tow,—lgx<l
1 2
5. axze“ogazl-l-xloga-i-%+...tow
-1 '
6. (1+x)"=l+nx+%x2+...t0°o,—l<x<l,

n being any negative integer or fraction.

The expansion formulae mentioned above can be used with
advantage in simplification and evaluation of limits.

2
cosx —1+—
2

For example, lim

x—0 x4

If [-] denotes the greatest integer function, then
lim [-x] =[0]=0

x—0

Is the above statement true?

No. If fact, lim [=x] = lim[0—x] = lim—-1=-1
x—0 x—0 x—0

Thus, limit must be applied only after removing [-] sign.

SOLVED EXAMPLES

19. lim1 x sin{x} ,where {x} denotesthe fractional partofx,
x—=1 x—
is equal to
A) -1 (B) 0
O 1 (D) Does not exist
Solution: (D)
LHL= lim 250
x—=1- x - 1
Let x=1l-hasx—>1,h—0
= LHL = lim A=hsin{l -k
h—0 h
- LHL = lim {=/sin0 =/
h—=0 h
LHL = lim =7 sin(l) =oo
hr=0 h
Now, RHL= lim X310
x>+ x—1
Let x=1+hasx—>1,h—0
= RHL = lim (LHA) sin(+h)
h—0 h
= RHL= lim DS aan
h—0 h—=0
RHL=(1+0)=1
Since  LHL # RHL,

the limit of the function Does not exist at x = 1.
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20. lim (Q)F] where @ > 0, b > 0 and [x] denotes

x—=0\x /| a
greatest integer less than or equal to x is

A *
a

Solution: (D)

lim|—|| == lim| ——
x=0\x )| a h=0\ 0+ h a

(B) b ©) g (D) 0

sin[x]
[x]#0
21. If f(x) = [x] , where [x] denotes the
0 ,[x]=0
greatest integer < x, then lil’l’(l) f(x) equals
x—
(A) 0 (B) -1
©) 1 (D) None of these

Solution: (A)

sin[—A] — lim sin(—1)

pmSO=h = = Ty T
| o sin[A]
pm SO+ ) = him =

-1 [ h— 0= (h) = 0]

lim f(x) does not exist.
x—0

22. Letf(x)=x—[x], where [x] denotes the greatest integer

2n
<xand g(x) = lim W , then g(x) =
o f(0)]" +1
(A) 0 B) 1
©) -1 (D) None of these

Solution: (C)
AsO<x-[x]<1Vxe R O0OZf(x)< 1.

lim [ f(0)]" =0

2n
Thus, forx € R, g(x) = lim W
e [f] " +1
0+1
tan” ! ([x]+x)
23. If f(x)= [x]-2x =0
0 ,[x]=0

where [x] denotes the greatest integer less than or
equal to x, then lim f(x) is equal to
x—0

1

A) —2 B) 1
(A) 5 (B)
” .
© 4 (D) Does not exist
Solution: (D)
71 _ _
LHL = Tim f(0—h) = lim 20_((ZA1=1)
h=0 h>0  [—h]+2h
1
i P C1=h)
=0 (2h—1)
-1
= lmw
o0 (1-24)
_ml4 _m
====7.

-1
RHL = lim /(0+4) = lim 20211
h—0 h—0

[A]-2h
-1
— im tan~ (h) =7l
h—0 =2h 2
Since LHL # RHL

lim f(x) Does not exist.
x—0

TRICK(S) FOR PROBLEM SOLVING

m If limf(x) =A>0and lim g(x) =B, then

X—a X—a

lim [f(x)]7%) = A°

X—a
m If limf(x) =1and lim g(x) = e, then
X—a X—a
l f(x)-1
Iim[f(x)]g(x) _ e)ﬂj}g(X)[ (-1

X—a

SOLVED EXAMPLES

24. Tf lim 729" — 243 —831 +9"+3" -1 - k(log 3)’,
x—=0 X
then k =
(A) 4 (B) 5
(©) 6 (D) None of these

Solution: (C)
Required limit
- 243°3 -1 -9"B* -+ (3 -1)

=1
x—0 x3

B =D{243) -2 -9 +1}
3

= lim

x—=0 X
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— lim G =-D{243)" =27 -9" +1}
x—0 x3

— lim B -HO" -HE7 -1
x—0 X X X

=log 3 -log9 -log27

=log 3 - 2log 3 - 3log 3

= 6(log 3) = k(log 3)’ (given)

k=6

25. If ocand B be the roots of ax” + bx + ¢ = 0, then

lim (14 ax? + bx +¢)/0 s

X—>o
(A) logla (a—p)| B) &P
(C) B~ (D) None of these

Solution: (B)
llm(1+ax +bx+c)l/(x o) _ |:(l+ax +hx+e)—1]
X0 | |
[Using lim [f(x)]gm: meL(-1]

X—a

provided f(x) = 1 and g(x) — o as x — a]
lim ¢ (=)= B)

lim(ax +bx+c)
(x—0)

= (@ —
[ @, Bare roots of ax® + bx + ¢ = 0]

ey

. sinx \x—a . .
26. lim | — , 4 # nm, n is an integer, equals
x—a \ sina

(A) eCOt a (B) etan a (C) esin a (D) eCOS a

Solution: (A)
1 1

sinx \x—a . sinx —sina \x-a
- = lim| 1+ —
sina x—a
sina

sinx —sina \| sinx—sina
1+ ————
sina

sinx —sina

lim -
x—a sima

sinx—sina

(x—a)sina

= lim
xX—a

= lim -
e (x—a)sina

= im e[ (5 )
DI

a
= hm cos (

cosa

cota
= esina =

27.

28.

29.

1/sinx
. (1+tanx .

hm( - ) is equal to
x—0\ 1+sinx
(A) 0 (B) 1
©) -1 (D) None of these
Solution: (B)

1+t
Let fx)= ?n al

1+sinx

1

and g(x) = —

sin x

Clearly f(x) > 1 and g(x) > e as x — 0.

1/sinx R 1 (l+tanx
lim——| ——-1
lim(1+tanx) — e\lﬁu 5inx(l+si1’1x )

x—0\ 1+sinx

Usine li g(x) _ 1j33g(X)[f(x)—1]}
{ sing xlgi[f(x)] e

. 1 (tanx—sinx 1-cosx
1‘193 i 1+si ‘ly“lcos (1+sinx) 0
=e sinx sinx =e X X =e = 1

] X tang )
lim| 2—— is equal to
x—a a
(A) eﬂ'/z (B) e2/7[ (C) 6_2/7[ (D) e—ﬂ/z

Solution: (B)
X

tanH i (E)( - )
1im(2—£) 2 _ )
x—a a
{Using lim [f(x)]g(X) — el‘if}g(x)[f(x)_l]
x—a

asf(x)elandg(x)ewasxea}

. x X
llm(l—f)tan(—)
x—a a 2(1
lim “Va

—a nx\w .2 (nx
—cosec’ 24 ) 2a lgrulfsm S oy
a a =e T =

a

lim (cos x + asin bx)x is equal to
x—0

(A) e B) &®
Solution: (C)

(1-x/a)

= cot(7wx/2a)

= e =€

=€

(C) e (D) e’

a

lim (cos x +asinbx)* = e’
x—0

11m (cosr+asmbx 1)

xX—a

as f(x) > 1 and ¢(x) > 0 asx — a]

. _a(—sinx+abcosbhx)
m AT AocOSoX)
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1 Sin'x sin(i) Z
30. The value of lim (%)‘ is tim| 20 |
x—0 X ”
(A) 1 (B) -1 =e
© 0 (D) None of these .

Solution: (B)
im (%) _ () EVALUATION OF LIMITS USING
x L'HOSPITAL’'S RULE
[Using lim [ f (x)]g(x) = me@l/@-1 Begides the methods given above to evaluate limits, there

is yet another method for finding limits, usually known as
L’ Hospital’s Rule as given below for indeterminate forms:

x—0

as  f(x)= SMY 1 and g(x)
X

: 0 . .
sinx 1. | = | form: If lim f (x) =0and lim g(x) =0, then
sinx O xX—a xX—a
X
= , = - —> an—)O:I ) f(x) ) f'(x) ) o
x¥—smnx ,_ SInx lim =——— = lim =———, provided the limit on the
X x—a g(x) xa g (x
im0 | R.H.S. exists.
e ¥ =g . .
=e =€ Here, f” is derivative of .
1—cos(x+1) oo
. PP Ex4l) G 2. | — | form: If lim f (x) = e and lim g(x) = oo,
31. lim 2—1 is equal to oo x—a x—a
-l X —x+ ’
then lim VA = lim & , provided the limit on
2 1/2 3 1/2 i x—a g(x) x—a g (X
(A) 1 (B) (5) ©) (5) (D) e the R.H.S. exists.
Solution: (B) Note that sometimes we have to repeat the process if the
.0 oo .
PR 17cos(x+) form is — or — again.
. (x +x“+x+1] G+D 0 o0
lim | ———
w1 xP—x+l
(M) TRICK(S) FOR PROBLEM SOLVING
2sin’| ——
2
4, 2 Tt f
= lim (—x Tt x+1J Gl m L'Hospital's Rule is applicable only when % becomes of
- 2 _ oo gix
A X" —x+l the form o or —.
sm(x—ﬂ) 2 © c><>O
1 2 w If the formis not — or =, simplify the given expression till
(xR a1 )2 (L“) 2\ 0 s
- Xh_>n_ll 2 —x+1 2 - 3 it reduces to the form ° or Z and then use L'Hospital’s
rule.
Y m For applying L'Hospital’s rule differentiate the numerator
32. lim (cos —) is equal to and denominator separately.
n—oco n
@A) e (B) ¢
©) 1 (D) None of these CAUTION
Solution: (C) L' Hospital’s rule cannot be applied in every problem.
n ]imn(cosf—l) , . 3x+sin ZX( 00)
. X o e Consider the example, lim —— | form — | .
’}E)l;lo (cos;) =e 8 Pe o 3x —sin2x oo
s Z( x ] Here, if we apply L' Hospital’s rule, we get
m-n-zsin’| —
= 2n i 3XFsin2x _ . 3+2cos2x
x—e 3X —SiN2X  x—e= 3 —2c0s2X
\_
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Now, both the numerator and denominator are undefined
because lim cos2x Does not exist.

We can ﬁrqa)?he above limit as:

sin2x
3*‘2( 2 ) _3+20)

im 3x +sin2x — im
x>0 3X —SIN2X x> 3_2(sin2x) 3-2(0)
2x
=1, since lim sin2x =0
x—eo  2X

N

SOLVED EXAMPLES

33. If o is a repeated root of ax® + bx + ¢ =0, then

lim w is
x—a (x — a)z
(A) a (B) b ©) ¢

Solution: (A)

(D) 0

2
. tan(ax” +bx+c
i (@ b+
x—o (x—a)

(% form as ac®> + ba+c = 0)

2, .2
— lim (2ax +b)sec”(ax” +bx+c)
x—a 2()6 — Ol)

0 .
0 form as & being a repeated root of ax* +bx+c=0,

2a00+b=0
2asec’ (ax® +bx +c¢)+ (2ax +b)* x

2sec? (ax2 +bx+c) tan(ax2 +bx+c)

= lim
x—o 2
_2a _
2
x -x _
34. lim& re +j.cosx 4 is equal to
x—=0 X
1 1
(A) 0 B) 1 © P D) - P
Solution: (C)
. e +e  +2cosx—4 0
lim 2 — form
x—0 X 0
. e —e ¥ —2sinx 0
= lim—7—™M———— — form
x—0 4x3 O
. e +e ¥ =2cosx 0
= hm—2 — form
x—0 12x O

X

. e —e t+2sinx 0
lim—~——— — form
x—0 24x 0

. e +e ¥ +2cosx 4
Iim—m—mMmm = —

_1
10 24 24 6
35. If f(2), g(x) be differentiable functions and f(1) =
JSMgx) - f(0)g)— 1) +g)

g(1) = 2 then lim
x—1

. g(x)— f(x)

is equal to

(A) 0 B) 1

(©) 2 (D) None of these

Solution: (C)
i S Dg) = /(g ~ f() +8(1)
=1 g(x)— f(x)
i, D)~ (D)

=l gl(x) - f(x)

o €= ()

=1 g(x) = f1(x)
=2.

b

36. Letf(x)be atwice differentiable functionand /' (0)=5,
3/(x)—-4/(Bx)+ f(9x)

then lil‘% > is equal to
x— X
(A) 30 (B) 120
(C) 40 (D) None of these
Solution: (B)
i /() =476+ 0x) ( 0 form)
x—0 X 0
i 3 =1213X) +9.£(9%) ( 0 fom)
x—0 2x 0
— lim 3f"(x) —36f'(23x) +817"(9x)
x—0
_3/M0)=36/ 2’(0) +81/"0) _,, £7(0)
=24.5=120.
37, 16/(9) =9 and /* (9) = 1. then Tim > S equal
x—=9 33— \/;
to
(A) 0 (B) 1
©) -1 (D) None of these

Solution: (B)

O S A )
m

=9 3—4[x

b
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38.

39.

40.

- f(x)
lim ZVf(xi

[Using L’Hospital’s Rule]

= lim— \/7
x—9 /f( )

sin2x +asinx

Sx )——Xf =1

If lim 3 be finite, then the value of ¢ and
x—0 X

the limit are given by

(A) -2,1 B) -2,-1

©) 2,1 D) 2,-1

Solution: (B)
sin2x+ asinx

Let k= lim
x—0 x3
. 2cos2x+acosx
=lim——
x—0 3x2

[Using L’Hospital’s Rule]
We require 2 cos2x + a cos x = 0 for x = 0 as denomi-
nator is zero.

a=-2.
Hence, k= lim200s2x—2cosx (9)
x—0 3x2 O
. —4sin2x+2sinx (O)
= lim——— —
x—0 6x 0
. —8cos2x+2cosx —8+2
= lim = =-1.
x—0 6 6
lim x* is equal to
x—0
(A) 0 (B) 1
©) -1 (D) None of these
Solution: (B)
Let y= limx*
x—0
= logy= hmxlogx = 11 logx (i form)
—0 l/x oo
— tim " — limx =0
x—0 —1/x x—0
= y=e'=1.
. ( Incos x ] .
lim| ——— is equal to
=0\ Y1447 -1
A) 2 (B) -2 ©) 1 D) -1

41.

42.

43.

Solution: (B)

. Incosx .
lim| ———|= lim
x—0| 4 1+ X2 -1 x—0

In[1+(cosx —1)]
Y+x? -1
-1

— 4 Iim $23X

x—0 X

2
ln[l+(cosx— 1)] ~(cosx—1) and (\4/1+x2 —1) ~ XT:|

2 2
-4 lim =~ 22 [ (1-cosx) ~ x—}
x—=0 x 2
=-2
2x _ 2
lim > is equal to
x—2 xx —2
log2—1 log2+1
(A) 2= ®) -
log2+1 log2 -1
© 1 (D) -1
Solution: (A)
x _ 2
lim 2 x2 (9 form)
x—2 x 2 0
~ lim 2"log2—-2x  4log2-4 _ log2-1
=2 x*(1+1og x) 4(1+10g2) 10g2+1
. (G sinx
lim smx. (sin x) - equals
% 1=sinx +Insinx
2
A1 (B) 2 ©) 3 D) 4
Solution: (B)
Let sinx=h,thenasx —> w2, h — 1
given limit
_ h=h" 1=K —h"Inh
=lim—— = lim ——
h>11—h+Inh h>1  —=1+1/h
(Using L Hospital Rule)
. —h"=2h" Inh—n""" = K" (nh)?
= lim
h>1 —1/HK?
_ -t =2
-1
T ola—-x |

The value of lim

a —x cot—
xX—a 2

Q

—+

=
7

) 2

a
T

a 4a

© —



Solution: (C)

lim Va? — x> cot— /
xX—a
. Va? —x*
= lim

X—a T a—Xx
tan —
2 +x

o)

Limits 11.15
—-2x
2 2
(0 x o form) = lim ,—2 =
x—m_seczg a— )C 2a
2Va+x 2 2(a+x)\/a —x?

_ 4a

EXERCISES

Single Option Correct Type

x—=0 S x X

1. The value of lim ([lpox}+[99 s1nx:|), where [-] 7.

represents greatest integer function, is

(A) 199 (B) 198
<) 0 (D) None of these
2. If f(x) =sinux, X £ N7,
=2, X=nrw
where n € Z and
g(x)=x2+1, xX#2,
=3, x=2.
then lim g[f(x)] is
x—0
(A) 1 (B) 0
©) 3 (D) Does not exist
3. The value of hm (\/x +x+ - \/7)
(A) >
©) 0 (D) None of these
4. The value of lim x| tan™" X+l T is
X300 x+2 4
Wi o®-: ©1 Dl
2 2
5. lim cos(n\/n2 + n), n € Z is equal to
n—oo
(A) 0 B) 1
©) -1 (D) None of these
k . 2 '
6. 1im S k1 is equal to
n—oo n+
(A) e B) 1
<) 0 (D) None of these

10.

11.

12.

13.

J1—cos2(x—1)
lim—F—

x—1 x—1
(A) exists and it equals 2

(B) exists and it equals — 2
(C) Does not exist because (x — 1) > 0
(D) Does not exist because left hand limit is not equal
to right hand limit
5
The value of lim — is

X—>o0 5
A) 1 (B) -1
© 0 (D) None of these
1
lim (cos x +sin x)* is equal to
x—0
(A) e (B) 62 (C) efl (D) 1
_ N
The value of Tim 2Y2 (cos x+sinx)
NN 1—sin2x
4
3 NG 1
The value of lim 20-+2%) _22 In(1+5) o
h—0 h
(A) 1 (B) -1
©0 (D) None of these

1 el/n eZ/n (n—1)/n
The value of lim| —+ + +..+ is
n

n—oo n n n
A1 B) 0 (C) e-1 (D) e+1
limw, where [-] denotes the greatest
x—l X —

integer function, is equal to
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14.

15.

16.

17.

18.

19.

20.

21.

22.

(A) 1 (B) -1

(C) = (D) Does not exist

/() = | wdx x#0, then lim f(x) is
X xX—>

(A) 0 (B) oo ©) -1 (D) 1

L

x— /2 In(sin x)
function)

(A) Does not exist
(C) equals 0

(where [-] denotes the greatest integer

(B) equals 1
(D) equals —1

lim lim (14 cos®” n!7x) is equal to

M—>00 n—po0

(A) 2 B) 1

<) 0 (D) None of these
lim sin(lx = 3D , where [-] represents greatest
x—0 [X — 3]

integer function, is

(A) 0 B) 1

(C) Does not exist (D) sin 1

The values of constants a and b so that

2

lim(x +1—ax—b) =0 are

x—e| x+1
(A) a=1,b=-1 B) a=-1,b=1
(C) a=0,b=0 (D) a=2,b=-1
: 1 1 1 .
lim | —+—+—+...+ is equal to
nse\1-2 2.3 3.4 n(n+1)
A) 1 (B) -1
©) 0 (D) None of these

2
Jim (108)°
X—o0 _xn

A) 1 B) 0
If the rth term, ¢

s by

,n>0is equal to
© -1 (D)

of a series is given by
n

t.= ,then lim ) ¢, is
4?1 'H‘”,,zz‘;
1
A) 1 B) —
(A) 1 (B) 2
©) 3 (D) None of these

lim(—l)[X] , where [x] denotes the greatest integer less
X—n

than or equal to x, is equal to

-23.

24.

25.

26.

27.

28.

29.

30.

31.

(A) (1) B) (1"
(€0 (D) Does not exist
3
lim T as (x, y) = (1, 0) along the line y =
x—l1 X _y —_
y—0
x —11s given by
(A) 1 (B) oo
© o (D) None of these
. 1=-24+3-4+5-6+...-2n .

lim is equal to
e 1A -1

1 1
A) — B) — —
(A) 3 (B) 3

1
©) -3 (D) None of these
4 2
The value of lim M is
x—>—e0 1+ x|

A) 1 (B) -1 (ONY (D) oo
y 274277 -6 . |
x1_)mz —2_X R is equal to
(A) 8 (B) 4
<) 2 (D) None of these

8 2 4 2 2
lim —| I —cos— —cos— +cos—cos— | is equal
x—=0 x 2 4 2 4

to
1 1 1 1
(A) 6 (B) - I © oy (D) - 2

lim[log,_(n)-log,(n+1)-log,,,(n+2)...1og, , (nk )]
n—oo

is equal to
(A) o (B) n
©) k (D) None of these

. 1 1 1 1 .
lim| —+—+—+..+—————| is equal
n—e|1-3 3.5 5.7 2n+1)(2n+3)
to |
A) 1 (B) 5

1

©) -3 (D) None of these

The value of lim

X—>o0

x pollx fqlix y lx nx
s
n

(B) n (©) (1!

lim (1+x) (1 +x5) 1 +x") ... (1 +x), | x| <1,is
n—oo

(A) n! (D) 0

equal to



32.

33.

34.

35.

36.

37.

38.

39.

1 1
A — B — ©)1-x @D x-1
x—1 x—1
xl’l
lim — =0, (n integer), for
X—>o0 e

(A) no value of n

(B) all values of n

(C) only negative values of n
(D) only positive values of n

n n—1

n—2 2 _
The value of lim + X + X +..+x"+x—n .
x>l x—1
n(n+1
() 2 (B)0
<1 (D) n
2 2 2 2 n
= 2 et 5= 3 (1) 1, then
P+2°+3 +..+r —l
lim S, is given by
n—yoo
2 2 1 1
A) = B) - = C) - D) — -
(A) 3 (B) 3 © 3 (D) 3
3 1/x
If Jim T8 T en

=01+ (1-b) eV

(A) a=1,b=(-3)""
€) a=-1,b=-3)""

(B) a=1,b=3"
(D) None of these

If ¢ = min {x° +4x+5 xeR} and b = lim ﬁ
-0 @
then the value of z a b i
r=0
n+l
(A) z | B) 2" -1
4.2"
2n+l _1
©) (D) None of these
3.2"
. 124234344+ +n(n+l) .
lim 3 is equal to
n—o0 n
(A) 1 (B) -1
©) % (D) None of these
2 _ 2
lim log(l+x+x")+log(l—x+x") is equal to
x—=0 SECX —COSX
(A) 1 B) -1 © 0 (D) e
. Inx-1 .
lim is equal to
x—e \ xX—e |
1 1
A) - (B) ——
e e
©) e (D) Does not exist

40.

41.

42.

44.

45.

46.

47.

48.

49.

Limits 11.17
Ifx;=3andx,, = /2+x,,n=1, then lim x, is
equal to "o
@A) -1 (B2 © V5 @3
+_ 5x+1
The value of lim ——— is
X—>00 3)6 _ SX

1
(A) 5 (B) 3
(C) -5 (D) None of these

1 n-l
lim —[1+el/" +e¥" 4. 4en ] is equal to
n—oo N
(A) e (B) —e
(©) e-1 D) 1-e
. fx +sinx
. lim [——— =
x| X —COSX
(A) 0 B) 1
©) -1 (D) None of these
n+l Sn .

IfS,= Za and lim a, =a, then lim

n— oo n— oo n
i=1 .
|2

equal to i=1

(A) 0 (B) a
(©) V2a (D) None of these
The value of lim [\/3 nt—n + n] is

1 1 2 2
(A) 3 (B) ~3 © 3 (D) -3

Ifr2-Ynt a1

The value of llIm —————

et

A1 (B) 0 © -1 (D) e
_ _ X
The integer n for which lim (cos x 1)((;05)6 <) is
x—0 X
a finite non-zero number, is
(A) 1 (B) 2 © 3 (D) 4
The value of lim 2\/;4_3\/;4_5 \/_
x=e \3x—2+32x-3
2
) = (B) V3
NG
1
© —= (D) None of these
J3

lim x\/z —(z— x)2
Y_>0(\/8xz 4x* %/@)

is equal to
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50.

51.

52.

53.

54.

5S.

z 1
A) =3 B) —5—
1173 7233
(C) 22132 (D) None of these

In a circle of radius r, an isosceles triangle ABC is

inscribed with 4B = AC. If the A ABC has perimeter P =

2[#2 hr—h* + 2 hr] and area A = h2 hr — b,

. ) A .
where £ is the altitude from 4 to BC, then lim — s

h—0" P
equal to
1
A) 128 B) —
(A) r (B) 1287
C) — (D) None of these
64r
, [ 1—cos{2(x—2)})
lim
x—2 x—=2

1 .
(A) equals — (B) Does not exist

V2
1

(C) equals— (D) equals 2

V2
. X X X X

lim | cos — cos — cos —...cos — [ =

n—oo ( 2 4 8 2" )

A) — (B) 20X

sin x X
) 0 (D) None of these

The value of

(22

will be

1 1 1 1
A) — B) — C) — D) -
4 = B) © < (D) 3
If [x] denotes the integral part of x, then
lim — [z [kzx]J

X X X

A) 0 B) — C) — D) —
(A) (B) 5 © 3 (D) 5

. 1 0 1 0 1 0

lim| tan@+—tan—+—tan—+...+ —tan— | =

N—>o0 2 2 22 22 2}1 2n
1 1

A) — B) ——2cot206

(A) 0 (B) P

(C) 2cot26 (D) None of these

3n—-2 _gn+l
56. lim 4 J =
n—=0 82n—1_9n—1
1
(A) 5 (B) 81
(C) Does not exist (D) None of these
57. IfAl:ﬂ,i:l,Z,...,nandifa1<a2<a3...<an.
|x —a; |

58.

59.

60.

62.

63.

64.

Then, lim (4 4,...4,),1<m<n
x—)am

(A) is equal to (-1)"
(B) is equal to (—1)" "'
(C) is equal to (—1)" "
(D) Does not exist

The value of lim ([IQOX} + [99 s1nx:|] , where [-]

x—0 sSin x X

represents greatest integer function, is

(A) 199 (B) 198
<) 0 (D) None of these
The value of lim *— is
x—e §
(A) 1 (B) -1
) 0 (D) None of these
If the rth term, ¢,, of a series is given by
r
t= —————, then lim t. is
AR n—seo | 2
1
A1 (B) >
1
©) 3 (D) None of these
Vx Ux Ux vx ™
. The value of lim w23 Ftn is
X—o0 n
(A) n! (B) n ©C n-D! D) O

lim (1+x)(1+x3) A+ x*)...(A+x>"), | x| < 1,is equal to
n—yoco

1 1
A) — B) —
(A) — (B) -
©) 1—x D) x-1
lim x——O (n integer), for
XHWe’

(A) no value of n
(B) all values of n
(C) only negative values of n
(D) only positive values of n
—cos20

If ¢ = min {x’ +4x+5 xeR}andb—l >
-0 0

then the value of za b"T7 s
r=0



65.

66.

67.

68.

69.

70.

71.

Limits 11.19
2"t n+l 1—/cosx
A) == (B) 207 1 72, lim YOS _
x—0 X
©) 2 -1 (D) None of these (A) ! (B) !
3.2" 2 2
log (14 x + x2) + log (1 — x + x2) (C) Does not exist (D) None of these
lim is equal to
x—0 SECX — COS X 7 1 Jx+7-3y2x -3
. m =
A) 1 B -1  (©0  (De et 6-23br 3
41,3 3,2 17 34
Y +2 =3n” +1
The value of lim n4 n3 is (A) 23 (B) 23
e 3t 42 =3’ +1
\/n \/n O 1 (D) None of these
W1 ®»o ©-1 (D) o
m 74. lim0 @ +x) -2 +x) is equal to
XA Z —(Z2—X X
lil’I(l) 7 Is equal to - | 1 o | |
x>0 (4 5 3 ) _
38xz — 4x* + 38 (A) (B) +
( o = m2™  n2" m2"  n2"
A) — (B) Lo
C - D) None of these
NG 22 © Y =T (D)
2173
In a circle of radius r, an isosceles triangle ABC is T o4 x—4 a

inscribed with AB= AC. If the AABC has perimeter P =

2|:J2hr—h2 + 2hr] and area 4 = hy2hr —h*

where# is the altitude from 4 to BC, then lim A is

L3
equal to | h=0" p
A) 128 B) —
&) 17’ (B) 1287
<€ — (D) None of these
64r

T
cos| x+ =
( 6)

x—=m3 (1 - 2cos x)z/3

A) 1 B) -1
©) 0 (D) None of these
lim w is equal to
=0 In“(sin3x + 1)
2 2
A) = B) ——
(A) 9 (B) 5
©) 0 (D) None of these

1—cos (ex? + bx + a)

lim 3 , where o is a root of
x— o (1 — xO()
ax® + byt c=0, is equal to
b* —4ac b* —4ac

(A) > (B) 5

200 o

g2

©) u (D) None of these

200

76.

77.

78.

79.

80.

(A) cos® Olncos 6—sin® 8 lnsin 6
(B) cos® @lncos O+ sin* 61n sin 6
© cos® O1n sin 6 sin* 8 Incos 6
(D) None of these

1/x
. x—1+cosx
lim (—) _

x—=0 X
(A) e (B) ¢ 12
(©) e (D) None of these

lim|—% | =
"_>°°_(l+l/x)x

(A) e B) ¢! (C) ' (D) e

. [asinx b tanx .
lim + , where a, b are integers and
x>0 X X

[ ] denotes integral part, is equal to

(A) atb B) a+tb-1

(C) a-b D) a-b-1

lim [x]+[2x]+ [3x]+ ... + [nx] _

n—eo 1+2+3+..+n

(A) x (B) 2x

<) 0 (D) None of these
lim n? (x'/” —xV"“), x>0 is equal to

fi—s00

A) 0 (B) ¢

(C) Inx (D) None of these
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1/x Ux
81. If lim [1 +x+ M] = 63, then lim [1 + _f(x)] =

x—0 X x—0 X

(A) e (B) ¢’

©) e (D) None of these
82. Ify=x+ L , then lim s equal to

X+ Jx Y
e dr

(A) 1 (B) -1

) 0 (D) None of these
83, lim _SO5% ~ (cosx)“™*

" x501—cosx + In(cosx)
(A) 0 B) 1
©) 2 (D) None of these

tanx _
84. The value of lim —(20¥) — —fanx

x> w4 [n (tanx) — tanx + 1

(A) -2 (B) 1

© 0 (D) None of these
85 lim (ll/cosz Xy 21/coszx + o+ nl/cosz x )coszx _

) x— /2 ( 1)
n(n+
(A) n (B) 5
(C) n! (D) None of these
S if 2,3

86. lim cot [r"+—|=

n— oo ;gll ( 4 )

(A) 0 (B) tan 12

©) % (D) None of these
87. The value of lim [sinx + cos x], where [-] denotes

x— 57/4

the greatest integer function, is

A) 2 (B) -2 ©) 1 D) -1
88. lim lim

M—>00 n—ro0

l+’\’/l" +2" +’€/2” +3" +’\’/3” +4" + A (m=-1)"+m"
m2
1
(A) 0 B) 1 ©) -1 (D) )

<
89. The value of Ilim [Z 27], where [-] denotes the

n—yoco
r=1

greatest integer, is

1
(A) 0 B) 1 © -1 (D) 5
90. The value of lim | x|, where ['] denotes the
X—o0

greatest integer, is

91.

92.

93.

94.

95.

96.

97.

98.

(A) 0
©) -1

Ifa,=1landa=n(1+a,_,), vn=2,then

nm(HL](HL)_._(HL) _
B—>e0 al a2 an

B) 1
(D) Does not exist

A) 0 (B) e
©) ¢ (D) Does not exist
: 1 1 1\
JE’)I;IO n " |:(n+ D (n + 5)(71 + 2—2) (n + = ):|
(A) e (B) ¢
©) et (D) None of these
VX _
T AN g
x=y x*© -y 1+k
(A) logy (B) ¢
©) y (D) None of these
n }’3 —r+—
li | ——L | 1t
lim rz‘ﬂco is equal to
A) 0 B) 7
©) % (D) None of these
The value of lim ([n smxj|+ |:n tanx:D’ where []
n—seo X X

denotes the greatest integer function, is
(A) n (B) 2n+1
©) 2n-1 (D) None of these

2
lim | —— |, where [-] denotes the greatest
x—=0[ sinx tan x

integer function, is

A0 B) 1
<) 2 (D) Does not exist
lim c0s2(1 — cos? (1- cos’ (I... cos? 0)) _
60 sin T(NO+4-2)
0
(A) 1 (B) 0 © V2 D -2
. -1
Let f(x) :\/tanx - sm{tarzl (tan x)}’ then lim f(x) =
tan x + cos” (tan x) )H%
(A) 1
B) -1
< ) o

(D) Does not exist
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-1
99. i a +x"? 2(a)c)v4
. lim -
voa ||| g2 — V4 (A2 V2 VA A

_zlog: } —

A) " (B) a

) d* (D) None of these
iy (108 (1 +3) ~log2) 347 -3x) _

=1 {(7+ %) =1+ 3x)"?} sinzx

100.

4 4
(A) 2log— (B) ilog—
bd e b4 e

(©) 2 log 2 (D) None of these
T e

g (Lm0 (1= x?) .. (1=x>"

101. =
SI1=x)(1=x%) .. (1= x")]
(A) n! (B) L”')'
(2n)! "
© )’ (D) None of these
n!

k 1 km
102. If 2 cos  ar= EY forany k> 1

r=1

k
do= ", then li
an Z (ar)", then x:n})

r=1

(B) -1

1+ xHP -1 -2x0)" S

x4 x°

(A) 1 ©5 -

More than One Option Correct Type

103. If orand B are the roots of the quadratic equation

1- 2 4bx+
ax® + bxt+ c = 0, then lim1 \/ cos(ex” +bx +a) =

sl 2(1 - a)?
c (1 1 c (1 1
® |5la5) ® |53
©) aiﬂ (é - %) (D) None of these

104. Given a real valued function f such that

2
% , x>0
fx) = 1 , x=0
Jixteot{x} , x<0

2
The value of cot ' (il_r)% f(x)) is

(A) 0 B) 1
©) -1 , (D) None of these
105. 1f lim =% 4 b ce R - {0} exists and has

x=0 gin (x°)
non-zero value, then
(A) a,b,carein A.P.
(B) a,c,barein A.P.
(C) a,c, barein G.P.
(D) None of these

106. lim lim (1+ cos®™ n!mx) is equal to
m—soo n—soo

(A) 2 B) 1
0 (D) None of these
3 1/x
107. If lim M — 2, then
=014+ (1-0%) ™
(A) a=-1 (B) a=1
(C) b= (_3)1/3 (D) 3173

Passage Based Questions

X—>o0 3

Vx | glx . x )
108. lim [u) =

(A) (a+b+c) (B) elog(a+b+c)
(C) abc (D) el°8 (@
109. If Jim &€ =? 10%(1.+ DX ) then
x—0 X sinx
(A) a=3 (B) b=12
(C) c=9 (C) a=-3

Passage 1
We know that if lim f(x) =/and lim g(x) = m( 0), then
xX—a xX—a
lim f(x)
lim L) _ 2o
x—>ag(x)  lim g(x)
xX—a

However, if lim g(x) = 0 = lim f(x), we cannot say
xX—a xX—a

JS(x)

anything definite about the existence of lim —— . Though
x—a g(x)

in some cases this limit exists. Any expression of the type

0 o . . .
—or — is termed as an indeterminate form. Many other

oo
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expressions like eo — o0, 17, oo, 0°, 0 X o which can be

0 oo . .
reduced to the form — or — are also called indeterminate
forms. o

If —= S is indeterminate at x = a of the type 0 or =
g(x) (UNES
then
tim ) _ iy L)
x—a g(x) x—a g’(x)
wheref” is derivative of f.
ACY
g( ) ’ ’”
Zor— , then lim ——= f (x) w
oo xa g (x) x%a g (x)

This can be continued till we finally arrive at a deter-
minate result.
. sin2x+asinx
110. If lim ——————
x—0 X
and the limit are given by

(A) 2,1 (B) -2,-1

111. The value of hm \/a -2 cot—

be finite, then the value of a

(€ 2,1 (D) 2,-1

2a

@ X ®-2 oM @p-H
T T

Passage 2
For a function f, let lim f(x) #1 but f(x) is
xX—a

lim { £ ()},

we write {f(x)}8) = elog /(1
lim g(x)1
= lim {f(x)}g(x) — o g(x)log, f(x)
xX—a

In case, lim f(x)=1and lim g(x) = o, then
xX—a xX—a

lim {£(x)}5 = A+ f(x) - DX

lim () ~1) g(x)
=e

Match the Column Type

112. lim |x|¥™ equals
x—0

(A) 0 B) 1
©) -1 (D) None of these
113. If erand Bbe the roots of ax’ + bx+ ¢ = 0, then
lim (1+ ax® +bx + )" % is
xX—>a
(A) logla(a—pB)| (B) &P
(C) P9 (D) None of these

Passage 3

Let f, g and & be real valued functions defined on an interval
I C R except possibly for some point ¢ such that

lim f(x)=1[= lim A(x)
and, f(x)<gx)<h(x),Vxel

Then, lim g(x) =1
xX—c
114, 1-3-5...(2n—1):
n—d+e  2-4.6...2n
(A) 1 B) -1
©) 0 (D) None of these

lim {x}+{2x} + Bx} + ...+ {nx} ’

n—oo nz

115.

where {x} = x — [x] denotes the fractional part of x, is
(A) 1 (B) 0

1
© 5 (D) None of these

2 x 2. x 2 x
116. lim (lim [Ex7]+(27x 3]+"'+[” x ]),where [
x—=0"| n—oeo n
denotes the greatest integer function, is equal to
1 1
B) -
(B) 3

(A) -3
©) 0 (D) None of these

117.

Column-I Column-II

(D lim [,3/;12 -+ n] (A)
2 =23 +1

(1) )lcl—>m1 (x——l)z (B)

(I lim H( ) © L
P 3

n—
“r=3

(D) 1

n—oo n

(IV) lim (cos f)
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118. 1
. X
Column-I Column-II (I lim x| tan™' —— - = (ONY
. x>0 x+2 4
: _ : sinx
@) lim S0X =GN0 (A) 2 o sin(n1) s
v X L=sinx + /nsinx (IV) lim ————2,0<k<1 (D) >
2 n—e N 4
. 29 1 1
(II) lim l+—9+£+ B) ——
e |10 102 10° 2
5" +2"
+
10"
Assertion-Reason Type
Instructions: In the following questions an Assertion (4) is . Ce—(1+x0)" e
given followed by a Reason (R). Mark your responses from ln.A“amm:E% . =5
the following options:
(A) Assertion(A) is True and Reason(R) is Reason: lim In(+x)—x =0
True; Reason(R) is a correct explanation for x—=0 X
Assertion(A) . In(l+x)—x 1
(B) Assertion(A) is True, Reason(R) is True; and ll_r)l}) 2 )
Reason(R) is not a correct explanation for 1
Assertion(A) 123. Assertion: lim ([ f0]+ xz){f (0} = e, where f(x) =
(C) Assertion(A) is True, Reason(R) is False tan x x=0
(D) Assertion(A) is False, Reason(R) is True and [], { } denote integral and fractional parts,
P42 437+ +77° i
119. Assertion: If 1= FL A3 bty and respectively
P+22+3+ ..+ [taﬂx]Jr 24
X2 =
S (1Y : 2 Reason: lim =< -3
5= X (-1) 4. then lim S, = = eason: 10} {tanx}
r=1
X
Reason: 12+22+32+...+r2=w ! 1 1
5 124. Assertion: lim — tan% +— taniz+ . tanin
and13+23+33+...+r3=(@) ;Hm ¥ 2 > 2
=—cotx+ —
. X
120. A§sertlon: Ifx,=3andx,, = 2+x,,n2>1, then 1 1 X
lim x, =2 Reason: cotx + —tan— = — cot—
faont 2 2 2 2
Beason: A monotqnically decreasing sequence which . _ cot@tan (m tan6) — m cos*(6/2)
is bounded below is convergent 125. Assertion: lim —
) 6—0 sin“(6/2)
121. Assertion: lim — (1 el eyt e("_l)/")= e—1 4
n—en =n%—§m

Reason: | + 7+ 7~ + ... +/"7!

if r<l

if r>1

. x—tanx 1
Reason: lim — =
x—0 X 3
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Previous Year’s Questions

126. lim Y126052% 4 [2002]
X—eo \/Ex
(A) 1 B) -1
(C) Zero (D) Does not exist
2 X
127. lim (szm) is equal to [2002]
xoeol X7 +x+2
) ¢ B) &
©) ¢ (D) e
— 3 2
128.Forx € R, lim (x ) is equal to [2002]
x—eo\ X+ 2
(A) e (B) e-!
(B) e’ (D) &
129.Let /(2) =4 and f* (2) = 4. Then lim Mzzf(x) is
x— X—
given by [2002]
(A) 2 (B) -2
(C) —4 (D) 3
[1 —tan (;H [1-sinx]
130. lim is [2003]
x—m/2 X 3
{1 + tan ()] [r—2x]
2
(A) ! (B) 0
8
© — (D)
32

log(3+ x)—1log(3—x) _

131.1f lim k , the value of k is
x—0 X [2003]

1

(A) 0 B) -=

3

2 2

C) — D) ——

© 3 (D) 3

132.Let f(a) = g(a) = k and their n™ derivatives /"(a),
g"(a) exist and are not equal for some n. Further if

i £ (@800 = /(@) = g(a) /() + g(a)

=4, then the
x—a g(x)—f(x)
value of k is [2003]
(A) 4 (B) 2
© 1 (D) 0

2x
133.1If lim (1 +24 %) = ¢?, then the values of g and b,

X—>o0 X X
are [2004]
(A) aeRbeR (B) a=1LbeR
(C) aeRb=R (D) a=landb=2

134.Let o and f3 be the distinct roots of ax* +bx+c¢=0,

1—cos(ax? +bx +¢)

then lim > is equal to [2005]
x—ao (x — a)
a2 2

(A) T(O{_ﬁ) B) 0

“ e py Lapy
© -5 @=p) (D) S(a=p)

135.Let f: R — R be a positive increasing function such

that Tim 22 1 Then, tim £ [2010]
xoe f(X) ¥ f(X)
2 3
(A) 3 B) >
© 3 (D) 1
. . \ - -
136. Limit of [ ! cos{2§x 2} as x tends to 2 [2011]
x—

(A) equals V2 (B) equals—\/z
1
C) equals — D) does not exist

(1 —CoS 2x)(3 +cos x)

137.The value of lim is equal to
x—0 xtan4x
[2013]
1
A) — B) 1
(A) 2 (B)
1
© 2 D) 2
138. Let f(x) be a forth degree polynomial having extreme
values at x =1 and x = 2. If lim[1+ f(f)]: 3, then
x—0 X
f(2) is equal to [2015]
(A) —4 (B) 0
(©) 4 (D) -8
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. (1=cos2x)(3+cosx) | . 5 L .
139.The value of lim is equal to  140.Let p= lim (1+tan \/;)2" then log p is equal to
x—=0 xtan4x x—0+
[2015] [2016]
(A) 3 (B) 2 (A) 1 (B) 2
1 4
C) — D) 4 1
© 5 (D) ©) 1 D) 5

ANSWER KEYS

Single Option Correct Type

1.(B) 2.(A)  3.(A 4. (B) 5. (A) 6. (C) 7. (D) 8. (O) 9. (A)  10. (A)
1. B) 12.(C) 13.(D) 14.(D) 15.(C) 16. (a,b) 17.(C) 18. (A) 19.(A)  20. (B)
21. (B) 22. (D) 23.(C) 24.(B) 25.(B) 26.(A) 27.(C) 28.(C) 29.(B) 30.(A)
31.(B) 32.(B) 33.(A) 34.(B) 35 (A) 36.(B) 37.(C) 38(A) 39.(D) 40.(B)
41. (A) 42. (C) 43.(B) 44.(A) 45 (A) 46.(B) 47.(C) 48.(A) 49.(B) 50. (B)
51. (B) 52.(B) 53.(A) 54.(C) 55.(B) 56.(C) 57.(D) 58.(B) 59.(C) 60.(B)
61. (A) 62.(B) 63.(B) 64.(B) 65 (A) 66.(B) 67.(B) 68 (B) 69.(C) 70. (A)
71. (A) 72.(C) 73.(B) 74.(C) 75.(A) 76.(B) 77.(C) 78.(B) 79.(A) 80.(C)
81. (B) 82.(A) 83.(C) 84.(A) 85 (A) 86 (B) 87.(B) 88.(D) 89.(A) 90. (B)
91. (B) 92. (B) 93.(A) 94.(C) 95.(C) 96.(A) 97.(C) 98 (A) 99.(C) 100. (A)
101. (C) 102. (C) 103. (A) 104. (D) 105. (D)

More than One Option Correct Type
106. (A) and (B) 107. (B) and (C) 108. (C) and (D) 109. (A), (B) and (C)

Passage Based Questions
110. (B) 111. (C) 112. (B) 113. (B) 114.(C) 115. (B) 116. (B)

Match the Column Type

117. (I) - (C); (Il) — (A); (III) — (B); (IV) — (D)

118. (I) - (A); (II) — (D); (III) — (B); (IV) = (C)

Assertion-Reason Type

119. (D) 120. (A) 121. (A) 122. (A) 123. (D) 124. (A) 125. (C)

Previous Year's Questions

126. (D) 127. (A) 128. (C) 129. (C) 130. (C) 131. (C) 132. (A) 133. (B) 134. (A) 135. (D)
136. (D) 137. (C) 138. (A) 139. (B) 140. (D)
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HINTS AND SOLUTIONS

Single Option Correct Type

1. We know that limw—ﬂ_and lim .x -1
x>0 X x—0sinx
lim {100 x }+ lim [99m]=100+98=198.
x—0 sin x x—=0 X
The correct option is (B)

2. g[/@I=L/WF+1, flx)#2
3, fx)=2
g[f]=sin’x+ 1, x#nmw
3, X=nm

RHL = lim g[/(0+ /)] = lim(sin®h+1) = 1.
h—0 h—0

LHL = limg[ (0~ /)] = lim(sin® 2 +1) = 1.
h—0 h—0

lim g[ ()] =1

The correct option is (A)

3. lim |:ﬂx+\/x+ —\/;]
X—>oo
X+ax+Jx —x
e \/x+\/x+ x +x
N
= lim

2 e fx+4x +4%

oo d)

1/2
\/;[Hl 1+1J +1

e\ Vx

T I+l 2
The correct option is (A)

4. limx|:tan1x+1 ﬂ:|

x—>eo x+2 4
x+1 B
= lim x|:tam71 X+l —tan”! 1:| = lim xtan™' x+2
X—>o0 x+2 xX—oo x+1
1+
x+2
. 1
q tan 7713 !
= lim xtan™" =— lim X .
X—>e0 x+3 X—>o0 ( 1 ) ( 3)
2+ =
2x+3 X
—qxl__1
2 2

The correct option is (B)

5.

lim cos|:7r\/ n’+ n:|

n—eo

. 1)2

lim cos| nr| 1+ —

n—yoo n
. 1 1

= lim cos| nm 1+———+...
n—soo 2n 8}1

. T T
= lim cos| nw+———+...
( 2 8 )

n—yoo n
L T
=—limsin| nwr ——+...
n—seo ( 8n )
=~ lim (=1)""! sin(i —)
n—eo 8n
=0 ('.‘E—‘..—masn—)oo
8n
The correct option is (A)
k20 k20
iy "SI0 (n.): i 7 SI0 (n!)
n—oe  n+ n—oo ( 2)
nfl+—
n

sin’(n!)

_ afinite quantity

[ sin® (n !) always lies between 0 and 1. Also,
since 1 —k>0, ... n'k
=0.

The correct option is (C)

JI—cos2(x -1 \J2sin?(x -1
lim cos2(x ):lim sin“(x —1)

— 0 asn —> oo

x—1 x—l x—1 x_l
\/5|sin(x—1)|
= lim—"—*— A
x—1 (x—l)
LHL = i 21O 2find )
x—1 (x-1) h—0 (-h-1)
= lim 2|-sink| Slnh| | sinh
) h=0 —h heo
=_\/5 -1 =—\/5
2 [sin(x —1 S lsin(l+ A —1
RHL= fim Y200 =D] _ p J2lsinde 1)
X1 (x=1) 0 (1+h—1)
h
_ lim \/—|s1n| smh s
h—0



10.

11.

Limits 11.27
Since LHL # RHL, 02
o
NI 2(x—1 _
limw does not exist. == }lll_rf}) e
o x-ld ( ](1 +2h)
The correct option is (D) 1+2h
5 5 5 2
LX . X . h
lim — = lim —— = lim —
T R _ m(” I +2h] 1
=—lim . =-1
where k= log 5 h—0 h2 1+2h
i X 1+2h
= lim
X300 - PENEIPE N . KAt . JErE N %656 N [Using lim log(1+ x) _ 1:|
21 3! 41 5! 6! =0 X

. 1
= lim
wool (] S B SR B A |
—+k <t —3+—~—2+— —
X X 2! x 3! x 4! x
6
Ao
1
:—:0

The correct option is (C)
1

lim (cos x + sinx)~
x—0

! .
lim—(cosx+sinx—1)
=0 x

linol(—sinx+cosx)
(Using L’Hospital’s Rule)
1
—e =e

The correct option is (A)

. 23/2 —(cosx +sinx)? (0 )
lim - — form
. _)% 1—-sin2x 0

. . 2
— lim 3(cosx +sinx)“(—sinx + cosx)
T —2cos2x
4
(Using L’Hospital’s Rule)
- 1 —3(cosx +sinx) (cos2 x —sin? X)
T —2c082x
4
. —3(cosx+sinx)cos2x
= lim
N —2cos2x
4
~ lim 3(cosx+sinx) _ 3 ( 1) _ 3
el 2 PR RN NG

4
The correct option is (A)

iy In(L+2/) = 2In(1 + )
h—0 h2
2
_ iy I+ A)’ ~ In(1 +2h)
h—0 h2

2
ln((1+h) J

) 1+2h
=—lim———+%

h—0 h2

12.

13.

The correct option is (B)

1 el/n 6‘2 n e(n—l)/n
lim | —+ + +..+
n n n n

n—>co

Iin 1in\2 I/n\n—1
hm[ne +(M) 4.+ (€M) }

n—soo n
ey -] |
= lim —— = = (e~ 1) lim ————
noe (el 1) e |
I'n

(e—1)x1=(e—1).
The correct option is (C)

RHL — fim (LFAsin(+ A =[14A])
hﬁO 1+h-1
lm(1+h)s1n(1+h—1)

h—0 h
— lim+ Sy
h—0 h

LHL = lim (1=h)sin(1-h—[1-h])
h—0 1-h-1
lm(l—h)sm(l—h) _

h—0 —h

Since LHL # RHL,

limM

x—1 X —

does not exist.

The correct option is (D)

2sinx —sin2x

14. f(x)= j#dx

d ¢2sinx —sin2x 2sinx —sin2x
= ffx)= — dx =
rew=- S 5
lim f’(x) = lim 72 S _3 sin2x (9 form)
x—0 x—0 X 0
. 2cosx—2cos2x 0
= lim e s— — form
x—0 3x 0
. —2sinx+4sin2x 0
= lim— — form
x—=0 6x 0
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15.

16.

17.

18.

19.

. —2cosx+8cos2x
= lim———
x—0 6
6
The correct option is (D)
r <1,
4

lim ———
x— /2 In(sinx)
The correct option is (C)
We know that |cos@| < 1 for all 6.
So, if [cos n! px| < 1,

lim lim(1+cos® nlzwx) =(1+0)=1

M—>00 f—yo0
and if |cosn! px| =1,
lim lim(1+cos®™ n!zx) = lim lim(1+1%")
MmM—>00 p—>00 M—>0c0 p—y00
= lim lim(1+1) =2
M—>00 f—>o0

The correct option is (A) and (B)

sin([x =3]) | _ | sin(-4)
x-3] | | -4

_ [J] —
4

RHL < lim [sin[x —3]] _ [sin(—})]
x—0" [X—3] -3

_ |:s1n3:| “0
3

The correct option is (C)

LHL = lim |:

x—=0"

7r<4<3—”
2

2
1
We have, lim | *—— —ax—b|=0
x| x+1
2
N lim(x +l)—(ax+b)(x+l):0
x—>oo x+1

P(l-a)—(a+b)x—b+1 _
x+1 -

= l1l-a=0anda+b=0

= a=landb=-1.

= lim

X—>o0

The correct option is (A)

. 1 1 1 1
lim | —+——+—+..+
n—m[1~2 23 3.4 n(n+l):|

. 1 1 1 1 1 1
= lim||-—=|+|===|+] === |+
i (5-3)+(5-5)+(53)

The correct option is (A)

)

E<3<7zr.
2

20.

21.

22,

23.

24.

2
lim L’gnx)

2o

X—>o0 X
1
2logx-—

. .21 oo
lim X Jim 298 (— form)
¥y x> px" o0

= lim—— =0
xee pox"
The correct option is (B)
= r B r
R | (rz+l)2—r2

1

i)
PP tr+1

1
[r(r—1)+1 (r+1)r+1:|
n tr 2

where f(r) =

r? —r+1

1
2

[f() = fr+D],

”

1

m [f(l) f(n+1)]

1
—— asn-—>o

.t
2| (m+Dn+l| 2

The correct option is (B)

=
=1y

LHL = lim(-D)"" = lim(-1)"""!
h—0 h—0
RHL = lim(=D)"*" = lim(-1)"
h—0 h—0
Since LHL # RHL
lim(=D)™ does not exist.
xX—n
The correct option is (D)
Sincey=x-1,
x=y+1.
As (x, y) = (1, 0) along the line y=x — 1, x =y + 1 holds
throughout.
3 3
lim —2—— = lim S

L3 2 o 32
;30x y =1 »0(y+1)y -y -1

3 2
J = li L -9

lim m—
=0y 4+2y+3 3

v=0 37 +2y% 43y

The correct option is (C)
1-24+3-4+5-6+...—

W41+ 4 —1
i 4345474+ @n=D]= (2 +4+6+ ..+ 2n)

n—eo 1 1
- }'l\/l'f'f2+}’l\/4—f2
n n

7[21+(n—1)2 —7[2 2+(n-1)2]

5D

lim

n—>00

= lim 2
n—eo
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2
lim 9 2n—72(n+1) = lim %AZSinZ%Qsinz%
—nﬁw 1 N x—0 x
T T2 2 2 32 2
3 sinj 2 2 sin? 52 2
_ 42 = lim — — -
= lim wonw—n N ( 4 J x2 ( 8 J
n—oo 1 1 - hadil
n| 1+ =+, 4-— 4 8
o) 1

-n
e n( {1 + iz + /4 _ 12) The correct option is (C)
n n .

28. lim I:lognfl(n) -log,(n+1)-log,  (n+2)..log, _l(nk)]
n— oo

. -1 -1 -1
= lim —— = 1323 | logn logn+1) log(n+2) logn")
1+ 2 4 P noe| log(n—1)  logn  log(n+1) log(n* —1)
The correct option is (B) [Using log, m = 110ng
. x"sin(1/x) +x ogn
fim 3 logn® logn oo
o I+]x| = lim —2%  —f lim — 2" (7 form)
| n—elog(n—1) n—elog(n—1) o0
—ytsin—+y? _ Un . o
= lim 7); =k lgn U1 (Using L'Hospital’s Rule)
yeo I+y n—seo —
(Putting x = — y; as x—> — oo, y—> o0) — K lim (l—l)=k
1 n—soo n
sin — .
B v, 1 The correct option is (C)
Ly 1o 1
140 29, lim|—4—F— b ————
= lim 24 = =1 noe|1-3 35 5.7 (2n+1)(2n+3)
yoree 1 1 1+0
i 1 1 1
y =i latres)]
The correct option is (B) n—eo 2 2n+1 2n+3
2427 -6 1 1 1 1
lim =20 =lim=|l-——| == (1-0)= —
32 2772 -9l 2T 2rs) T2 075
- lim (2> +2°-62%)/2" The correct option is (B)
a2 1 2
x/2 x 1 1 1 VAR
L o (s
27 —6-2F 2" —4)(2* -2 :
S Tl 1 T € i L€ k2 £ n
) 2x/2 _2 T2 (2x/2 _ 2)
. (22 +2) (272 -2) (2" -2) N
x>2 (2% -2) y=0 n
= 1imz(zx/2 +2)(2"-2) =(2+2)- (4-2)=38 “mﬁ(mz»awﬁnv 4)
X— _ e‘qny n
The correct option is (A) 1 (1‘+2\+3i+m+n‘_n]
i &1 o cos 4 cos cos
lim 3 cos 5 cos 2 cos 5 cos 2 m[(l @y, e, n._l)]
R v y ¥y
2 4 2
— hmi l—COSL —COSL I—COSL =e(logl+log2+log3+.“+logn)
x—>0x8 2 4 2 :elog(1'2'3“'"):n!

x—=0 xg

lim 8(1 _ cosxz][l _ cossz The correct option is (A)
2 4
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31 lim (1+x) (1 +x3) (1+xY ... (1+x™)

n—oo
i (1=x)(1+x)(1+xH) 1+ xY) .. (1+x2")

n—e 1-x

2 2 4 2n

I o (R P ()

n—seo 1-x

1— 4n+2 1

= lim——— = — for||<1

n—e ]—x 1-x

The correct option is (B)
32. Case I: nis a positive integer

X" ™!
lim — = lim
x—o0 ¥ x—eo "
. n(n-1)x""? . n!
= hm¥ =...= lim—
x—>o0 e x—o0 @
(Using L’Hospital’s Rule repeatedly)
=0
Case II: 7 is a negative integer.
n —m
lim — = lim
x—o0 ¥ x—oo ¥

(Putting n = — m, where m is a positive integer)

= lim ! = i =0.
X—>oo xmex (e}
Caselll: n=0
" 1 1
lim = lim— = — =0.
x—o0 ¥ x—e0 @ )

n

Hence, lim R 0 for all values of n.
X—o0 @

The correct option is (B)

n n—1 n—2 2 _
33, limx +x" X+ AT+ x—n (9 form)
x—l1 x—1 0
n—1 _ n-2
— qim ™ +(n—Dx"""+..+2x+1
x—l1 1

(Using L’Hospital’s Rule)

et -1+ 2+ 1= "D

The correct option is (A)

PP+22+3% 4. .+
34. 1= !

»

P+23+33+.+4°

_rerrp@ery (2 Y
B 6 r(r+1)

L

35.

36.

37.

38.

lims, = 2
n—soo

The correct option is (B)
(1+a°)+8e"* (oo )

— form

)

We have 2 = lim

=01+ (1-b)el* M

x,_ 2
— 2= lim 0+863 (1 l/x)2
00+ (1-b%) e (=1/x?)
(Using L’Hospital’s Rule)

= 1-b=4
= b=-3
- b:(73)1/3

L (+d’)+8e*
From Eq. (1), 2 = iﬁ%W

= l+d=2ie,a=1

Hencea=1and b= (73)”3.

The correct option is (A)

PHax+5=(x+2°+1>1.S0,a=1.
1-cos26 2sin®6

= lim =2.

Also, b= lim >
00 @

0—0 0 2

n
Zar~b"7’ =bp"+ab" '+ L+ "

T ] ]

-4 1L
b 2
2n+1 (2n+1 _ 1) wil
= 2n+1 = (2 B 1)

The correct option is (B)

. 124234344+ +n(n+1)
lim 3

n—oo n
2
~ lim Zn(r;+1) - lim Zn :Zn
n—oo n n—oo n
_ lim% n(n+1)(2n+1)+n(n+1)
n—eo 6 2
= lim 1 l+l 2+l +1- l+L
n—e| 6 n n) 2 \n n?
=l ><1><2=l,
6 3

The correct option is (C)

2 _ 2
lim10g(1+x+x )+log(l—x+x7)

x—=0 S€CX —COosx

log[ (1+x%)? - ]

x=0 (1— cos? x)/cosx

2, .4
_ i Jog (1 x +x%) (9 form)
x—0 0

sinx tan x



39.

40.

Limits  11.31
2 2 x+1 _ gx+l X _ 5. &X
= limw-xz(l+xz)-% M. im0 iy 23 =3
=0y (1+x%) smx tanx 2 xoe 35T xoe 3T 57
log(1+ o 3)
= 1.|:as limwzl] 3(5) - =5
x—0 X = lim ——~%— =
. . X—>o0 3 x -1
The correct option is (A) 21 -1
h 5
In(e—hy—1 logee(l—f)—l
LHL= fim 2= =1 _ ) ¢ =5. w lim a"=0, if—1<a<1)
=0 |e—h—e] h—0 |=h| n— oo
) The correct option is (A)
loge+log(l—7)—l 1 n-l
= lim ¢ 42. lim [1+e1’"+e2/"+...+e " ]
h—0 h n—eo 1
2 n
_ﬁ_Lz_ | 1—(@1/") e
_ e 2e _ 1 = lim— ——= lim
>0 |e+h—e] e noen 1-e e 1_1_l_i.i
In(e+h)—1 o2
RHL = In(e+h)-1 ) l—e —e
h=0 |e+h—e| = lim 1 =— =e-1
n—>o0 _1_77 —_
!
loge 1+ 2
. e The correct option is (C)
= lim———F—
h—0 [ k|
1oge+1og(1+ﬁ)—1 43, lim 280X _ -
- i e x—eo | X —COSX
= lim
h—0 h
[ .
i e o Tim 20X lim ysin 1 =O0OxX (a finite quantity)
- lim £ 2e _ 1 x—eo X y—0 y
' h ¢ cos X
Since LHL # RHL =0. Similarly lim —==0
lim Inx-1 does not exist. The correct option is (B)
x—oe|x—e| n
The correct option is (D) 4. §= zai’ ,}E}La" =a
i=1
We have
Sn+17Sn:an+l
X =3,%,.1= 21X, N li Dnr1 li 2a 0
0, lim ——= = lim ——= =
Xy=2+x =42+3 = Js n—e p(n+1) o fn(n+1)
2
n=\2+n =245 The correct option is (A)
X > X, >,
It can be easily shown by mathematical induction that the 45.

sequence x;, X,, ...X,, ... is a monotonically decreasing

sequence bounded below by 2. So it is convergent.
Let lim x, =x. Then

x=2)(x+1)=0
x=2 (-
The correct option is (B)

Ly el

x,>0Vn, .. x>0)

H—>o0

/3
lim [\3/n2 - +n:| = limn|:(—l+1) +113]
n—seo n

n—es 13
()
n n

3,3
a +b
Usinga+b=——
[ g az—ab+b2J
. 1 1 1
= lim -

el N\ R
L) S
n n

The correct option is (A)
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4/ 5 3/ 2 2
_ +2-3n’ +1 h\2hr—h
46. lim == — 50. hlin(}i3 = lim . 5
TR A2 -Nm 4+ Cere 8(\/2hr—h2+\/2hr)
5/4‘{/1 2 2/3i/ s
n + n 1+ ) _
o o 2 lim hlh \J2r —h :
n—eo -
- n4/si/l+%_nz/zi/l+i 8-\h-h(\2r —h+2r)
n
. \J2r—h
m--—7=
3
}HOS(\/Zr—h+\/5)
4/5 3/2
Rt TR Jor 1
L 1+ — N
" " 8(2@)3 1287

S |
22
S
_
—
:m‘,\)
S |3
R
(IS N ENS)
_
—
)
1]

(Dividing the numerator and denominator by the highest

power n3/2) The correct option is (B)
1—cos2(x—2
AT st 1m(v<>)
= im W 57 56 o (())_(1) o i2 x=2
e %i/”%_i/H% - :lim\/z|sin(x—2)\
n n n x—2 x—2
The correct option is (B) which doesn’t exist as LHL = —/2 whereas
47. Minimum power in numerator on x is 3. So n = 3. RHL = \/5
The correct option is (C) The correct option is (B)
48. lim 2Jx +33x+53x 52. Required limit= lim cos™ cosi2 cosi3 cos%
oo Br—2+Y2x—3 noe 20202 2
. 1 X b .X X
. 2 +3¥x+5Yx :”lﬂzsini {cos2 ... COS Y (2 s1n2ncoszn)}
)Hw\/;\/3_g+%/;i/2_é n
X X . 1 x X . x
3 5 = lim TR 2cos——sin—
2+W+73/10 "ﬁm22sin7 2 2 2
- lim 2x 1 X - 2
xoe [ 2 1 R
3——+—-32-~
Poedeer
(Dividing the numerator and denominator by the highest 1 ¥ . x
power x'?) = lim (2 cos— sin f)
n—e .y . X
2 2" sin—
= — 2”
V3 - lim sinx
The correct option is (A) T he ., . ( x)
2"sin| —
32 2
49. lim—NZ ~(E7Y) .
=0 (38xz — 4x? + 8xz)* , (—) ,
_ sin x lim 2" _ sinx
- lim x\3/2xz—x2 X noee sin(i) X
20 (Yx Y8z —4x + 38z Yx)* g
_ 33— x The correct option is (B)
= lim L
50 4/3 (m N 3/8—2)4 53. The (r + 1)th termno_fythe series is
3 b=+ k
o 2= ’ &
(2 33:) = t.,=(+D{1+2+3+... (n—r)terms}
1 1
:7223/3'2 = tr+]:(r+1)5(n—r)(n—r+1)

Lo 1
The correct option is (B) = = 5 F+ )R —rm+n—rm+r’—r)



54.

Limits 11.33

1
= t,,+1:5(r+1)(r2—(l+2n)r+n2)

1
= t,+1=5(r3—2nr2+(n2—2n—l)r+n2)

n—1

S= ztr+l

r=0

Now,

= l2‘{r3—2nr2+(n2—2n—1)r+nz}

2
~ g lHn(n+l)}
2 2

+(n*-2n- 1){%n(n + 1)} + nz(n):|

- 2n{én(n +1)(2n + 1)}

Solving and rearranging, we have,

1
S=—{n* —11n* =190 + 61}
24
.S 1 (a* =112 —191% + 6n
hm—4: lim — 7y
n—eop n— o 24 n
1
_ 1 (I_E_B g)
24 n—e n nrow

n—
r=0

1 n—-1 n—r 1
lim — r+1 ky=—
=n' 2 {( 2 } 24
The correct option is (A)

Let L= lim [2[1{2 J

Vl—}oon k=1

x— 1 <[kx] < Px

U

[\jx

e

=

L

M:-.
] b4s

k=1 k=1
= ){ikz}—i(l) < 2 x[i#]
k=1 k=1 k=1 k=1
+1D)(2n+1 < +D(2n+1
xn(n 6)( n )—n < Z,l[kz)f] < xn(n 6)( n+1)

Dividing throughout by 7°, we have

D2t 1 _ i[kzx]

6n’ n’ izl

= ialla) =

Taking limits as n— o, we get

lim (1+ )(2+ J ! <L< lim
n—o |6 n n n2 n—e6

. 1
Since, as n—> o, we have — — 0
n

xn(n+1)(2n+1)
< 3
6n

<))
Al

= ££L<f
3 3

5S.

56.

According to Squeeze Principle or Sandwich Theorem, we

have

=2
3

The correct option is (C)

sin20
cos26
1 2sin6 cosO

cot20

tan 260 =

cos> 6 —sin’ 0

20 il

= cot20= cos '9 sin“ @
2sin6 cos O

2 2

= 2cot20= .0059 B sin” 6
sin@ cos 6

= 2cot26=cot 8—tan @

= tan @=cot 62 cot 260 (1)
Now, tan 8= cot 8—2 cot 26

6

1
= —tan—
2 2

sin@ cos 6

1
= fcotg—cote
2

1 0 1 0 1
= —Stan— = Tcotf—fcote
2 2 2 2 2

1 0 1
= —tan— = —cot
Zn 2n 2}1 2}1

Zn—l Otzn—l

= S= -2cot20+ Lcoti
2" 2"

n—>c0

. 1 0 1 0 1 6
= lim| tan@+ —tan—+ —tan— +...+ —tan—
22 22 22 2m "

Iim S = lim (—2 cot20+ic0t£)
n—>oo n—> oo 2" 2”
o
1 n
= —2cot20+ lim —| —2
n—>o
tan—
Zn
= —2cot20+—
0
The correct option is (B)
43n72 _9n+1
,}g‘l 82n—1 _9n—1
. 472.64"-9.9"
= lim -1 n -1 n
n—+ee 870.64" —97. 9

472_9 (i)
. 64
= lim —————

n— + oo g _971(2)”
64
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57.

58.

59.

47 (%) -9

= —— =31

1]
.é'_.:

Hence, limit does not exist.
The correct option is (C)

x—a .

We have, 4, = ~i=1,2,...,n
X—a|

and, a,<a,<...a,_;<a,

Let x be in the left neighbourhood of a,,

Then, x—a;,<O0fori=m,m+1,...n
and x-g;>0fori=1,2,...,m—1
izlzfl,forizm,m-%l,...
—(x—a;)
and, Al:x_ai =1,fori=1,2,...,
X—a

m—1

,n

Similarly, if x is in the right neighbourhood of a;

Then, x—a<Ofori=m+1,...,n
and x—ap>O0fori=1,2,....,m
= 2TY _ fori=m+ 1,..n
—-(x-a,)
and, 4;= Rl R 1fori=1,2,...,m
X—a
Now,  lim (44, ... 4,) =(-1)"""""
x—)am
and, lim (44, ..4,)=-1)""
x—a,

Hence, lim (44, ...
X—a,

The correct option is (D)

. sinx _
We know that lim —— — 1
x>0 Xx
lim — — 1"
x—>0sinx

lim [100 d ]+
x—0 sinx

The correct option is (B)
5
lim

x—o0 5%

x—=0 X

5
lim

4,) does not exist.

lim [99 %] =100 + 98 = 198.

x—)weXIOgS
5
= lim ——, where k=1log 5
X—eo o
- xl”l 2l B8 At S kS
14 kx + + + +...
2! 3! 4! 5! 6!

60.

61.

62.

= lim !
A LS S N SR B.ae |
x° X203 2 4l x
5 (k(’ H
— | —x+..
51 6!
The correct option is (C)
= r B r
AR TSRS BN ) e
_1[ 1 ]
202l P+l
_1 !
2l r(r— 1)+1 (r+1)r+l
n n 1
Z 25 f)=fr+D)],
where_ f(r) —_;
’ r(r—-1)+1

L= r+]

1
—— asn— oo

1 1
= — 1 _—
2 |: (n+Dn+ 1:| 2
The correct option is (B)

. nx
i ll/)t+21/x+31/x+‘”+ nl/x
m
n

x—>e0

n
[w I S VI n«”}y

= lim
y—0 n
+2"+3" +..4n’
llm —_—1
=0y n

=e

. [1' £ 43 A —n:|
lim —
e Y

lim |:(l' )] t @D t G'=h ...+ U _l):|
EHU y ¥y y y

=e(logl+log2+log3+.“

+ log n)
elog(1~2~3....n):n!

The correct option is (A)

lim (1+x)(1+x) A +xY ... (1 +x™
i =0+ +x2)(1+x*)..(1+x2")
n—co 1—x
i X))+ x21(1+x4)...(1+x2”)
n—oo - X
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1= 4n+2 1 4f 5 B
= lim—>— = — for x| <1 66. lim " +2-Vn+l
e 1-x I-x =3t 42 =Y +1
The correct option is (B)
63. Case I: nis a positive integer n34 a1+ % — 331+ %
lim 2 tim 7 = 3 g
—_—= n—yo0
x—o0 ¥ x—o0 % n4/5§/1+—4—n3/2§/1+—3
n n
. —x"? . n!
= hmw:...z hmn— 5/4 5 2/3 1
X0 e’ x—e0 @ 741+7_L 1+ —
. . 3/2 5 3/2 2
[Using L Hospital’s rule repeatedly] = lim 2 n
0 ,Hmn4/551 5 32 1 1
= T shy 2 oy
2 ) e

Case II: 7 is a negative integer.
[Dividing the numerator and denominator by the highest

n —m
lim x—Y = lim > - power n3/2
X—eo @7 X—eo @
[Putting n = — m, where m is a positive integer] %4 1+ il f 00
m = lim 2 :‘:0,
= lim =— =0 oo 1 0-1
X—>o0 xmex (=) §/1+ \/ 73
CaseIll: n=0
X" 1 1 The correct option is (B)
llmix: llmT =— =0
xoee ’Hje *° 6. i x 322 —(z- x)2
. lim
Hence, )}gri;—x =0 for all values of n. x—=0 (\/8xz 452 + \/@)
o T I =
; xl =Gyl l—>0(\/_\/82 4x + 38z Ix)’
0,a=
. 1—cos26 . 2sin’6 X332z« P2z
Also, b= lim > = lim 3 =2 = lim = 7
) 60 @ 60 @ x—0 4/3[\/74)“_\@] [2382]
Zar-b”ﬂﬁzb"-ﬁ-ab"*l+a2b"72+...+a" 1
=0 = PYSER

a n+l 1 n+l
b" |:1 - (g) ] 2" [1 - (E) ] The correct option is (B)

a 1 2

_a _1 J2 hr -
-3 -3 68. lim “= = lim hy2hr=h

2n+l (2n+l _ 1)

=T=(zn+l_l)

" p3 . 3
(A 8[\/2hr—h2 +\/2hr:|
i helh J2r = h

h—0 3
8-l \2r —h +2r
65 hm10g(1+x+x2)+10g(1—x+x2) Vi [ s r]

x—0 SECX —COSXx \/m
log[ (1+2%)? =+ g 8[ar—h+2r|

The correct option is (B)

g T

x> —cos” x)/cosx

2, 4 - & _ 1

- lim 10g(1+ x“+x7) (9 form) g (2 \/Z)S 1287

x—0  sinxtanx 0

The correct option is (B)

- lim log(1+x (1+x ) 221+ 22 1

x—0 X (1+x ) sin x tanx ! " ~ cos (x + 77) . cos (% + z)

X X ) x—m/} 1—2cosx z—0 23
=1.(as limwzl) ( ) [1—2c0s(%+z)]
x—=0 X

The correct option is (A) [putting x —7/3 = z]
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. —sinz
lim

=0 (1 —cosz + \/gsinz)m

(3o

im
7050 273 273
2 sin (E) sin (i) ++/3 cos (E)
2 2 2
13
—213| sin z cos z B
2 2)  -27.0-1 _

The correct option is (C
In (2 —cos2x)

im
z—0 z z
sin (7) ++/3 cos (f
2 2

)
e

)
In {1+ (1 - cos2x)}

70. lim = lim

x—=0

x>0 [n? (sin3x + 1)

X

In*(1+sin3x)
2x?
= um 5 =
x—0 (3x)

1 —cos2x

NoRI )

-0 (sin3x)?

The correct option is (A)

71.  lim

1—cos (cx* + bx +a)

x— Vo (] — xa)2
— lim 1—cos (cx* + bx +a) . (ex? + bx + a)®

o (ex? +bx + a)? (1-xa)?

_ 2 2

- lim 1 czosz. lim (ay2 +by + j)

z—0 z yoo y (y — a)

[putting x> +bxta=zandx= 1/y]

_ @y -’y -py’

25 Y-
[If @, B are roots of ax® + bx+ ¢ = 0 then ax® + bxt c = a
(x—a) (x-p]
_de-p’ _ >
== e [(a +B)? - 4043]
_ a2 ﬁ_ﬁ _b2—4ac

207 a 207

The correct option is (A)

1—4/cosx

72. lim
x—0 X
. l—cosx 1
= lim .
x—0 X

\/1 + /cosx

1

lim\/? sin(%)‘.
SR

Now, we have,

LHL = lim

\/l + m
_1 sin (%) 1

x—=0"

\/E. x/2

\/l+\/cosx

73.

74.

75.

1 -1

ﬁ

RHL = lim —

1

x—0"

/2
_AL@L_l
V2202

f?
x()

\/1+\/cosx

Hence, limit does not exist.

The correct option is (C)

lim Jx+7-3{2x-3
=23 x+6-233x-5

= lim

x=22 X+ 7 +342x —

(x+7)-92x-3)

(x+6)P +2(x +6)*Bx -5 + 4(3x — 5)%°

(x+6)—8

L A17(x-2) 2)

h—>z\/x +7+32x -

=
X |usinga—b=
3 a+b
3x-95)
a-p
usinga —b=—————
£ a® +ab+b*

L 6)% +2(x + 6)V3(3x -5 4+ 43x — 5%

-17 8 +28"+4

23 (x-2)
iz _ 34
6 23 23

:\/§+3\/I. -23

The correct option is (B)

i (2m + x)l/m _ (2n +x)]/n
x—=0 X
m 1/m n 1/n

— lim 2" +x) 2 lm(2 +x) 2

x—0 X x—0 X

. a—2 . b=-2

= lim — lim

a—2 g ="  bo2p" "

[Putting 2"+ x = @™ and 2"+ x = b"]

_ 1 1
T2l !

The correct option is (C)
lim (cos)* — (sin6)" —

cos26

x—4

x—4

i (cosB)’ * — (sinf)” ** — (cos* O —sin* )

y—0
[Putting x —
= lim cos* @ w
y—0 y

y
4=yandcos260= cos* @ sin” 6]

] inte |:(sin )’ — 1}
y

= cos* @ Incos O— sin* O Insin 6

The correct option is (A)



76.

77.

78.

Limits 11.37

Ux 1] x —1+cosx
. [x—1+cosx ooan x
lim [ —— = lim e’

x—0 X

lim lln(l—l_i

x—=0Xx

In (1+ cosx —1)
cosx —1 X
m .

x>0 x? cosx —1

Now,

X
- 1 2 [

m 2 sin ();/2) lim In(1+z) _ -1

4(x/2)

x—0 250 z 2

cosx —1

[Putting z= , we can see that

x—0 x n—0 2 2

lim cosx — 1 _ limx(cosx —1)20‘—120]
X

Hence, the required limit is e

The correct option is (B)

X vy
fim [—5— | = lim [ ——
== (14 Vx) =0l (14 y)

llrlliie :l
= lime’ (1+)

y—0

Now, we have, 1
Ine——In(1+y)

limlln L}/ = lim—2>
=0y (14 p)T | 0 y
11my—ln(21+y)
y—=0 y
2 3 4
Yy Y Y
|yt =+
Y (y 273 4 J
= lim 3
y—0 y
2
—limi-2y2 o 21
y—>02 3 4 2

Hence, the required limit is e,
The correct option is (C)

. [a sinx} |:btanx:|
lim +
x—0 X X

|:asx—>0, SY s but 22 <
X X
.. tanx tan x
while —1lbut ——> 1:|
X X
=(a-1)+b
=a+b-1

The correct option is (B)

79.

80.

81.

[x]+[2x]+[3x]+ ...+ [nx]

Let f(x) =
S 1+2+3+...+n
Now, we have,
f(x)sx+2x+3x+...+nx .
1+2+3+...+n
and, f(x)>(x—1)+(2x—1)+(3x—1)+...+(nx—1)
1+2+3+...+n
xXn—-n _ B 2
n n+l1
['.‘x—lS[x]<xVxe R]
Thus, we have,
2
xX— —— <f(x)<x
n+l1
Now, we have,
lim x — =xand limx =x
n—eo n-+ n—>co
Hence, by Sandwich Theorem, we have
lim f(x) =x
n—oo
The correct option is (A)
1 1 11
lim }’12 xl/n _xn+1 = lim nZ.xn-#l (xn n+1 _1)
n—oo n—soo
T R S
— hmanrl xn(n+l) _1) n2
n—soo
) _
n(n+1) -1 n2
= limx"*!. 2 .
n—eo Ly (n+1)
n(n+1)
=1-Inx-1=Inx
The correct option is (C)
We have,
1/x
lim |:1 +x+ 7‘f(x):| =¢
x—0 X
In[l+x+ g(x)]
= lime ~ =é [Putting pAC g(x)]
x—0 X
- lim Zn[1+x+g(x)]:3
x—0 X

Since, the denominator approaches zero, the numerator
should also approach zero for a finite limit to exist.

Thus, we have,

lim g(x) =0

x—0
Now, using L’Hospital’s rule, the above equation reduces to

1+8'(x) _

=014+ x+ g(x) -

ie, 1+g(0)=3 = g0)=2

Hence, we have,

) 1/ In[l1+g(x)]
S (x)] ' —

=lime ~

lim |:1 +
x—0 X
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82.

83.

84.

g'(x)
= lim ' T8 = L&' O
x—0
2
=¢

The correct option is (B)

Jx Jx

Lety=x+ =x+ —
X+ \/; Y
e
ie., yzfxyf\/; =0
i y_xi\/x2+4\/;
Lo —f

We can see y is a positive quantity for positive x, therefore

x+\/x2 +4\/;

2
Hence, the required limit is

— i tim 2

ey xoe oy P ads

. 2 2
= lim ————=— =
At EEV) VSR ke
The correct option is (A)
We have,
cosx —(cosx)

COoSx

x—=01—cosx + In(cosx)

. 1— (cosx)**!
= lim cosx
x>0 1—cosx + [n(cosx)
1-(1+1)
= lim 1=+ [Putting cos x — 1 =]

=0 n(l+¢t)—t

3, 4., _
2yl (tz' D, ¢ 13)'0 Dy
=1 : : =2
[m 2 5
2 3 4
The correct option is (C)

We have,

(tanx)
x— /4 [n (tanx) — tanx + 1

. t'—t (0
=lim——| —
t->1lnt—t+1\0

t
=hmt(1+lnt)—l(9)
t—1 1_1 0

t
1
A+ +1| -

A+ 1) (t) 1+1

= lim = =2
—1 -1 -1
2

tanxy tan x

[Putting tan x = 7]

The correct option is (A)

85.

86.

87.

We have,

lim (ll/coszx + zl/coszx + o+ nl/coszx)
x— /2

cos’ x

Un

yhinw (ly +2V+ ..+ n—")

(2 <) o2

=n(0+0+...+1)=n
The correct option is (A)

3
li t
e

—1/2 +1/2 +1

= lim ZCOt |: r :|
41

2

[Putting 12 :y:|
cos” x

Iy

n—oo ! r + 1/2 r 172

=
e
3 Qo 3o )
oot o)
O]

1
=cot™! (E] —0=tan'2

The correct option is (B)

n—»eo

= lim
n—oo

. . b4
Here, sin x + cos x = \/E sm(x + Z)

Forx—>%t+h,x/isin(x+%)—>—x/§,

But greater than — V2

[ﬁ sin (HZ)] 5 M

Also, for x — %r —h, JE sin (x + %) —— \/5 , but greater
than — \/5

[ﬁ sin (x . Z)] 5 @)

From (1) and (2), we get

lim [sinx + cosx]
x— 5Sm/4

= lim -2 =-2

x—5m/4

The correct option is (B)
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88. lim lim (1 a )
M—>00 p—>00 = lim| —+ %
n—se\n!  n!
1+{‘/1"+2”+¥/2"+3”+...+(/(m—1)"+m” M | u
m? = lim | —+ i [using (1)]
n—e| n! (n—l)' (n=1)!
= 1. r
fraiest [ 1 1 1 q
= lim | —+ + BT e s
- - , noe|nl (n=1)! (n-2)! 20101
1+2'\'/(1) +1+3'</(2J +1+...+m1"/(7(m_1)) +1 B 1 | L1
lim 2 3 m = lim | —+ + Fob—— ==
et m2 n=e| nl (n=1)! (n-2)! ! 11

89.

90.

91.

L 14+243+..+m
= 1lm T S—
m—>oco m

1 n n
=] > 0asn— oo E —>0asn—oo;...;
2 3
-1\
(m—) —>Oasn—>o<>J
m

= i M D )2E
Mm—>oo 2m2 m—se 2 m 2
The correct option is (D)
We know,
i %(1 B i)
2 -2 2 i.e., sum of n terms of G.P.
r=1 2r 1- l

which tends to one as n — < but always remains less than
one.

Thus, {i i
o112
lim |:Zn: 1] =0
n—es | = 27
The correct option is (A)
Here,0<cosx<1;if0—-h<x<0+h
[cosx]=0
Hence, lim | x|~
x—=0

= lim|x° = lim 1=1
x—0 x—0
The correct option is (B)

We have, a, | +1=—" (D

(s 3
(3

1
= lim — % [using (1)]

n—oe  nl

|
i (n+1)!

92.

93.

[*© a,=1; given]
[ I | ]
=elas,e=1+—+—+—+..
I 2t 3!

The correct option is (B)

351010 n" [(n +1) (n + %) (n + an_l )]

n 1 n

! ) (17 form)
n

{ ! . ( 1 )an a}
. qusing; lim | 1+—| =e
n—oo n

2 _ 2
2 —¢

1-
1+12+1/4+ ...
_e( )

The correct option is (B)

Yo X
lim =2 - (9 form)
oy xt —y? 0
y=l_ x
i XX~y logy
=y x*(1+xlogx) -0

(applying L-Hospital’s rule)

y-1 x
=yt
im yx Yy logy
=y x"(1+ x logx)

y- 3’ =V logy
y'(logy +1)

1-logy

1+logy

The correct option is (A)
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94.

9s.

96.

s_pe b
lim ZCot " r+r

n%m’_l
=1

nl—I}lztan (l—r 4 )
=1

ng?oztan (1 (rz—r)(r +r)}
_ (r2+r) (r -7)
_r}flztan (1 2 +r) (r? r))

= lim Z[tan (2 +r)—tan”'(#* —r)]
e o

lim [tan' 2 —tan™' 0) + (tan™' 6 — tan”! 2) + (tan"' 12 —

H—>00

tan ' 6) + ... + {tan”' (> + n)—tan"' (n* — n)}]
= lim {tan"' (n*+n)—tan"' (0)}
n—soo
= tan"! (e0) — tan"! (0) = g
N | P -r+ 1 T
li t~ ==
r= 2
The correct option is (C)
Weknown<[x]<n+1 = [x]=n

nsinx

Here, — n as x — 0 but less than n

X

ntanx
s — n as x — 0 but more than n
X

Also

Thus, n71<[w} <nasx—0

|:n smx]

[ntanx

Again,

[n tanx:|

. [|:n sinx:l [ntanxD
lim +

x—>e0 b X

=(n-D+m=2n-1)
The correct option is (C)
We know,

:|<n+lasx%0

Thus,

—— —1,asx — 0, but less than 1
sinx

Also,

— 1, asx — 0 but less than 1
tan x
2

Thus, — —1 asx — 0, but less than 1.
sinx tan x

x2

2
Hence, lim [x <lasx—0

=0as0<
x— 0| sinx tanx

sinx tan x

The correct option is (A)

98.

99.

. 0032(1 - 0032(1 - cosz(l ...cos? 0))
lim
60 A (n’(\/9+4—2]
sin = 5

. cos*(sin*(sin® ... (sin* B))
lim
-0 (n(\/9+4 —2]
sin —a

cos? (sin®(sin? ...

-2 2
— lim (sin” 0)) _ cos 0 -5
6—0

sin | 77 lim

0
0-06(\Jo+4 +2)

The correct option is (C)

sin —

tanx — sin{tan_l(tan x)}

lim f(x) = lim \/

tanx + cosz(tan X)

oI X—>——
2
_ hm tanx — sinx
X _\tanx + cos %(tanx)
2
[ tan” (tan x) =x, where x < /2]
- sinx
= lim tan x
2
/2
=2+ cos”(tan x)
tan x
1-0
= [— =1
1+0
o lim cosz(tanx) _ finite quantity -0
N tanx oo
1+ sinx
Similarly, lim f(x) = lim e
N —F. cos” (tanx)
2\ +——=
tan x
[~ tan”' (tanx) =x— 7, if x > 772]
1+0
il |
1+0
lim f(x) =1
ot

2

The correct option is (A)

Putc=a"and z = x1/4, we get the function whose limit is
required, as
_1 8

_l 1

422 2cz ~log, ¢*
_ _922

c-z Dol

2 2
c"+z
cC—Zz

:(c

-1
2cz

(z-c) (2 +cP)

—z—c)8 ==y

Hence, required limit as x — a = @

The correct option is (C)
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. (log(1+x)—1log2) (3.4 —3x)
lim 13 12y o
x=1 {(7T+x)” —(1+3x)"}sinzx
m [log (2 +¢) —log2][3.4" =3(t +1)
=0 {8+ )P = (4430 sinz (s +1)
[By putting x =1 +1¢]

100.

log (1 + i) (B4 ~1) =30
. 2
= —lim

0 3 12
[2(1#) —2(1+ﬁ) ]sinm
8 4
log|1+L
T2 .[3(4’—1)_3]

t

= —11m _
t—0 T L

2

T t

- P 3 .
szt |:1 + o 1- n + terms containing 20, etc.]

=i~(3 log4 -3) = 2 log 4
b4 T e

The correct option is (A)

lim (I=x)(1=x*) .. (1-x*"

1 =-x)(1-x2) .. A-x"

(=)A= xD). (1= x")(1=x"A = x"). (1= x*")

lim

Xl [A=x)1=x%)...A=x")7]

i (I=x"NA=x""?). . (1-x*"
=I(1=x)(1=x") (1-x") .. (1-x")]

101.

(1=x"A=x"2) . (1-x*"
=1 (1-x)1-x)..(1-x)

(1-x)(1-x)...(1-x)
(1-x)1-x%)...A0—x")
1 (2n)!

1
Rty

mt1)y(n+2)...2n

1
1
The correct option is (C)

102. Since maximum value of cos 'x = g

k 1 km . . . .
2 cos  ar= > is possible if and only if each

r=1

lim 3

x—6 X+ x

(T B - (1= 2x)"
x—=0 X+ x2

(1 + %xz + O(x4)) - (1 - % +0 (xz))

x(1+x)

= lim
x—0

103.

104.

105.

1+x 2
[O (xz) means terms containing x,x0, i .|
The correct option is (C)

-+ ax® + bx+ ¢ = 0 has roots ¢ and B, therefore
b

a . 1 1
—+—+c =01.e.,cx2+bx+a=0hasr00ts —and —
X X o

= e ) drg)lg)

B 2
Now, lim 1—cos (ex” + b;c +a)
1 2(1—ox)

x——
a

5 12
.ol ext+bx+a
sin”| ——————
lim

2

. [cxz +bx+a)
sin Y

The correct option is (A)

lirr(}i f(x) = ;in%)\/{—h} cot {—h}
girr})\l(l —h)cot(1-h) = \/cot]

tan” {1}

li = lim ——
xgr(}f(x) hlg%) W —[h?
22
- lim tanzh -1
h—0 h

lim f(x) does not exist,
x—0

The correct option is (D)

sinx)' [ x¢

: a+b—c

lim x — —
x—0 X sin(x“)

The above limit is non-zero ifa +b—c =0

. x“sin’x
lim ———— =
x=0 sin (x)

The correct option is (D)
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More than One Option Correct Type

106.

107.

108.

Passage Based Questions

110.

We know that [cos@| < 1 for all 6.

So, if |cosn! px|<1,

lim lim(1+cos*” nlzwx) =(1+0)=1

Mm—yoe0 p—yo0
and if |[cosn! px|=1,

lim lim (1+cos®” n!mx) = lim lim(1+1°™)
M—>00 p—»00 M—>c0 p—>00
= lim lim(1+1) =2
m—yoo p—yc0

The correct option is (A) and (B)
(1+a3)+861/" (oo )

— form
oo

We have 2 = lim T
w014 (1-b%)e™
1/x _ 2
= e tim o+8e3 (1/1/x ) :
00+ (1-5%) e (=1/x?)
[Using U'Hospital’s rule]
= 1-b=4 = pP=3 = b=(3)"
From (1),

(M

3 Iix
im(1+a )+8e

2=1
1+ 4e"

x—=0
= l+d=2ie,a=1
Hencea=1and b= (—3)”3
The correct option is (B) and (C)
A BV 4 3
[

3y
. [a"+b"+
lim | ————
y—0 3

3 ln(a“+b“+c‘)
lim e’ 3

y—=0

lim
X—>00

1
|:Putting —= y:I
X

Now, we have,

.3 [ay+by+ch
Iim—In| ———

y=0y 3
y Y Y o_
_ hm3,,,[1+a+b+c3j
yo0y 3

109.

a’+b"+c" -3
nll+ ——
~ lim a’+b+c’ -3 3
y=0 y a’+b"+c" -3
3
v _ v _ v _
:hm[a 1, b1 e 1]_1imln(1+t)
y—0 y y y t—0 t
. a’+b+cr -3
Puttlng73 =t

=ma+Inb+Inc=In(abc)

Hence, the required limit is " “*?) = abc
The correct option is (C) and (D)

Using the expansion, we have,

2 23

X X x
ax|1+x+—+...|-b| x——+——...

2! 2 3

[ x XX J
+ox| l——+——"—+..,
o2t 3

lim
x—0 2( x3 x5 J
X x—"r+—...
3t 5!
x(a—b+c)-x* a+£—c +x° f—é+£ +...
= lim 2 2 3 2
x—0 2( i i J
X x— -
3 s!
=2

Now, above limit would exist if least power in numerator is
greater than or equal to least power in denominator
i.e., coefficient of x and x* must be zero and coefficient of x*
should be 2.

b ¢

ie,a—-b+c=0,a+ é —c=0, g_f_,_, =2
2 2 3 2

On solving, we geta=3,b=12,c=9
The correct option is (A), (B) and (C)

Let ke limsin2x-|—3asinx (9)
x—0 x 0
. 2cos2x+acosx
= lim—————
x—0 3x

[Using U'Hospital’s rule]
We require 2 cos2x + acosx = 0 for x = 0 as denominator is
Zero.
a=-2

Hence, k= lim 2c0s2x —22005x (9)
x—0 3x 0
. —4sin2x+ 2sinx 0)
= lim————— —
x—0 6x 0
. —8cos2x+2cosx —-8+2
= lim = =-1
x—0 6 6

The correct option is (B)



111

112.

113.

114.

limva® —x cot—/
xX—a
[2 2
. a”—x
= lim

xX—a 7[ a—Xx
tan—
2VNa+x

= lim
xX—a

—-2x

2/a? - x?

—seczﬁ\/a_xxﬁx—za
2Va+x 2 2a+x)Wa* - x>

da
T
The correct option is (C)

log, | x|

sinx sinx log, [x| _ e‘*“ cosec x

lim |x| = lime
x—0 x—=0

Ux . sin’x
lim ———

lil]’ul [o——
20 COSEC X Cot X
e

~ (sinx) ( x
() (o)
—_— X COS X

The correct option is (B)

=0 X cosx
e

—e 2O _ 0

lim (1+ ax” + bx + ¢)/0~®
x>0

hm

[(l+ax +bx+c)-1]

“m(wc:fberc) Iima(x—ot)(x— B)
—e " (x—a) —e " (x-o)
[+ @, Bareroots of ax’ + bx + ¢ = 0]
= %@ P

The correct option is (B)

We can see that

13-5...2n - 1)
2:46..2n

1
> ..tonterms = —
2}1

11t
222

and, 1'3'5"'(2”_1)—(1—l)(1—l) (1_7
2:46..2n 2 4)7 2m

<[l-—1||1=—1 ... tonterms
2n 2n

(-3)
2n

Thus, we have,
L< 1-:3-5..2n-1) < l—i
2" 2:4:6...2n

Now, we have,

lim -~ —0and lim (2”_1) =0

n—s+oo Q" n—>+oo

Limits

11.43

(0 - oo form)

(9 fonn)
0 115.

116.

Hence, by Sandwich Theorem, we have
im 1e35...(2n—1) _

n—+eo 246 ... 2n

The correct option is (C)

Since, 0 < {mx} <1lforr=1,2,3,..,n

n

= 0£2{rx}<i(l) = Osi{rx}<n

r=1 r=1 r=1
Dividing throughout by n?, we have

0 2 {rx}

r=1
J— S7<7
2 nZ n

2 {rx}

r=1

= lim 0 < lim < lim —
n—eo n—eo n n—e p
n
Z{rx}
. =1
= 0<lim ——=—<0
n— oo n

0< lim {x}+{2x}-2'r..l+{nx} <0
n—> oo n

According to Sandwich Theorem or Squeeze Principle

lim {x}+{2x} + ...+ {nx}

n—>co n?

=0

The correct option is (B)

We have,

12— <15 < 15%F [
2% -1 <25 < 2%

-1 < [x <n? X
Adding the above inequations,

X 2 2_x X 2
x'Zn“—n _ZXZ[nx X" Zn
< [ ]<

n’ n? n?

n(n+1)(2n+1) 1 E[n "
= ¥ 6n’ T2

s T3

n n
< xxn(n+1)(2n+1)
6n° ,
. . T X *
Now, applying lim , we have X< % <
H—>oco n

Hence, by Sandwich Theorem, we have

2_x x
Jim Z17*1 [”3x 1_x
n—oco n 3

Now, the required unit

2.x
lim [umz[’”‘]J: D im = L

n—=0" | n—e n3

The correct option is (B)

x
3

x—1<[x] <x]
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Match the Column Type

1/3 h Ak _ph=1_ gk 2
7. @ lim[\3/n2—n3+n]: 1imn|:(—1+1) +11/3] = lim /=20 Ik h2 B (k)
n—soo n—sco n h—1 —1/h
—1-1
(1—1)+1 = =2
n -1

lim -

frreel 273 13
()6
n n

I:Using a+

1

The correct option is (A)
(II) Required limit =

The correct option is (C)

R
llmi

an -l (x _1)2 The correct option is (D)
2 _ . —1 x+1 _E
= my72y+l [Putting %/— =y;asx— 1, y—> 1] (L) gl_)rr}mx[tan x+2 4:|
=1 (=1
+1
(y=1)7> . 1 1 = lim x| tan”' — —tan™'1
= — 7 = lim — 7 == x>0 x+2
WUy =D+ y+DT ot Ty 9
The correct option is (A) x+1 _1
(IIT) (n —2)th factor of the series is = lim xtan™'| X+2
Y—se0 | x+1
:n—l.n2+n+l +x+2
"o+l B —n+l (-1
Therefore, required limit = nli_I)IL bitgts oty _ot, i, = lim xtan ( x +3)
(234 n=3 n-2 n- t( ! )
noell4 56 n-1 n n+l - lim 2x+3 1

21 31 n2+n+1:|

13
7) 13 21 w2 —n+1
23 n+n+l

= lim
n—eon(n+1) 7

6

"7

The correct option is (B)

n 5r+2V n 1 r 1 r
3,13 li = li |tz
P Jm 2y 131«-21{(2) (5)}
a”—ab+b - )
1 Ly al
. — - — -1 =1
,}f}a 1 B 1\ 1+1+1 3 = lim L. (2) - (5)
1, (1 lim 1
; . noe |2 175 5
SFR I
4

The correct option is (B) ¥ sin? (n)) n* sin? (n!)
IV) 1 —=li -
) X n l"iﬁr{ﬂln(cosi—l) ( ) ngrolo n+ ngrolo 2
V) lim|cos=| =e " n|l+—
n—oo n ( ) 2 "
. X
. sin o xl inZ(n!
Iim—n«ZSi“Z(i) _21“1111 f U" = lim L(n)z
. n
—2xlim—
im 0
=e dn = =1 _ a finite quantity
The correct option is (D) B oo
118. (D) Letsinx=h,thenasx — w2, h — 1 [~ sin’ (n !) always lies between 0 and 1. Also,
given limit since 1 — k>0,
 lim h—n" lml—hh—hhlnh n' "* 5 o as n — o]
h=>11—h+Inh h->1 —=14+1/h =0

[Using L Hospital rule]

The correct option is (C)



Assertion-Reasoning Type

119.

120.

121.

122.

Limits

11.45

. 1P +22+3% 4,477

r

P+22+3%+. +/°

_rerab@esd (2 —3(1+ 1 )
B 6 rar+1) ) 3\ r+l

P55 HGeao(is)]

n—soo
The correct option is (D)
We have,

X=3,x,1=+42+x

n

= 2+x =243 =5
X3={2+x, = 2+/5

Xy > Xy > X,
It can be easily shown by mathematical induction that the

sequence X, X,, ...X,, ... is a monotonically decreasing

sequence bounded below by 2. So, it is convergent.

Let lim x, =x. Then,
n—> oo

X, 1= 42+ x,

= limx,,, = 2+ lim x,
n—>oo n—soo

= x=42+x

= ¥-x-2=0

= *-2)x+1)=0

=

x=2 (ox,>0Vn, .. .x>0)
The correct option is (A)
n—1
1im1[1+el/”+62/"+...+e " )
n—e p
Un)"
.1 1—(e n) . l1-e
= lim —-———— = lim
nsen  —e" oo 1 1 1
nl-l-——-—-—
n 2''n
= lim e _ e =e-1
"*w_l_l.l -1
2! n
The correct option is (A)
In(1+x)
_ Ux _ x
im EZUED T eme
x—0 X x—0 X
In(14+x)—-x
. e x -1
= lim —e-

x—0 X

123.

e’ =1 In(l+x)—x

= lim —e-
x—0 y
[Putting
Now, we have,
iy (LX) = x (9)
x—0 X 0
11 -l
= lim > =0
x—0 1
Also, lim w(g)
x—0 X 0
! -1
. I+x . -1 1
= lim = |lim Eep—
x=0  2x x—=0 2(1+x) 2

Hence, the required limit is

el =1 .. Im(l+x)-
=—e hme -lim n( ;) al
y—=0 y x—0 X
—e1. L e
2 2

The correct option is (A)

m L/ (0] + xZ)mlT»

li
x—0

1
= lim M(l FA+ 2 - 1)m1ﬂ
x—0

Now, we have,

lim [mﬂ:'+x2—l —14+0-1=0

x—0 X

[f(0)]+x> -1

2
X

In(l+x)—x _

X

Lf+x' -1
(0}

and, lim
=0 {f(x)}
2 4
1+ 2 e
_ 3015
= lim
x—0 x2 2x4
I+ + 55 4
3 15
i Ly
x—>0x2 2x5 x—)Ol 27x+
ERETEE 3015
=3

Required limit = e

The correct option is (D)

!
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124. lim l tani + L tani +...+ L tan x
=500 2 22 2n 2n 2n
. 1 X 1 X
= lim —cotx +| cotx + — tan— [+ — tan— +
H—>c0 2 2) 22 22
1 X
...+ —tan —
n n
. 1 x 1 X 1 X
= lim —cotx +| —cot —+ —tan— |+ ...+ — tan —
H—b00 2 2 22 22 2n 2n
. 1 X 1 X 1 X
= lim —cotx +| —cot —+ —tan— [+ ...+ — tan —
n—s 00 22 22 23 23 n 2n
repeatedly using cotf +ltan g = l cot Q
peatedly using 227272
. 1 X
= lim —cotx + — cot —
=00 2n 2n
. 1 x/2"
= lim —cotx +—
n—e x \ tan x/2"
1 .. 7] 1
=-—cotx+ — lim —— =-cotx+ —
Xx 60 tan6 X
The correct option is (A)
-1 _ 2
125, lim cotftan™ (m .tail 6) —m cos“(6/2)
60 sin“(6/2)
— lim cot@ tan~'(m tan@) — m 1 — sin2(9/2)]
00 sin?(6/2)

Previous Year’s Questions

cot@ tan~'(m tan @) — m
sin®(6/2)

= lim
6—-0

im tan~' (m tan @) — m tan &

=1i —
60 tan 6 sin“(6/2)

tan~!(mtan6) — mtan 6
m 3 +m
0’ /4
. Xx—tanx
= llm37/+m
x—=0 x°/

am’

=1l
6—0

[Putting m tan 6= tan x; as ¢— 0, x — 0]

X —tanx

3 lim 3

=m+4m x—0 X

Now, we have,

. x—tanx (0  1-sec’x(0
lim———| = |= lim————| —
N 0 x50 3x2 0
. —2sec’xtanx -1
= lim— = —
x—0 6x 3

Hence, the required limit is m — (4/3) m’

The correct option is (C)

126. Key Idea: Limit of a function exists only, if

LHL = RHL.
V1—cos2x V1-1+2sin®x

Now, i =g i S
. \/§|sinx| . |sinx|
= lim = lim
x—0 2x =0 x
Let f(x)= lsin
X
Now, 20 0—h
_ lim|sinh| 1
h—0 —h
and 0 0+h
EETLLY
h—0 h
. LHL # RHL
1in}) M does not exist.
X—> X

The correct option is (D)

127. Key Idea : lim (1+ Ax)"* = &*
X—yo0

2 X
Now, the limit lim [x-i—5x+3)

X—o0 2

x“+x+2
(4x+1)x

. 4x+1 )
.
x—e0 x“+x+2
(AxtD) [y 4x+2

( 4x +1 ) X Hx+2
x“+x+2

= lim
X—>oo

The correct option is (A)

128. The limit lim (x - 3)
x>\ X+ 2

X
=lim|1- >
x—>00 x+2



The correct option is (C)

129. The limit lim 22 =2/()
x—2 x=2

i =2 () +2/(2) =2/ (x)

Limits 11.47

x—2 x-=2
o SO =2) =20~ 1))
x—2 x—2

- /)2l /=)

=f(2)=-2f"(2)=4-2x4=-4
Alternative Solution:

. {xf(2)—2f(x)}
x—2 x—-2

= lim{/(2)~2/"(x)} (by L’ Hopital’s Rule)

=/2)=21'(2)
=4-2x4=-4
The correct option is (C)

130. The limit, by applying L’Hopital rule,

tan rx (1-sinx)
. 4 2
e Tx
T4 E oI (- 2x)?
4 2
— lim (—cosx)
x—n/2 8(—2)(717 -2x)
—sinx
= lim
x—>/2 16(—2)
1
32°
The correct option is (C)

131. By applying LU Hopital Rule, the given limit equals

1 1
+
lim3+x 3—X=7'
x—0 1 3

The correct option is (C)
132. Applying L. Hospital’s Rule

- f@g'(@)-g(@f"(@) _

= gla)- [1(a)

k(g'(a) = ff"(a)) _
(&' (@)= f"(a))

k=4.

The correct option is (A)

X—>oo

2x
133. The limit lim (1 4 %) -

X X

X—>o0 X X

=a=1beR

The correct option is (B)

1
a b [X2xX ﬁJri2
lim(1+a+bz)[x+xz] (X ’ )zez"

134. Let L =
(x—o)(x— .3))
2 A TN 7
i I cosax—a)(x=B) _ | sin (a 2
o (v-a) e (x—a)

ﬁ))
(-’ (=P
p’ 4

2 2
= lim X 5 3
x—>oc(x 0() a ()C—O() (X—
4
2, a2
Then, the limit L = @

The correct option is (A)

135. f(x) is a positive increasing function

= 0</(x) <f(20) < /()
f2x) _ f(3x)
f@ I

=0<l1<

= lim 1< lim ——=

J23) i LG

S S

By sandwich theorem.
= 1im 29 -
x> f(x)
The correct option is (D)

136, lim V25" =2)

1

x—2 x—-2
i V2 [sin(x - 2)|
x—2 x—=2
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137. lim

138.

RHL.=V2,LHL.=—/2

Limit does not exist.

The correct option is (D)

(1-cos2x)
x>0 x(tan4x)

sinx ’ 1( 4x
=lim = (3+cosx)
x=0{ x 4\ tan4x

=2><1><%><1><(3+1)=2.

(3 + cos x)

The correct option is (C)

2
Given that lim(x-'.{(x)] =3.
x—0 X

Since limit exits, the expression x* + f(x) = ax* + bx® + 3x?
= f(x)= ax* +bx® +2x7
= f'(x)=4ax® +3bx* + 4x

Also, f/(x)=0at x=1,2

139.

140.

=a b=-2

_1
25

4
= f(x)= % —2x% 247

= f(x)=8-16+8=0.
The correct option is (A)

The value of the limit

lim

2sin® xx (3+cosx) 2x4

x—0 tan4x
xX| —— | x4x
rx

The correct option is (B)

liml
107 2,

We have p=e

lo —l
gp 2

The correct option is (D)

]3

4

Je

2.
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