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FUNCTION OR MAPPING

Let X and Y be any two non-empty sets and there be
correspondence or association between the elements of
X and Y such that for every element x € X, there exists a
unique element y € Y, written as y = f(x). Then we say that
fis a mapping or function from X to Y, and is written as

f:X— Ysuchthaty=f(x),xe X,ye Y
X Y

IMPORTANT POINTS

m If f: X — Y be a function from a non-empty set X to
another non-empty set Y, where X, Y < R (set of all real
numbers), then we say that f is a real valued function
or in short a real function.

m Throughout this chapter a ‘function’ will mean a ‘real
function’.

FEATURES OF A MAPPINGF:X—->Y

1. For each element x € X, there exist a unique element
ye Y.

2. The element y € Y is called the image of x under the
mapping f.

3. If there is an element in X which has more than one
image in Y, then f: X € Yis not a function. But distinct
elements of X may be associated to the same element
of .

4. If there is an element in X which does not have an
image in Y, then /: X — Y is not a function.

CAUTION

m If f: X = Yis a function, then there may be some ele-
ments in Y, which are not images of elements of X.

m But there should not be any x left (element of X) for
which there is no elements in set Y.

VALUE OF A FUNCTION

The value of a function y = f(x) at x = a is denoted by f(a).
It is obtained by putting x = @ in f(x).
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NOTE

0
m If for some value of x say x = a, f(a) takes the form —,
we say that f(a) is indeterminate. 0

m If for some value of x say x = a, the denominator vanishes,
we say that f (a) is undefined (or does not exist)

SOLVED EXAMPLE

2
-1
1. If f(x) = xz—l, for every real number x, then the
X"+

minimum value of f

(A) does not exist because f is unbounded
(B) is not attained even though £ is bounded
(C) isequalto 1

(D) is equal to —1

Solution: (D)
We have,

x2 -1 2
f0=3 x2+1

f(x) will attain its minimum value when

x +1
is

X +1

maximum, i.e. when x*> + 1 is minimum i.e. at x = 0.
. minimum value of f(x) is f(0) =—1.

DOMAIN AND RANGE OF A FUNCTION

If /- X — Y be a function, then the set X is said to be the
domain of f'and range of /'

= set of all image points in Y under the map f.
=) ={fx):f(x) € Y;xe X}

The set Yis also called the co-domain of /. Clearly f(X) c ¥
as shown in Fig. 2.1.

Y

X

Domain

Co-domain

Fig. 2.1

In other words, we can say

Domain = All possible values of x for which f{x)
exists.

Range = For all values of x, all possible values of f{x)
as shown in Fig. 2.2.

> =
Range
AN
Domain Co-domain
A B
f
_ Domain ={a,b,c,d}=A
] Co-domain = {p,q,r,s}=B
[ —— Range ={p,q,n
Fig. 2.2
NOTE

m Range is the subset of co-domain

m Range can never exceed co-domain for a given function.
m The projection of the graph of y = f(x) on the x-axis is
equal to the domain of f whereas the projection on the
y-axis is equal to the range of f.

TRICK(S) FOR PROBLEM SOLVING

The total number of functions from set A to set B containing
m and n elements respectively is n”.

INTERVALS IN R

The set of all numbers lying between two given real
numbers is called an interval in R.

Let a and b be any two real numbers such that a < b,
then we define the following types of intervals.

1. Closed interval [a, b]
= closed interval from a to b
={x:x€ R,asx<b}
= set of all real numbers lying between a and b includ-
ing the end points a and b.

[ ]
L ]

a b

2. Open interval (a, b) or |a, b|
= open interval from a to b
= {x:xeRa<x<b}
= set of all real numbers lying between a and b, exclud-
ing the end points a and b.

[ A\
\ /
b

a
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3. Closed-open interval [a, b) and open—closed interval
(a, b]

[ \ [ ]

L / \ |

b a b

a

Fig. 2.3

[a,D)={x:xe€ R;as<x<b}
(a,b]={x:xe Rya<x<b}
4. Real number set R as an open interval
We introduce two special numbers —eo and +eo, where
—oo = g number less than any real number,
+o0 = @ number greater than any real number.
—o < x forallx € R, and x < oo forallx € R.
Hence, the set R can be thought of as the open interval
(o0, o), so that

R=(—00,00)={x:xE€ R; —00 <x < oo}
Also, the infinite intervals in R can be given by,

(—oo, a)> ((1, + oo)’ (—oo’ a]’ [(1, + oo)

NOTE

The numbers +eo and —eo do not follow the ordinary rules of
0 o0

arithmetic, i.e., oo — 00 # 0, O X o # O, 6¢1,*¢1,°°+°°

#2000, 171,00 1 etc.

METHOD TO FIND THE DOMAIN OF A
FUNCTION
Algebraic Functions

1. Denominator should be non-zero.

2. Expression under the even root should be non-negative.
Trigonometric Functions

1. sin x and cos x are defined for all real values of x.
2. tanx and sec x are defined for all real values of x except

x=02n+1) %,Wherene Z.

3. cot x and cosec x are defined for all real values of x
except x = nzx, where n € Z.

Inverse Trigonometric Functions

1. sin'x and cos'x are defined for— 1 <x < 1.
2. tan'x and cot'x are defined for all real values of x.
3. sec’'x and cosec'x are defined forx <—1 orx > 1.

Logarithmic Functions
1. log, a is defined whena > 0,5 >0and b # 1.

Exponential Functions

1. a*is defined for all real values of x, where a > 0.

O -

m (x—a) x—b)>0=>x<aorx>b,fora<b
m (x—a) x—b)<O=a<x<b,fora<b

m |x|<a=>-a<x<a

m x| >a=>x<-aorx>a

a>b*, if b>1

a< b, ifb<1

m If log x >log y, then if a>1then x>yandif 0<a<1
then x <y

s VX% = x|

n Q/x—”z | x|, if nis even and Q/x—”zx, if nis odd.

N

SOLVED EXAMPLES
2. The domain of the function f(x) = Vx—v1-x" is

[ 1 1
A= ‘ﬂ N [E’ 1]
B) [ 1, 1]

1 1
o (3L

[ 1

®) 5’1}

Solution: (D)
For f(x) to be defined, we must have

x—Al=x* 200rx>vl-x* >0

L] Iogba>k:>{

xzzl—xzoerZ%
Also, 1-x*>20o0rx*<1
Now, x2>l = (x—L) (X-l—L) >0
’ 2 2 2)
1 1
= x<— — or X2 —
2 V2
Also, ¥<I=E-D)@x+1)<0=-1<x<1
Thus, x>0,x221andx2S1=>xe|:L,l:|
2 N7
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3. The domain of the function

f(x) =sin! {log2 (%xz)}is

A) [-2,-DullL2] B) (=2,-1]U[l, 2]
©) [-2,-1]V[l, 2] D) =2,-DHu(l,2)

Solution: (C)
For f(x) to be defined, we must have

1 1
—1<log, (Exz) <1=2'< 5ngzl

[+ the base =2 > 1]

= 1<x2<4 (1)
Now, 1<x*=x*-120ie.(x-1)(x+1)=0
= x<-lorx=1 2)
Also, x*<4=x*-4<0ie (x-2)(x+2)<0
= -2<x52 3)

From Eq. (2) and (3), we get the domain of
=((=oo, = 1JU[l, ) N [-2,2]
=[-2,-11U][l,2].

. The domain of the function
1

fx)= is

\/)c12 —x’+xt—x+1
(A) (oo, = 1) (B) (1, )
© 11 (D) (oo, 00)
Solution: (D)
f(x) is defined for

X2 +xt—x+1>0
= X*EE+FD-—x(F+1)+1>0
= @F+DHx(XP-1)+1>0

Ifx>1 orx <— 1, then the above expression is positive.
If— 1 <x <0, the above inequality still holds.
IfO<x<1,thenx?—x(@*+1)+(x*+1)>0

[ x*+1>x*+1andsox*+1>x(x*+1)]
The domain of /= (— oo, o0).

. The domain of the function
fx)= 247xC3X71 + 4()7()XC8X7 0

B) {1,2,3}
(D) None of these

is,
(A) {2,3}
(©) {1,2,3,4}

Solution: (A)
#C, s defined if,

24-x>0,3x—1=20and 24 —x=3x—1

= x<24,leande2
3 4

LD 1
= JS¥<, Q)

d-e¢C is defined if

8x-10

40—-6x>0,8x—10=0and 40 — 6x = 8x— 10

2
= x<—0,x2—andx3§
3 4 7
= Bl <x< 2 (2)
4 7
From Eq. (1) and (2), we get
5 25
—<x< —
4 7
But, 24 —x € N,
x must be an integer,
x=2,3.

Hence, domain (/) = {2, 3}.

. The domain of the function f(x) = , [cos™ (1 —lx |) is

(A) (o0, =3) U3, )
(B) [-3,3]

(C) (=0, =3] U3, 00)
(D) ¢

Solution: (B)

cos™! (I—TM) is defined if — 1 < l—z\x\ <1

= -2<1—-|x|£2=-3<—|x|<1

= -1<]x|<3
|x| = — 1 is true for all real values of x.

X|£3=-3<x<3

Also fcos’l (1 _lel) is defined if cos™! (%) >0

l—|x|> 021
= , =zcos0=
= 1-|x=22
= x|<-1 (Absurd)

Domain (/) =[-3, 3]

. The domain of the function

Sfx) = log,, (x —%) +log, V4x® —4x+5 is

W) e

(C) (=00, ) (D) None of these
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Solution: (B)

1). . 1
log,,, | x—— |is defined if x — — >0
2 2
. 1
ie,x> —
2
log, Jax* —4x+5 is defined if 42 — 4x +5 > 0

2
=4 [(x —%) + 1] > (0 which is true for all real x.

*. Domain of /= (; oo).

. The domain of the function

3—x

(B) (-4,3)
(D) None of these

f(x) =cos [log [MH is

A) 4.4
(©) (oo, =H U3, )

Solution: (B)

. o A16—x7
f(x) is defined if ————— >0
3—x
= 16 —x*>0and3-x>0

= (x—4)(x+4)<0andx<3
= —-4d<x<4andx<3or-4<x<3
. Domain of f'=(— 4, 3).

. The domain of the function f(x) = log, log, log, x is

(A) [4, )
(©) (==,4)

Solution: (B)
J(x) is defined if log, log,x > 0, log, x > 0 and x > 0

(B) (4, )
(D) None of these

= log,x>3°=1,x>4%and x>0

= x>4 x>landx>0=x>4
Domain of f'= (4, ).

The domain of the function
2 —
f(x) =cos™ (%) +[log(3—x)]" is

(A) [-6,3)\{2}
(©) [-6,3]

Solution: (A)

(B) [-6,2) U (2,3]
D) [-6,3)

cos™! (#) is defined for — 1 < 2—4|x\ <1

= —4<2-|x|S4=>-6<—|x|<2

=>-2<[x|£6=2|x[|£6=-6<x<6

(1

11.

12.

1

— isdefined iflog(3 —x)#0and 3 —x >0
log(3—x)

= 3-—x#e’=landx<3=x#2andx<3
From Eq. (1) and (2), we get domain of /'

=[-6,6] N (=, 3)\ {2}) =[- 6, I)\{2].

2)

The domain of the function

J )= cos™ (4+251nx]is
(A) [—% 2nn’,%+2nﬂ']
(B) ( % oz, Z+2nn’)
(©) ( % 4 2nr, 767:+2n7r)
)

(D) [——+2nn’ 4o

Solution: (A)
3

x)is definedif-1< ——— <1
S 4+2sinx

Since, 4 + 2 sin x > 0 for all real x, therefore
3

1
—— <1=3<44+2sinx=>sinx>——
4+2sinx 2

/4 T
= —g+2nﬂSxS 5 +2nm,ne Z

Domain off:[—%+ 2nr, %+ 2nn':| .

The domain of definition of f(x) = ;_| * | i
—|x

(A) (o0, )\[-1, 1]

(B) (-0, 0)\[-2, 2]

(C) [717 1] % (“X’, *2) ) (2, oo)

(D) None of these

Solution: (C)

f(x) is defined if || || >0and 2 —|x|#0

—|x
M >0and x#-2,2
(2-[x))

= (K- (x-2)=0and x=-2,2
= [x|<lorx[>2
= —-1<x<lor(x<—2o0rx>2)

Domain of f=[~1, 1] U (= oo, — 2) U (2, =)
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13.

14.

15.

16.

The domain of the function f(x) = \1-y1-vI—x" is

(A) (=e, 1) (B) (=1, )
(© [0,1] (D) [-1,1]
Solution: (D)

f(x) is defined if

- I-+I-x> 20,1 -+1-x*> >0and 1 —x*>>0
1-¥*20=>@+ ) x-1)<0=>-1<x<1

Clearly for these values, the other two inequalities
hold.

Thus domain of f=[-1, 1].

The domain of the function
f(x)=log  [1—log (x*—5x+16)]is

(A) 2,3) (B) [2,3]
©) (2,3] D) [2,3)
Solution: (A)

f(x) is defined if

1 -log, (x*=5x+16)>0and x> - 5x+16>0

5\ 39
= loglo(x2—5x+l6)<land (X_E) +7 >0

= xX*-5x+16<10'=10

2
(x—é) +£> 0 for all real x
2 4

= x¥*-5x+6<0
= (x-3)(x-2)<0=>2<x<3
Domain of /= (2, 3)
1

I sinx| +sinx

(B) (2nm, 2n+1) 1)

The domain of the function f(x) = is

(A) (- 2nm, 2n7)

©) ((4n—l)%,(4n+l)§) (D) None of these

Solution: (B)

f(x) is defined if | sin x | + sinx > 0

=  sinx>0=2nr<x<2nw+7m
Domain of f= (2nm, 2n + 1) n).

The domain of the function

f)= log[

L

]|x2—5x+6| is
2

X+

3 3
(A) [5,2J V(2,3 uE,») (B [5,‘”)

o[+

(D) None of these

17.

18.

Solution: (A)

f(x) is defined if

xX>=5x+6=#0, x+l >0, x+l #1
2 2

X=5x+6#20=>(x-2)(x-3)z0=>x#2,3

(1)

[x+l]>0=>x2l 2)
2 2

1 13
X+t—|#l=>x¢ |-, =
s roee )

From Eq. (1), (2) and (3), we get domain of f

)

=B z) U2,3) U (3, ).

The domain of the function f(x) = Ve ®) is

1 1 1
NIV
©) [—4, —%] (D) None of these

Solution: (B)
f(x) is defined if
—1<log, ¥*<1=16"'<x*<16'

1
= — <x*<16

6
X2 1 :(x—l) (x+l) >0
16 4 4

1 1
= x<— — orx=>—
4 4

(1
)

<165 (x-4)(x+4)<0=>-4<x<4

From Eq. (1) and (2), we get domain of /

Lofie]

The domain of the function
f(x)=log, log, log, ...log, x is

n times

(A) (271, e0) (B) [2", )

(C) (2772 00) (D) None of these
Solution: (D)

f(x) is defined if

(1) x>0

(2) log,x>0=x>2"=1
(3) log,log,x>0=log,x>2=1=x>2"'=2
(4) log, log, log, x>0 = log, log, x>2°=1
= log,x>2'=2
=x>2?



19.

20.

21.
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(5) log, log, log, log, x > 0 = log, log, log, x >2°=1
= log, log, x > 2!
= log, x>22 = x> 2%

Continuing like this, we get x > PR
Domain of f= (2>, ).
. . 1 .
The domain of the function f(x) =—————— is
] ~[x]-6

(A) (moo,=2) U [4, )
(©) (=2, =2) U (4, )

Solution: (A)
f(x) is defined for
xP-[x]-6>0=([x]-3)([x] +2)>0

(B) (o0, =2] U [4, )
(D) None of these

= [x]<—2or[x]>3

But [x]<-2=[x]=-3,-4,-5, ..

RS x<-2

Also, [x]>3=[x]=475,6, ..
x=4

.. Domain of /= (—eo, —2) U [4, ).

The domain of the function

Jx) =log, |:—logy (1+%) —1} is
2 X

(A) (=oo, 1) (B) (0, 1)

(©) (1, 00) (D) None of these
Solution: (B)

f(x) is defined if

1 1
_IOg%(l-‘-xT) _1>0’1+W >0, x#0

1
= log%(l+ﬁ) <-1,x+1>0,x20

-1
1 1
= 1l+——>|=|,x>(1)3 x#0
xl/s (2) ( )
1
= T>l,x>—landx¢0
X

= O<x<landx>-1=0<x<1.
Domain (/)= (0, 1).
The domain of the function
Sf(x) =log, [-(log, x)* + 5 log, x — 6] is
(A) (0,9) U (27, )
(B) [9,27]
©) 9,27)
(D) None of these

22.

23.

Solution: (C)
f(x) is defined if
—~(log, x)* + 5 log, x —6 >0 and x > 0
= (log,x-3)(2-1log,x)>0and x>0
= (log,x-2) (log,x-3)<0and x>0
= 2<log,x<3andx>0
= 3¥<x<3P=9<x<27
Domain of /= (9, 27).
The domain of definition of the function y (x) given by
the equation 2*+ 2V =2 is
(A) 0<x<1
(C) —e0<x<0
Solution: (D)
We have, 22+ 2V=2 = 2=2 -2
_log(2-27)
B log2
For y to be defined, 2 - 2> 0 =2"<2
Since, 2* is an increasing function, therefore we get x < 1.

(B) 0=sx<1
(D) —o<x<1

=

The domain of the function

f(x) = cot! [ﬁ},xe Ris
(A) R—{+Jn,ne N} (B) R—{Jn,n>0,ne 1}
©) R (D) R-{0}

Solution: (B)

Domain of cot'x is R and
x2# [x?]

is defined if
x —[x"]

(2 [))
= x?#0 or +ve integer.
Hence, domain =R — { Jninz 0,ne Z}.

METHOD TO FIND THE RANGE OF

A FUNCTION

1.
2.

Find the domain of the function y = f(x).

If the domain is an infinite interval, solve the equation
y=f(x) and find x in terms of y to get x = g(v). Find the
real values of y for which x is real. The set of values of y
so obtained constitutes the range of /. Note that if finite
number of values of x are excluded from the domain,
find the values of y for these values of x and exclude
these values of y from the range of f found earlier.

. If the domain is a finite interval, find the least and

greatest value of y for values of x in the domain. If a is
the least value and b the greatest value of y, then range

(/) =la, b].
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SOLVED EXAMPLES

24.

25.

26.

The range of the function f(x) =/3x”> —4x+5 is

11 11
(A) [—‘”, ?] (B) [—‘”, ?J
/11 fll

Solution: (C)
f(x) is defined if 3x* —4x+5>0

2
=3 xz—i)c+é >20=3 )c—z +E >0
3 3 3 9

which is true for all real x
Domain (f) = (= oo, o0)
Let y=3x"—4x+5
= V=3x2—4x+51e.3x-4x+(5-1y)=0

11
Forxtobereal, 16— 12(5-))>20=y2> \/:

Range of y = |:\/g, oo) .

The range of the function f(x) = log, (3x* —4x + 5) is
11 11
(A) (—oo, log, —] (B) |:loge 3 oo)

3
11 11
(©) |—log, —, log, — (D) None of these

3 3

Solution: (B)
f(x) is defined if 3x* —4x+ 5> 0

2
= 3 xz—ix+é >0=3 x—z +E >0,
3 3 3 9

which is true for all real x.
Domain (f') = (= oo, o)
Let y=log, (3x* —4x +5) = ¢’ =3x* —4x + 5.
= 3X—4x+(5-¢)=0
For x to be real,
16-12(5-¢)20> 12244 = ¢e'2 %

11
= yZloge?

. Range of f= |:loge %, oo) .

2
. - 2
The value of the function f(x) = xz&
X+

interval

lies in the

27.

28.

1
(A) (o, 15

(C) (oo, 2)\{1}

Solution: (B)

f(x) is defined if x> + x—6#0

e, (x+3)(x-2)#0ie.x#-3,2

Domain () = (— oo, oo)\{— 3, 2}

x> —=3x+2

X’ +x-6

= xy+xy—6y=x*—3x+2

= X*y-D+x@+3)-(6y+2)=0

Forx to be real, y +3)*+4 (y— 1) (6y+2) =0

= 25-10y+120ie (5y—1) =0

which is true for all real y.
x .
1+x2] °

Range of f= (oo, o).
T
(B) |:0, 5)

(D) None of these

(B) (o0, )

(D) None of these

Let y=

The range of the function y = sin’ [

T
@ (03)

T
@ [o3]

Solution: (B)
2
= | <1 which s true

Clearly, for y to be defined,
I+x

for all x € R. So, the domain = (— oo, o).

Now. y=sin’! X = X =siny
’ 1+x° 1+x°
x2
= x= 5
I+x
For x to be real, siny>0and 1 —siny >0
- 0<siny<l=ye [0,%)
T
Range=10, —
[0
2
The range of the function y = 3 sin o x* s
3 3 3
(A) [0, —} (B) [——, —}
V2 V272
3
©) |:——, 0} (D) None of these
V2

Solution: (A) ,
For y to be defined, 71T_6 —-x?20
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30.
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2
Clearly, for x € —E,E s ﬂ——xze O,E .
4 4 4

Since sin x is an increasing function on | 0, ik

2
Therefore, sin 0 < sin ,/ﬂ——xz <sinZ
16 4
2
= 0<3sin T -r < 02y -
16 V2 2

Range of y = |:0, X

7]

The range of the function

f(x) =sin [log[ 4-x J] is

1-x
(A) 10, 1] (B) (=1,0)
© [-1,1] D) L1
Solution: (C)
For f(x) to be defined,
N

>0,4-x>>0and 1 —x#0
1-x

Since V4 —-x* 40,
Wehave | —x>0and4-x2>0
= x<land(x-2)(x+2)<0
= x<land-2<x<2
= 2<x<1
Domain of f= (-2, 1).

J4—Jw

1-x

= —1<sin lilog[ 4-x H <1

Since —o < log [

I-x
Range of f=[-1, 1].

If[2 sin x] + [cos x] =3, then the range of the function

f(x)=sinx+ +3 cosxin [0, 27] (where [-] denotes the
greatest integer function) is

1

(A) [-2,-1] (b) (—1, —5)
©) (-2,-1) (D) None of these
Solution: (C)
We have, [2 sin x] + [cos x] =3
only if [2 sin x] =2 and [cos x] = -1
= 2<2sinx<-land-1<cosx<0
= -1<sinx< —% and -1 <cosx<0

T 1r T RY/3
—<x<— and — <x< —
6 6 2 2

r RV
= —<x< —
6 2

For the above values of x, sin x + \/gcos x =2 sin

(g + x) lies between —2 and —1.

Rage of f(x) is (-2, —1).

—-x

31. The range of the function y = ¢ is
1+ [x]
(A) (=oe, o) (B) R-{0}
(C©) R (D) None of these
Solution: (B)
‘We have,
—_— eix

T

= (I+[x])y=e*>0

= (I+[x])y>0
= y>0ifl+[x]>0andy<0if1+[x]<0
ye R-{0}

TYPES OF FUNCTIONS

One-One or Injective Function

A function f: X — Y is said to be one-one or injective if
distinct elements of X have distinct images in Y, as shown
in Fig. 2.4.

Fig. 2.4
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Many-One Function

A function f: X — Y is said to be many-one if there exists
atleast two distinct elements in X whose images are same,
as shown in the Fig. 2.5

f

Fig. 2.5

METHOD TO CHECK WHETHER THE
FUNCTION f: X — Y IS ONE-ONE OR
MANY-ONE

1. Consider any two points x, y € X.

2. Put f(x) = f(y) and solve the equation.

3. If we get x = y only, then f'is one-one, otherwise it is
many-one.

TRICK(S) FOR PROBLEM SOLVING

Derivative Test to Check the Injectivity

If a function is either strictly increasing or strictly decreasing
in the whole domain (or equivalently, f’(x) > O or f’(x) < O,
V x € X), then it is one-one, otherwise it is many-one.
Graphical Test

If any straight line parallel to x-axis intersects the graph of
the function atmost at one point, then the function is one-one,
otherwise it is many-one (i.e, it intersects the graph of the
function in atleast two points).

Y Y

[ NI

/ 0, 1)
X »X X \~

© /f(x):ax+b Olfm=ac0<a<t)
y y

(i) One—One Function

(i) One—One Function

% Y

X \ / > X X > X'

Ot = Ix]

Y Y’

(i) Many—One Function (i) Many—One Function

O

m Any continuous function f(x) which has atleast one local
maxima or local minima is many-one.

m All even functions are many-one.

m All polynomials of even degree defined on R have atleast

one local maxima or minima and hence are many one on

the domain R. Polynomials of odd degree can be one-one

or many-one.

N

TRICK(S) FOR PROBLEM SOLVING

Number of One-One Functions (Injections)

If X and Y are any two finite sets having m and n elements
respectively, then the number of one-one functions from X to

Y would be .
"P.,ifnzm
O, ifn<m

ONTO OR SURJECTIVE FUNCTION

A function f: X — Yis said to be onto or surjective if every
element of Y is the image of atleast one clement in X under
the map f, as shown in the Fig. 2.6

Y
ONTO

Fig. 2.6

A function f: X — Y is an into function if it is not an onto
function, as shown in the Fig. 2.7
X Y
INTO

Fig. 2.7

In other words, if the function f: X — Yis such that there is
atleast one element in Y which is not image of any element
in X, then we say that f'is a function of 4 into B, i.e., fis
called into function if, for some y € Y, there does not exist
any x € X such that y = f(x).
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METHOD TO CHECK WHETHER THE
FUNCTION f: X — YIS ONTO OR INTO

1. Find the range of the function f.
2. Ifrange of /=Y (the co-domain), then f'is onto, other-
wise it is into.

NOTE
For an ‘onto’ function, the range overlaps or equals

co-domain, whereas for an into function, the range does not
overlap but fits inside the co-domain.

TRICK(S) FOR PROBLEM SOLVING

Number of Onto Functions (Surjections)

If X and Y are any two finite sets having m and n elements
respectively, where 1 < n < m, then the number of onto
functions from X to Y is given by

$ e
r—1

Any polynomial function f is onto if degree is odd and into if
degree of fis even.

BIJECTIVE FUNCTION

A function f/: X — Yis said to be bijective, if fis both one-
one and onto, as shown in the Fig. 2.8

TRICK(S) FOR PROBLEM SOLVING

Number of One—One Onto Functions (Dijections)

If X and Y are any two finite sets having the same number of
elements, say n, then the number of bijective functions from
Xto Yisnl

SOLVED EXAMPLES

32. The function f/: R — R defined by,
fx)=4"+4"is

(B) many-one and into
(D) many-one and onto

(A) one-one and into
(C) one-one and onto

Solution: (A)

Since, for different x, 4* and 4/*! are different positive
numbers,

- fis one—one. Also, fis not onto as its range (0, o)
is a proper subset of its co-domain R.

33. Letf: R — R be a function defined by,
f(x)=x ++/x*, then fis

(B) surjective
(D) None of these

(A) injective
(C) bijective
Solution: (D)
We have,

) =x+Jx’ =x+|x]|
Clearly, f is not one-one as f(— 1) =f(—2) =0 but — 1
#-2.
Also, fisnot onto as f(x) 20 V x € R,

range of /= (0, «o) C R.

SOME IMPORTANT FUNCTIONS

Constant Function

A function f: R — R defined as f(x) = ¢, V x € R, where ¢
is a constant, is called a constant function. Its domain is R
and range is singleton set {c}.

The graph of a constant function is a straight line par-
allel to x-axis as shown in the Fig. 2.9. It is above or below
the x-axis according as c is positive or negative. If ¢ = 0,
then the straight line coincides with x-axis.

1%
©, ¢ f)=c
X
o)
Fig. 2.9
IDENTITY FUNCTION

The function f/: R — R defined as f(x) =x, V x € R, is called
the identity function. Its do-main is R and range is also R.

The graph of the identity function is a straight line
passing through origin and inclined at an angle of 45° with
x-axis, as shown in the Fig. 2.10.
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Y
A
f(x)=x
X > X
o
v
Fig. 2.10

MODULUS FUNCTION OR ABSOLUTE
VALUE FUNCTION

The function f: R — R, defined as

x, if x>0
fx)=|x|=40, if x=0
—x, if x<0

is called the absolute value function or modulus function.
Its domain is R and its range is [0, e). The graph of the
modulus function is as shown in the Fig. 2.11.

Y

e
& 7
S \“ \\~D

Fig. 2.11

TRICK(S) FOR PROBLEM SOLVING

m Forevery x e R, | x| = max {x, —x}

m Forevery x e R, |x| :\/X—Z

m [ x+yl < x|+ |yl

m |x +yl = |x| + |yl if x, y have the same sign and
[x+yl < |x| + |yl if x, y have opposite signs

m x—yl2|Ix] + [yl

m |[x—y|l=1]Ix|—lyllif x, y have same sign and | x| = |y|

m |x—yl|>||x|] + |yl if x, y have opposite signs

m [xy| = [x| |yl

GREATEST INTEGER FUNCTION/STEP
FUNCTION/FLOOR FUNCTION

The function f': R — R defined as f(x) = [x] is called the
greatest integer function,

where [x] = integral part of x or greatest integer not
greater than x or greatest integer less than or equal to x.

ie. Sx)=n,
where n <x <n+ 1, n € Z(the set of integers).

Its domain is R and range is Z. The graph of the
greatest integer function is as shown in Fig. 2.12:

Y
I I I A I I I
1 1 1 1 1 1
1 1 1 1 1 1
I R T | S R S
1 1 1 1 1 1
1 1 1 1 1 1
o 2 —b
1 1 1 1 1 1
1 1 1 1 1 1
A s A
1 1 1 1 1 1
1 1 1 y ‘L 1 1 X
3 2 10 1 2 3
| H o—0 -1 H |
P P
I o AN R
1 1 1 1 1 1
—0° I 3 1
1 1 1 1 1 1
oLy
Fig. 2.12

TRICK(S) FOR PROBLEM SOLVING

B [X]Sx<[x]+1

d+y] g+ ()<t
n xtyl= ‘
I+ [y ]+ 1 (o + {21
where {x} denotes the fractional part of x.
m n<x<n+1exl=n
mn, SX<n,=n <x<n,+1
B x—1<[x]<x
w (K=
= [n+x] =n+ [x], where n is any integer
0 ifxeZ
XX
—-1ifxe”Z
m If [f(X)] = n, then f(x) = n
If [f(x)] <n, then f(x) <n+1
where n is any integer.

[x+[y+[z+[w+[u]]]]]= [x]+[y]+[2]+ [w]+[u]

LEAST INTEGER FUNCTION/CEILING
FUNCTION

The function f: R — R defined as f(x) = (x) is called least
integer function,
where (x) = least integer greater than or equal to x.

ie., S&x)=n,

where n — 1 <x < n, n € Z (the set of integers)
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Its domain is R and range is Z. The graph of the least
integer function is as shown in Fig. 2.13:

Y

A

I

I

Fig. 2.13

FRACTIONAL-PART FUNCTION

The function f: R — R defined as f(x) = x — [x] or f(x) =
{x}, where {x} denotes the fractional part of x, is called
the fractional-part function. Its domain is R and range is
[0, 1). The graph of the fractional part function is as shown
in Fig. 2.14:

Fig. 2.14

TRICK(S) FOR PROBLEM SOLVING

m [fO<x< 1, then {x} =x
m If x is an integer, then x = [x] = {x} =0

={}=0
= [(]=0
m O0<{x}<1
O if x einteger
= bhrix 2{—1, if x ¢ integer

m If x¢ Zand x> 0O, then {—x} =1 — {x}

SOLVED EXAMPLES

34. Which of the following is a function ([.] denotes the
greatest integer function, {.} denotes the fractional
part function)?

1 x!
A) —— B) —
) log [1-[x] ® {x}
log(x —1)

J1-x2
Solution: (C)

Since only x! {x} is defined so x! {x} represents a
function.

(©) x! {x} (D)

35. Range of the function f defined by f(x) = |: - ! }
sin{x}

(where [.] and {.} respectively denote the greatest inte-

ger and the fractional part functions) is

(A) Z, the set of integers

(B) N, the set of natural numbers

(C) W, the set of whole numbers

(D) {2,3,4,...}

Solution: (B)

{x}e[0,1)
sin {x} € [0, sin 1) but f(x) is defined if sin {x} # 0

1 1
el ——, .
sin{x} \sinl

]6{1,2,3 ..... }.

1
sin{x}

SIGNUM FUNCTION

The function /: R — R defined as

M for x #0

S =1 x
0 forx=0

is called the signum function.
Its domain is R and range is the set {— 1, 0, 1}. The
graph of the signum function is as shown in Fig. 2.15:

Y

©, 1) p——m—

0

ﬂ ©,-1)

Fig. 2.15

RECIPROCAL FUNCTION
The function f: R\{0} — R defined by f(x) = 1 , is called
X

the reciprocal function. Its domain as well as range is R\{0}.
The graph of the reciprocal function is as shown in Fig. 2.16:



2.14 Chapter?2

Fig. 2.16

EXPONENTIAL FUNCTION

Let a (# 1) be a positive real number. Then the function
f: R — R, defined by f(x) = a*, is called the exponential
function. Its domain is R and range is (0, o). The graph of
the exponential function is as shown in Fig. 2.17(a) and (b).

Y Y
N f(x) = a* fx)=a*

a>1 a<1
(0,1)/ \(0,1)
-/ \

0 0

4 A

Fig. 2.17(a)

@NOTE

a‘= "%’ (a>0).

m d%=x (@>0a#1).
b

b log,

a | Ca

Fig. 2.17(b)

,a,bc>0anda,c#1

]
log o= —logb,provideda¢1,b¢1 anda, b>0

m lfa" >a%thenx, >x,ifa>1andx, <x,ifO<a<1

LOGARITHMIC FUNCTION

Let a (# 1) be a positive real number. Then the function
S (0, ) = R, defined by f(x) = log,_x, is called the
logarithmic function. Its domain is (0, «) and range is
R. The graph of the logarithmic function is as shown in
Fig. 2.18(a) and (b):

f(x) = log, x

X

(1.0

0 / 1,0 0 k X
f (x) = log, x
a<1
Fig. 2.18(a) Fig. 2.18(b)

O -

m log,.a=1,log, 1 =0, provided a >0, a# 1

og o=d =
%Y T b if

a>1

O<ax1

m log, x is also denoted as: In x.
m If log x, > log x, then x, > x, if a > 1 and x, < x, if

O<ax< 1.
-

POLYNOMIAL FUNCTION

A function f: R — R, defined by f(x) = a, + a,x + a,x* +
..tax',wherene Nanda,a, a, ..,a € R,iscalled a
polynomial function.

Ifa,#0, then n is called the degree of the polynomial.
The domain of a polynomial function is R.

RATIONAL FUNCTION
A function of the form f(x) = p(x)
q(x)

are polynomials over the set of real numbers and ¢ (x) # 0,
is called a rational function. Its domain is R\{x | ¢ (x) =0}.

, where p (x) and ¢ (x)

TRIGONOMETRIC FUNCTIONS

Table 2.1
Function Domain Range
y=sinx R [-1,1]
y =cos x R [-1,1]
y=tanx R\{(2n+1)g neZ} R
y=cotx R\{nz|ne 2} R
y =sec x R\{(2n+1)g neZ} (oo, —1] U1, )
y = Ccosec X R\{nz|ne Z} (~oo, =1 U1, =)
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INVERSE TRIGONOMETRIC FUNCTIONS
Table 2.2

Function Domain Range
y =sin"'x -1<x<1 [ ”,f]
2 2
y =cos™'x -1<x<1 [0, A
- T
y=tan"x —o0 <X <o -, =
53)
y =cot”'x —0 <X <o O, m
2 2
=sec'x —oo, =1 U1, 0,z E,
y o= 11U, =) [ 2)u(2 r

TWO WAYS OF DEFINING A FUNCTION

1. Uniform Definition: If a function is defined as y =
f(x), x € [a, b], we say that it is uniformly defined.
Ilustration

(i) y=f(x)=sinx,x € R,
(i) y=fx)=x>+1,xe [-1, 1].

2. Piecewise Definition: If a function y = f(x), x €
[a, b] assumes different forms in different subsets of
[a, b], we say that it is piecewise defined, as shown in
the Fig. 2.19

-1 0 (1,0 X
Fig. 2.19
Ilustration
1, -1<x<0
y=f(x)=41-x, 0<x<l1
x—1, x 21

EXPLICIT AND IMPLICIT FUNCTIONS

Explicit Function

A function y is said to be an explicit function of x, if the
dependent variable y can be expressed totally in terms of
the independent variable x.

Illustration

1. y=sin’x,x € R.
2. y=logx+x—2e,x>0.

Implicit Function

When the variables x and y occur together in an equation
f(x, v) = 0, in which y cannot be expressed explicitly in
terms of x, then y is said to be an implicit function of x.

Illustration

1. xy =tan(x +y)
2. eV +xy—-2=0.

OPERATIONS ON FUNCTIONS

Let f'and g be two real functions with domain D, and D,
respectively. Then,

1. The sum function ( '+ g) is defined by,
(/+8) @) =fx) +gx),Vxe D ND,

The domain of f+gis D, N D,
2. The difference function ( f— g) is defined by,

(/-8 @) =f(x)-gx),Vxe D, ND,

The domain of f—gis D, N D,
. The product function fg is defined by,

() () =/(x)-g(x),Vxe D, ND,
The domain of fgis D, N D,

(9]

4. The quotient function [1) is defined by,

g
(iJ x)= &, Vxe D ND\x:g(x)=0]
g g(x)

The domain of ! isD ND\x:g(x)=0]
g
5. The scalar multiple function cf'is defined by,

(¢f)x)=c-fx),Vxe D,
The domain of ¢f’is D,

TRICK(S) FOR PROBLEM SOLVING

In a function f(x) is such that

f(xy) =f(x) - f(y) = f(x) =x,ne R

(x+y) =f(x) - fly) = f(x) =a*

(xy) =f(x) +f(y) = f(x) =k log x or f(x) =0

(x +y) =f(x) =f(y) = f(x) =k, where k is constant

" = =
S~ Th

mf

. () f(%) =f(x) +f(1) = () =+ X7 + 1

X
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COMPOSITION OF FUNCTIONS

Let f'and g be two real functions with domain D, and D,
respectively.

If range of ' domain of g, then composite function
(gof') is defined by,

(gof) () =g [/(¥)], Vxe D,

Also, if range of g < domain of £, then composite function
( fog) is defined by,

(fog) (¥) =g (@), ¥ x € D,

CAUTION

gof exists only if range f € domain and fog exists only if
range g < domain if

PROPERTIES OF COMPOSITE FUNCTIONS

Letf: X — Yand g: Y — Z be two functions.

1. If both fand g are one-one, then so is gof.

2. Ifboth fand g are onto, then so is gof.

3. If gof'is one-one, then f'is one-one but g may not be

one-one.

. If gof'is onto, then g is onto but fmay not be onto.

. If fand g are bijective, then so is gof.

6. It may happen that gof may exist and fog may not exist.
Moreover, even if both gof'and fog exist, they may not
be equal.

SOLVED EXAMPLES

36. Let f be a function defined on [0, 1] such that

A

X xeqQ

f(X)={ v 2Q

1-x,

Then for all x € [0, 1], fof(x) is
(A) a constant B) 1+x

©) x (D) None of these
Solution: (C)
We have,
> xeQ
J@= {l—x, xeQ
, _[f@, fweo
S {1 /). f()e0

37.

38.

X, xeQ, xeQ
| 1-x xeQ, xeQ
S li-x, 1-xe0, xeQ

I-(1-x), 1-x¢0Q, xeQ
_jx, x€0
_{x,er

s fof(x)=x,x € [0, 1].
Ifg[f(x)]=]|sinx|and f[g(x)] = (sin\/; )?, then

(A) f(x) = sin¥x, g(x) = Vx
(B) f(x)=sinx, g(x) = x|

(©) f(x) =, g(x) = sinx
(D) fand g cannot be determined.

Solution: (A)
f(x) = sin?x and g (x) = Vx,
(fog) () =fIg@)] =f(Nx ) = (sin/x )?

When

and  (gof) (x) =g [ f(x)] = g (sin’x) = [sin x|
When f(x) =sinx and g(x) = |x|

(fog) (x) =f(g(x)) = f(x]) = sin x| # (sinVx )?
When  f(x)=x*and g(x) = sinv/x

(fog) (x) =f1g(x)] =f(sinV/x ) = (sinv/x )?
and  (gof) (¥) =g [f(¥)] = g(*) = sin /x>

=sin|x|#|sinx|

Let / be a function with domain [-3, 5] and let

2(x) =|3x + 4|. Then the domain of ( fog) (x) is
1 1
@ (3] ® [
©) [—3,%) (D) None of these

Solution: (B)
(fog) (¥) =/ g ()] =1(]3x + 4))
Since the domain of fis [-3, 5],

3<Px+4|<5=[Br+4<5

= -5<3x+4<5
= -9<3x<1

1
= 3<x<—

3

. . 1
Domain of fog is |:—3, 5]
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INVERSE FUNCTIONS SOLVED EXAMPLES

If f: X — Y be a one-one onto (bijection) function, then the
mapping /' : Y — X which associates each elementy € ¥ 39. Let f: (4, 6) = (6, 8) be a function defined by f(x)
with element x € X such that f(x) =y, is called the inverse
fucntion of the function /: X — Y.

We define inverse function /! : ¥ — X by the rule

= x+ [g:l (where [ - ] denotes the greatest integer

function), then /! (x) is equal to

y=fef=x,VxeX,VyeY .
as shown in the Fig. 2.20: (A) x- l:_:l (B) —x-2
1
X Y (C) x-2 D) ———
. H
f 2
<—> Solution: (C)
Since /1 (4,6) = (6, 8),
a fx)=x+2
S =x-2
Fig. 2.20
40. Letf: [4, «0) — [4, o) be a function defined by,
fx) =59 then /! (x) is
NOTE

(A) 2—/4+1log, x (B) 2+ /4+log, x

For the existence of inverse function, it should be one-one

1 x(x—4)
and onto. ©) (g) (D) None of these
Solution: (B)

METHOD TO FIND THE INVERSE OF A Let y=509=x (x—4)=log,y

FUNCTION & e dxlogy=0

Let f: X — Y be a bijective function. 4+ .16 +410

- xo STNOTTO8 )
1. Putf(x)=y. 2
2. Solve the equation y = f(x) to obtain x in terms of y. =2+ J4+log. y)
Interchange x and y to obtain the inverse of f. ’
> = /

Aliter: let g be the inverse of f. Simplify the equation But ¥24,50x=2+ 4-+logsy)
f(g(x)) =x to find g(x). o) =2+ [4+ log, y
IMPORTANT POINTS 41. The inverse of the function f(x) = Z* ;Z’X is

If (x, y) is a point on the graph of an invertible function f, l 1-x l I+x
then the corresponding point on the graph of f'is (y, x). (4) 2 log, 14+ x (B) 2 log, 1—x
Thus, the graphs of fand =" are mirror image of each other 1
in the line y = x. (C) log, (l—‘__x) (D) None of these
-Xx
Solution: (B)
PROPERTIES OF INVERSE FUNCTIONS O g a -1
Let = =
1. Inverse of a bijection is also a bijection function. 7 a'+a’  a+1
2. Inverse of a bijection is unique. yol (@ =)=(a* +1)
-1 — = =
300 =S A . y+1 (@ =D +(@™ +1)
4. If fand g are two bijections such that (gof’) exists then

(gof )y ' =flog . (Using componendo and dividendo)
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-1 -2 1+
= y— :—2 :az":—y
v+l 2a™ I-y
1+
= 2xlog a=log (_y)
a a l_y

1 1
= x= —log, =y
2 -y

ODD AND EVEN FUNCTIONS

0dd Function

A function f(x) is said to be odd if f(—x) = —f(x) for every
real number x in the domain of f.

Illustration

y=f(x) =sinx is odd.

Even Function

A function f(x) is said to be even if f(— x) = f(x) for every
real number x in the domain of f.

Illustration

O

m (x, y) is a point on the graph of an even function if an
only if (=, y) is a point on the graph.

y=f(x)=x%1is even.

Y/
m (x, y) is a point on the graph of an odd function if and

only if (—x, =) is a point on the graph.

¥

—
&o

(_Xr —J/)

Y’

PROPERTIES OF ODD AND EVEN
FUNCTIONS

1. The graph of even function is always symmetric with
respect to y-axis. The graph of odd function is always
symmetric with respect to origin.

2. The product of two even functions is an even function.

3. The sum and difference of two even functions is an
even function.

4. The sum and difference of two odd functions is an odd
function.

5. The product of two odd functions is an even function.

6. The product of an even and an odd function is an odd
function.

7. It is not essential that every function is even or odd. It
is possible to have some functions which are neither
even nor odd, e.g. f(x) =x* + X%, f(x) = log, x, f(x) = e".

8. The sum of even and odd function is neither even nor
odd function.

9. Zero function f(x) = 0 is the only function which is
even and odd both.

TRICK(S) FOR PROBLEM SOLVING

m The graph of an odd function is symmetric about origin
and it is placed either in the first and third quadrant or in
the second and fourth quadrant.

m The graph of an even function is symmetric about the
y-axis.

m To express a given function f (x) as the sum of an even and
odd function, we write

00 == 1709 + £+ 2 109 — 0]

where %[f(x) + f(—x)] is an even function and % [f(x) —
f(—x)] is an odd function.

= f(x) = O is the only function which is both even and odd.

m If f(x) is an odd function, then f’(x) is an even function
provided f(x) is differentiable on R.

m If f(x) is an even function, then f’(x) is an odd function
provided f(x) is differentiable on R.

m If f and g are even functions, then fog is also an even
function, provided fog is defined.

m [f f and g are odd functions, then fog is also an odd function,
provided fog is defined.

m [f f is an even function and g is an odd function, then fog is
an even function.

m [f f is an odd function and g is an even function, then fog is
an even function.

m For a real domain, even functions are not one-one.

m Even functions are many-one functions, because they are
symmetric about y-axis.




SOLVED EXAMPLES .

Functions 2.19

42. Letf(x)=(-1)" (where [ . ] denotes the greatest integer

43.

44.

function), then

(A) Range of fiis {-1, 1}

(B) fis an even function

(C) fis an odd function

(D) li£n [f(x) exists, for every integer n

Solution: (A)
JSx)=(1)M={-1, 1}, since [x] € Z.

If fis an even function defined on the interval [- 5, 5],
then the real values of x satisfying the equation

f=r (25 an
X

1445 3+.5

(A) 7 (B) 2
©) —23\/5 (D) None of these

Solution: (A, B)

Since f(x)=f(x+1) :>x=x+1
x+2 x+2
= xX*+x-1=0
-1+
= x= 1_\/5 (1)
2
Since f(x) is an even function defined on [-5, 5],
f(fx):f(x%vxe [75’5]
= x=(x+l) =x*+3x+1=0
x+2
-3+
= x= 3_2\/5 (2)

From Eq. (1) and (2), the values of x are

“1+J5 . 3+45
and

2 2
The function f(x) = sec [log (x + 1+ x* )] is
(A) even (B) odd

(C) constant (D) None of these

Solution: (A)
Since the function sec x is an even function and log (x +

V1+x? ) is an odd function, therefore the function sec
[log (x ++/1+x” )] is an even function.

46.

A function whose graph is symmetrical about the
origin is given by

(A) f)=(3"+37)

(B) f(x)=cos [log(x + V1+x*)]

©) fx+y)=f)+/(») Vx,ye R
(D) None of these

Solution: (C)

A function whose graph is symmetrical about the ori-
gin must be odd.

(3*+ 3™) is an even function.

Since cos x is an even function and log(x + v1+x°)
is an odd function,

cos (log(x + 1+ x?)) is an even function.

If f(x +y) =f(x) + f(») ¥V x, y € R, then f(x) must be
odd.

Let the function f(x) = 3 sin x — 4 cos x + log (x| +

V1+x*) be defined on the interval [0, 1]. The odd
extension of f(x) to the interval [- 1, 1] is

(A) 3 sinx—4 cos x +log(|x[+ v1+x*)
(B) 3 sinx+4 cosx—log(xl+ V1+x*)

(C) 3 sinx+4 cosx+log(x+ V1+x*)
(D) None of these

Solution: (B)

To make f(x) an odd function in the interval [-1, 1], we
re-define f(x) as follows :

f(x), OSxSI}

f(x)z{—f(—x), —1<x<0

_|3sinx—4cosx+log(|x[+vV1+x*), 0<x<1
—[-3sinx —4cosx+log(|x| +V1+x*)], - 1<x<0

_|3sinx—4cosx+log(|x[+V1+x*), 0<x<I1
3sinx+4cosx—log(|x|+VI+x*), =1<x<0
Thus, the odd extension of f(x) to the interval [-1, 1] is

3 sinx +4 cos x — log(Jx| + V1+x*)

PERIODIC FUNCTION

A function f(x) is said to be a periodic function of x,
provided there exists a real number 7> 0 such that

fx+T)=f(x),vx€e R.
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The smallest positive real number 7, satisfying the above
condition is known as the period or the fundamental period

of f(x).

SOLVED EXAMPLES

47.

48.

The period of the function 3" #*+*0 m™) ywhere [ ]
denotes the greatest integer function, is

1
A) — B) 1
A 3 (B)
©) 2 (D) None periodic
Solution: (B)
- 1—cos2mx
sin® Ix = ——
2
Since cos 2 x is a periodic function with period Py 1,
T
therefore sin? 7rx is periodic with period 1. (1)
x — [x] is a periodic function with period 1. (2)

. . 1
sin* T x = (sin*zx)’ = " (1 —cos 27x)?

1
= (1 +cos? 27zx — 2 cos 27x)

é (3 + cos 4mx — 4 cos 27x)

Since, cos 47x is a periodic function with period -
T

1 . e . . .
= Eand cos 2mx is a periodic function with period

= 1, therefore, period of sin* 7x is equal to

M,(Ll)=w=l=
2) HCF.(1,2) 1

From Eq. (1), (2) and (3), we get

. - I
Period of 3¢ mtx-lxltsintzo _

2_7t
2r
L.C. 3)

The period of the function f(x) = a sin kx + b cos kx is

2r 2r
(A) r (B) T
(©) % (D) None of these

Solution: (B)
We have,

f(x)=a sin kx + b cos kx

=JT;,(

sinkx +

a b
—_ ———coskx
Na* +b* Na* +b* ]

=+a’ +b* (cos Osin kx + sin 0 cos kx),

49.

50.

51.

4
Na* +b*
=+a’+b* sin (kx+ 0),

S L . .2
which is a periodic function of period % .

where cos O=

Let f'be areal valued function with domain R satisfying

fx+k)=1+[2-5f(x)+10 { f(x)}*— 10 { f()}*+5
{0} = {f)F]"

for all real x and some positive constant ., then the
period of the function f(x) is
(A) k

(C) Non periodic

Solution: (B)
We have,

Je+k=1+[1+{1-f(0)}]"
= fx+h-1=[1-(fx)-1)T"
= px+h=[1-{p®)}T",
() =f(x) -1
= Px+20)=[1-{¢(x+k)}T"
= dx+20)=[1-{1-(p(0))’}]"=9¢(x), Vxe R
= Jx+2k)-1=f(x)-1
= f(x+2k)=f(x),VxeR

(B) 2k
(D) None of these

where

.~ f(x) is periodic with period 2k.

The period of the function f(x) = sin Vx is
(A) & (B) 27
©) % (D) None of these

Solution: (D)
Let  f(T+x)=f(x)= sin JT +x =sin+/x

= NT+x=nr+ (—1)”‘/;

Clearly, from here, no positive value of 7 independent
of x is possible because Jx on RHS can be cancelled
only when 7= 0.

.~ f(x) is a non-periodic function.

The period of the function f(x) = Vtanx is
A« (B) 27

©) % (D) None of these



52.

53.

54.
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Solution: (A)
Let S(T+x)=f(x)

= \/tan(T+x) = Jtanx = tan (T+x)=tanx

= T+x=nw+x,ne Z

Clearly, from here, the least positive value of 7 inde-
pendent of x is . Therefore, f(x) is a periodic function
of period .

The period of the function f(x) = cos x? is
(A) 27 (B) &
©) % (D) None of these

Solution: (D)

Let S(T+x)=f(x) = cos (T+x)*=cos x>

= (T+x)*=2nmxx’

Clearly, from here, no positive value of 7 independent
of x is possible because x? on R.H.S. can be cancelled

only when 7= 0.
.~ f(x) is a non periodic function.

The period of the function

f(x) =cos (%J - sin((nle) !) is

(A) 2(n+1)! (B) 2 (n!)
C) (n+1) (D) Not periodic
Solution: (A)

Since sin x and cos x are periodic functions with period
2.

2
Period of cos L =2 (n!)
n! w/n!
2
and period of sin | —>— | = — 2 —2(n+1)!
(n+1)! w/(n+1)!

Period of f(x) =L.CM. of {2 (n!),2 (n+ 1)!} =2
(n+1)!
If the period of the function f(x) = sin (\/m X), where

[n] denotes the greatest integer less than or equal to 7,
is 2, then

(A) 1<n<2
(C) 1sn<2
Solution: (A)

Sin x is a periodic function with period 27, therefore
2r

il

Il =1=Mhl=1=1<n<2.

B) 1<n<?2
(D) None of these

sin (4/[#] x) is a periodic function with period
But the period of f(x) is 27 (given).

2r
— =21=

NEY

SS.

56.

57.

58.

The function f(x) = k |cos x| + &*[sin x| + @(k) has
period 3 if k is equal to
A) 1

© 3

Solution: (A)

Since |sin x| + |cos x| is a periodic function with period

% , therefore period of /(x) will be % when k=1.

B) 2
(D) None of these

The period of the function f(x) = Isinx] ~|cos x| is

[sin x +cos x|
7 (B) 27
O r (D) None of these
Solution: (C)
We have,
S+ x)= |sin(7r + x)| —|cos(mw+ x)|

[sin(7 + x)+cos(7 + x)|
_|sinx|—|cos x|

- = f(x) for all x
[sinx +cos x|

.~ f(x) is periodic with period 7.
The period of the function

1S

J) ={

1, when x is a rational
0, when x is irrational

(B) 2
(D) None of these

A1

(C) non-periodic
Solution: (D)
For every rational number 7, we have

1, when x is a rational

f(T+X)={ }=f(X),

0, when x is irrational

but there is no least positive value of 7' for which
f(T + x) = f(x) because there are infinite number of
rational numbers between any two rational numbers.
Therefore, f(x) is a periodic function having no funda-
mental period.

Which of the following functions has period 7z?

(A) 2cos (2ﬂx)+3sin(ﬂ)
3 3

(B) |tan x| + cos 2x

(C) 4cos (2ﬂx+§)+25m(ﬂx+%)

(D) None of these
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59.

60.

61.

Solution: (B)

Period of 2 cos (MTX) + 3 sin (%)

_rom|2E 2 e,
2n/3 w/3

Period of 4 cos (2ﬂx+%) + 2 sin (n’x+ %)

=L.C.M. (2—”, Z_n) =2
2 @

. 2
Period of |tan x| 4+ cos 2x = L.C.M. (n, Tﬂ) =T

The period of the function f(x) = x [x] is

(A) 1 (B) 2

(C) non periodic (D) None of these
Solution: (C)

Let
Then,

n<x<n+1

f(x) =x - n, where n changes with x.
Clearly no constant k£ > 0 is possible for which f(x) =
f(x + k) corresponding to all x.
- f(x) is a non periodic function.
The period of the function

f(¥)=3x+3— [3x +3] +sin %
where [x] denotes the greatest integer < x, is
(A) 4 B) 1
©) 2 (D) Non-periodic
Solution: (A)
3x + 3 — [3x + 3] has the period 1 and sin % has

.2 . .
the perlod% i.e., 4. Therefore, the period of f(x) is
/4

L.CM.(1,4)=4.
The value of n € I for which the function
fx)= S has 47 as its period is
sin (x)
n
(A) 2 B) 3 © 4 D) 5
Solution: (A)
For n =2, we have
sin2x 2sin x cos x
J(x) = =
. (x [ x
sin| — sin| —
5) ()
_ 4sinx/2cosx/2cosx

X
= =4 cos E COS X.

o3

62.

63.

64.

. . .2
The period of cos x is 27 and that of cos % is =L

—4r 1/2
Hence, the period of f(x) is 4.
mis the period of the function
(A) |sin x| + |cos x|
(B) sin®x + cos’x
(C) sin (sin x) + sin (cos x)
1+2cosx
O) ————
sinx (2 +secx)
Solution: (D)
The period of |sin x| + |cos x| and sin*x + cos*x is % :
sin (sin x) + sin (cos x) has period 27. The function

1+2cosx . . L
can be written in a simplified form as

sin x (2 +secx)
cosx . .
- = cot x, so it has period 7.
sin x
2
x"+1 .
If f(x) = ——, ([] denotes the greatest integer

[x]

function), 1 <x <4, then
. 17
(A) range of f'is |:2,?)
(B) fis monotonically increasing in [1, 4]

. 1
(C) the maximum value of f(x) is ?7

. .17
(D) the maximum value of f(x) is ")
Solution: (A)

41
We have, s

J) = 0

When x € [1,2) thenf(x)=x*+1= R =12,5).

2
When x € [2, 3) then f(x) = x 1 =R =[§,5J~

> T2
> 41 10 1
When x € [3,4) then f(x) = > 3+ :>R,.=[?O,?7J.

R,=[2,17/3).
The number of solutions of the equation a/® + g (x) =0,

1
a>0, g(x) # 0 and has minimum value 5 is

(A) One (B) Two

(C) Zero (D) Infinitely many
Solution: (C)

We have

a’W+g(x)=0,a>0



65.

66.

67.
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Since minimum value of g (x) is 1/2
gx)>0anda/®>0
a’+g(x)>0, V x
Hence number of solutions is zero.

Iff:R— R, g: R — R be two given functions then
f(x)=2min { f(x) — g(x), 0} equals
(A) f(¥) +g(x) =g (x) —f(x)]
(B) f(x) +g(x) +g(x) —f(x)|
(©) f(x) —gx) +[g(x) —f(x)|
D) f(x) —g(x) g (x) —f(x)|
Solution: (D)
We have,
JS(x) =2 min { f(x) - g(x), 0}
_ {0 S()> g(x)
2[1(x) = g(x)], f(x) < g(x)
{f (x) = g(x) = f(x) = g(®) [, f(x)>g(x)
S =gx)=[f(x)—g(x) ], flx)<g(x)
() =fx) — g (x) —lg (x) = f(x)]

If f: R —> R is a function satisfying the property
f@x+3)+f(2x+7)=2, ¥V x € R, then the period of
fx)is

(A) 2 (B) 4 (C) 8 (D) 12
Solution: (B)
We have,

fx+3)+f(2x+7)=2 (1)
Replace x by x + 1,

fx+5)+f(2x+9)=2 (2)
Now replace x by,

X+2,fCx+T)+f2x+11)=2 (3)

From (1) — (3), we get
f2x+3)—f2x+11)=0
ie, fx+3)=f2x+11)=>T=4

If 7, is the period of the function y = &’ and T, is
the period of the function y = > ([-] denotes the
greatest integer function), then

T.
(A) T,=T, (B) T1:?2
(C) T,=3T, (D) None of these
Solution: (C)
Let gry=ev =T =1
and f)y=e=T,=1/3

T, =37,

68. If f(x + y, x — y) = xy, then the arithmetic mean of
S(x, y) and f(y, x) is

(A) y (B) x
© o (D) None of these
Solution: (C)
Let x+y=aandx—y=>b

a+b a—>b
= xX= and y = 3

Sx+y,x-y)=xy
a+b a-b -0
= ’b = . =
Saby==== 4
2 2 2 2
-Xx

fley)= = ;y and f(y, x) = & .

Arithmetic mean of f(x, y) and f(y, x) is zero.

69. If3f(x)+5f(l)= 1 -3,V x(#0)e€ R, then f(x) =
X X

1(3 1({ 3

A) —| 2+5x-6 B) —|-2+5x-6

()14(xx) ()14(xx)
1 3

©) —(——+5x—6) (D) None of these
14\ x

Solution: (B)
We have,

3f(x)+5f(i)= %—3,Vx(¢0)e R (1

= 3f(%)+5f(x)=x—3 ()
|:Replacing x by l:l
X

Multiplying Eq. (1) by 3 and (2) by 5 and subtracting,
we get

9/(x)—25f(x)= (3—9) —(5x—15)
x
= fl4f(x)=375x+6
x

= f(x)Zi(—%+5x—6),Vx(¢O)eR

There are certain function which are periodic but don't have
a fundamental period. For example the constant function
f(x) = c is periodic as

fx+T) =£(x)
is true for every real number T, but it does not have a fun-
damental period since the least positive value of T cannot
be obtained.
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SHORT-CUT METHOD TO CHECK THE
PERIODICITY OF A FUNCTION

1.

2.

3.

Put f(T + x) = f(x) and solve this equation to find the
positive values of 7 independent of x.

If no positive value of T independent of x is obtained,
then f(x) is a non-periodic function.

If positive values of T independent of x are obtained,
then f(x) is a periodic function and the least positive
value of 7'is the period of the function f(x).

TRICK(S) FOR PROBLEM SOLVING

Constant function is periodic with no fundamental period.
If f(x) is periodic with period T, then i and /f(x) are
also periodic with same period T. f(x)

If f,(x), f,(x) and f,(x) are periodic functions with periods
T,, T, and T, respectively. Also, if h(x) = af (x) £ bf,(x) £
cf, (x), then, period of [h(x)]

Single Option Correct Type

1.

LCM.of {T, T,,;}  if h(x)is an odd function

%L.C.IVI. of {T,, T,, T,} if h(x) is an even function

If f(x) is periodic with period T, then kf (ax + b) is also
periodic with period % , where a, b, ke Rand a, k # 0.

sin x, cos x, sec x and cosec x are periodic functions with
period 2.

tan x and cot x are periodic functions with period 7.

|sin x|, |cos x|, |[tan x|, |cot x|, |sec x| and |cosec x|
are periodic functions with period 7.

sin” x, cos” x, sec” x and cosec” x are periodic functions
with period 27 when n is odd or 7 when n is even.

tan” x and cot” x are periodic functions with period .

If f(x) is a periodic function with period T and g(x) is any
function such that range of f < domain of g, then gof is
also periodic with period T.

EXERCISES

Let f(x) =x* + x? + 100 x + 7sin x, then the equation
1 2 3
+ +
y=fO y-f2 y-s0)
(A) one real root
(C) more than two real roots

=0 has

(B) two real roots
(D) no real root

If b — 4ac = 0 and a > 0, then the domain of the func-
tion f(x) = log(ax® + 2a + b) x* + 2b + ¢) x + 2¢) is

b b
(A) (=2, w)\{—z} ®) [-2, w)\{—z}

(C) (w0, =20\ {—i} (D) None of these
2a

If e* + ¢ = ¢, then range of the function fis

(A) (==, 1] (B) (=, 1)

(©) (1,0 (D) [1, )

Which of the following functions is are injective
map(s)?

(A) f(x)=x*+2,x € (— o0, )

(B) f(x) =[x +2|, x € [-2, )

©) ) =(x=4) (x=5),x € (=0, )

(D) f(x) = 4x"+3x-5

5, X € (9,0
443x—5x7 ( )

. Letf: R — R be a function defined by, f(x) =

5. The graph of the function cos x cos (x +2) —cos* (x + 1)

is

(A) a straight line passing through (0, —sin® 1) with
slope 2

(B) a straight line passing through (0, 0)

(C) aparabola with vertex (1, —sin? 1)

(D) a straight line parallel to x-axis passing through

the point (%, —sin’ 1)
x* -8
X’ +2

then fis

(A) one-one but not onto
(B) one-one and onto

(C) onto but not one-one
(D) neither one-one nor onto

1 1
. Iff(x)=64x’+— and a, b are the roots of 4x + — =3,
X

then X

(A) fla)=12
(©) fla)=1(b)

(B) f(b)=11
(D) None of these

. If the functions f; g, & are defined from the set of real

numbers R to R such that



10.

11.

12.

13.
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0, ifx<0
x, ifx=>0

f)=x*-1,g(x)= \/x2+l,h(x):{

then the composite function (kofog) (x) =

0, x=0
5 0, x=0
(A) 9x7, x>0 (B) 5
5 x,x#0
-x7,x<0
0, x<0
© 4, (D) None of these
x7, x>0
. 2x—1
. If S'is the set of all real x and such that —; >
2x+3x" +x

is positive, then S contains

3

(A) (—w,—z)
I 1

© (_Z’E)

The number of values of x, where the function f(x) =
COS x + cos (\/5 X) attains its maximum, is

(A) 0 B) 1

©) 2 (D) infinite

The distinct linear function (s) which map (s) [-1, 1]
onto [0, 2] is (are)

(A) x+1,—x+1 B) x-1,x+1

C) —x+1 (D) None of these
Let f(x) = max. {(1 —x), (1 +x),2},Vx e R. Then
[1+x, x<-1
(A) f(x)=42, -l<x<l1
1-x, x21

[1-x, x<-1

B) f(x)=41, -l<x<l
I+x, x21
I-x, x<-1

©) fix)=42, -1<x<lI
I+x, x>1

(D) None of these

If f(x) = sin [7?] x + sin [-7?] x, where [-] denotes the
greatest integer function, then

(A) f(%) =1

©) f (g) —-1

B) f(m=2

(D) None of these

14.

15.

16.

17.

18.

19.

20.

21.

The image of the interval [1, 3] under the mapping
/R — R, given by f(x) =2x*> —24x + 107 is

(A) [0, 89] (B) [75,89]

(C) [0,75] (D) None of these

If2fx)-3f (l) =x?, x is not equal to zero, then f(2)
X
is equal to

7
(A) ~2

© -1

Let f(x) = (1 + b?) x> + 2bx + 1 and m(b) the minimum
value of f(x) for a given b. As b varies, the range of

m(b) is :
(A) [0, 1] (B) (0, 5]
(D) (0, 1]

1
ol

Letf: R - R, g: R — R be two functions given by
f(x)=2x-3, g(x) =x*+ 5. Then (fog) ' (x) is equal to

x_7 1/3 x+7 1/3
(A)( 3 ) (B)( 2 )

o) el

The functions f(x) = log(x — 1) — log(x — 2) and g (x) =
x—1

log (x )

(A) [1,2]

(C) (2, )

5
(B) >

(D) None of these

) are identical when x lies in the interval

(B) [2, ]
(D) (=0, )

-1, x<0
Letg(x)=1+x—[x] and f(x) = 0, x=0.Then,
for all x, f[g(x)] is equal to , x>0
(A) x (B) 1 ©) fx) (D) gx)

. . .
The domain of the function y = [log— is
| sin x|

—_

(A) R{nm:ne Z} (B) R\(—x, m)
(C) R\{2nrm:ne Z} (D) (o0, o)
x?+34x-171

If x is real, then the expression —;
) x“+2x-17
(A) cannot lie between 5 and 9

(B) always lies between 5 and 9
(C) isnot real
(D) None of these
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22.

23.

24.

25.

26.

27.

28.

29.

30.

If f(x) is an odd periodic function with period 2, then
f(4) equals

(A) -4 (B) 4 © 2 (D) 0

The function

f(x) = cot! [J(x+3)x] + cos (Vx*+3x+1) is

defined on the set S, where S is equal to

(A) {=3,0} (B) [-3,0]
(©) 10,3] (D) (=3,0)
If f(x) = a*** and g (x) = (sin x)*, a € N, then

(A) f(x)>gx), Vx
(B) f(x) <g(x), Vx
(C) f(x)=g(x), for infinitely many values of x

(D) f(x) #g(x), for any x
Let f'be a function satisfying f(x +y) = f(x) f(») for all

x, ye R.Iff(1) =3, then Zf(r) is equal to
r=1

&) 26" -1 B) Zn(n+1)
(©) 3n+l_3
Let f(x) be defined for all x > 0 and be continuous. Let
f(x) satisty f (—) =f(x)—f(y) forallx,yand f(e) = 1.
Then

(A) f(x)is bounded

(D) None of these

(B)f(l) —0asx—0
X

©) xfxy>lasx—>0 (D) f(x)=1logx
Ifg(x)=1+x and f[g(x)] =3 + 2 Vx +x, then f(x) =
(A) 14222 (B) 2+x

©) 1T+x (D) 2 +x

Range of values of f(x) = 1 + sin x + sin’x + sin’x ...,

- ).
xe | —,—|is
(2 2)

(A) (0, 1) (B) (=00, 00)
©) (=2,2) (D) None of these

The function f: (— oo, — 1] — (0, €] defined by,

f(x) =ex373x+2 iS
(A) Many one and onto
(B) Many one and into
(C) One-one and onto
(D) One-one and into

The domain of the function

f(x) = log, (—1og1/2 (1 + %) - 1) is

(A) 0<x<1 (B) 0<x<1
C) x>1 D) x>1

31.

32.

33.

34.

35.

36.

37.

The range of the function
sin(z[x* +1])

fx) = o where, [ ] is greatest integer
function, is
(A) [0, 1] B) [-1,1]
(C) {0} (D) None of these
Ifaf(x)+ bf( )—x + —, (a #b), then f(x) is equal to
(A) ( )
(B) [x(Sa -b)+— ! (56 — a):l
X

i o=+ S50
(C) ———|x(a=5b)+—(5a—-Db)

a —b X

(D) None of the above
Letf: R — R defined by,
f(x)=x>+x*+ 100x + 5 sin x, then f'is

(B) many—one into
(D) one—one into

(A) many—one onto
(C) one—one onto

Letf'be areal valued function with domain R satisfying

0<f(x)< % and for some fixed a > 0

flc+a)= % JFO - @) Vxer,

then the period of the function f{x) is

(A) a (B) 2a

(C) non-periodic (D) None of these
Let f(x) = sin x + cos x, g(x) = x* — 1. Then g( f(x)) is
invertible for x €

(A) [—g 0] B) [__ n']
T T T
@ [-44] o [o5]
If f(2x + % 2x - %) = xy, then f(m, n) + f(n, m) =0

(A) only whenm=n

(B) only when m #n

(C) only whenm=—n

(D) for all m and n.

Iff(x) is defined on (0, 1), then the domain of definition
of f(e*) + f(In|x|) is

(A) (_ e, — 1)

(B) (_ €, - 1) o (L 6)

(C) (oo, = 1)U (I, e0)

D) (e e



38.

39.

40.

41.

42.

43.

Functions 2.27

The value of 1 + l+L + l+i oot
2 2 100 2 100
1 99 |.
—+—1is
[2 100}
(A) 49 (B) 50 (©) 51 (D) 98
The domain of definition of

o= o lx =21
H

A) [1,2)u(2,3] B) [1,3]
(C©) R—(1, 3] (D) None of these

Let f: R — R be a function defined by, f(x) =
MEIRIE]
1+x*
quadrant(s)?
(A) Tand II
(C) IIand III

then the graph of f(x) lies in which

(B) Tand III
(D) Il and IV

The domain of definition of the function

Jsin™' x +4fx? + 1+ Jx —[x]+logx

S = 1s
enrreosy log[sin( Tlxz ]J
A) L1 B) (0, 1)
©) (1,0) (D) None of these

Iff:R— Rand g: R — R are given by f(x) = |x| and
g(x) = [x] for each x € R, then {x € R: g[ f(x)] <[
g1} =

(A) ZU (==, 0)
© z

(B) (===, 0)
(D) R

The function

f(x) = sin""(x — x%) + /1 —% +ﬁ

is defined in the interval (where [-] is the greatest

integer)
\/E, 1 +2\/§ )

1+\BJ

(A) xe

B) xe |1,
(B) 5

(C) xe

2 7 2

[1-5 1+ﬁ]

(D) xe

1++/5
_*E’T)

44.

45.

46.

47.

48.

49.

50.

If the graph of y = ax® + bx? + cx + d is symmetric
about the line x = £, then the value of a + k is

(A) —é (B) ¢
(C) ¢c—bd (D) None of these

1
If function f(x) = > —tan(%); (-1 <x < 1) and

g(x) =+/3+ 4x — 4x* | then the domain of gof is

A) C1,1) (B) H%]

1 1
ol el

Iff: R — R is a function such that f(x) =x* + x*"(1) +
xf”(2)+/”(3) for all x € R, then f(2) — f(1) =

A) f0) B 0 (© f(O) (D) (0
Letf:R > 4= {y:OSy<§} be a function such

that f(x) = tan™' (x> + x + k), where k is a constant. The
minimum value of & for which £ is an onto function, is

(A) 1 (B) 0
1
©) y)

Suppose f: [2, 2] — R is defined by,

(D) None of these

-1 for —2<x<0
f(x)_{x—l for 0<x<2
then {x € (-2,2) :x<0and f(jx|) =x} =
A) =1} (B) {0}
©) {12} (D) ¢

Let f(x) = [x]*+ [x+ 1] — 3, where [x] is greatest integer
less than or equal to x, then

(A) f(x)is a many one and into function

(B) f(x) =0 for infinite number of values of x
(C) f(x)=0 for only two real values

(D) None of these

If > — 4pr = 0, p > 0, then the domain of the function
fx)=log[p*+@+gx*+(q+r)x+r]is

q
(A) R- {—217}
oo — _41
(B) R— [( s l]u{ 21?}]
oo — _41
(C) R- [( R l)m{ ZPH

(D) None of these
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51.

52.

53.

54.

5S.

56.

57.

58.

Iff: (3, 6) — (1, 3) is a function defined by f(x) =
X — [g] (where [ ] dentoes the greatest integer func-

tion), then /'(x) =
(A) x—1
©) x

B) x+1
(D) None of these

If [x] denotes the integral part of x, then the domain of the
function f(x) =sin"' [2x* - 3] +log, [log, (x> — 5x + 5)] is

5 5
(a)[—\g,—l} (B)[l, \g]
©) —\/E —-1|{u]l \/E (D) None of these
2’ N2

1+ 1= 2L F o andf(1) =2, then
£(101) equals 2
(A) 52 (B) 49 (C) 48 (D) 51
2 s 4
If () = S5 XS T g v e R, then £(2002) =
sin” x + cos” x
A1 B) 2 © 3 (D) 4
Let f(x) =x + 1 and ¢(x) = x — 2, then the values of x

satisfying| f(x) + ¢(x)| = [f(x)| + |¢(x)| are
(A) (==, 1) (B) (2, )
(©) (===,-2) (D) (1, )
A function f from the set of natural numbers to integers

defined by,
n—1

5 when 7 is odd
f(n)= is

n .
5 when 7 is even

(A) neighter one—one nor onto
(B) one—one but not onto
(C) onto but not one—one
(D) one—one and onto both
2

t.
If o e (O,%) then vx® +x + — *

X2+ x

is always

greater than or equal to

(A) 2tan o
© 2

The function f(x) is defined in [0, 1], then the domain
of definition of the function flog (1 — x?)], is

(A) xe {0}

(B) xe [—yl+e,-1JU[L +l1+e¢]

(C) x& (—oo,)

(D) None of these

B) 1
(D) sec’

59.

60.

61.

62.

63.

64.

65.

66.

Iff: R — S, defined by f(x) =sinx —
onto then the interval of S is
(A) [-1,3]

©) [0, 1]

If @ and b are natural numbers and

f(x) =sin(yJa> —3) x + cos(yb> +7)x

is periodic with finite fundamental period, then period

of f(x) is
A)

() 2n(Ja* =3 +p* +7)
(D) n(yJa* =3 +b*+7)

If 2/ (x) + 3f( ) =x2— 1, then f(x) is

3cosx+1,is

B) [-1,1]
(D) [0, 3]

(B) 27

1

x
(A) aperiodic function
(C) an odd function

IffGx) —flx)= f
f(x) is

(B) an even function
(D) None of these

X TX
1—xx

172

forx, x, € [~ 1, 1] then
(A) 10g(1_—x) (B) tan™ (1_—)‘)
1+x I+x

(©) 1og(1”) (D) tan"](“_x)
- X 1-x

Let f: R — R be a periodic function such that
ST +x)=1+{1-3f(x) +3[ /()P - L[},

where 7'is a fixed positive number, then period of f(x) is
(AT (B) 2T
(C) 3T (D) None of these

The domain of the function

—log,;(x —1) s

SO = T ot s
(A) [2,6] (B) (2,6)
©) [2,06) (D) None of these

Suppose f(x) = (x + 1)? for x > — 1. If g(x) is the func-
tion whose graph is the reflection of the graph of f(x)
with respect to the line y = x, then g(x) equals

(A) —Jx-1,x20 (B) %,x»l
(x+1
) Jx+1,x>2-1 (D) Vx-1,x20
sin'” x

The function f(x) = , where [x] denotes the

integral part of x is



67.

68.

69.

70.

71.

72.

73.

Functions 2.29

(A) an odd function
(B) an even function
(C) neither odd nor even function
(D) both odd and even function
1

Vix|=x
(A) (=20, ) = {0} (B) (o0, )
(©) (0, ) (D) (==, 0)

The total number of injective mappings from a set with
n element to a set with n elements, for m > n, is

The domain of the function f(x) = is

m! m!
A) (B)
n!(m—n)! (m—n)!
(©) n" (D) zero
Let f: N — Y be a function defined as f(x) = 4x + 3,

where Y= {y € N:y=4x+ 3 for some x € N}. Show
that f'is invertible and its inverse is

(A) g(y>=3y3+4 (B) gy =4+
_y+3 _ry-3
(©) g0)= 2 ®) 0=

For real x, let f(x) =x* + 5x + 1, then
(A) fis one—one but not onto R

(B) f'is onto R but not one—one

(C) fis one—one and onto R

(D) f is neither one—one nor onto R

Let f(x)=(x+1)*—1,x>-1

Statement 1: The set {x : f(x) =f"" (x)} = {0,-1}

Statement 2: f'is a bijection.

(A) Statement 1 istrue, Statement 2 is true; Statement 2
is a correct explanation for Statement 1

(B) Statement 1 is true, Statement 2 is true; Statement 2
is not a correct explanation for Statement 1

(C) Statement 1 is true, Statement 2 is false

(D) Statement 1 is false, Statement 2 is true

The period of the function

1, when x is a rational .

fx)= { is

0, when x is irrational

B) 2
(D) None of these

(A) 1

(C) non-periodic

Letf,(n)=1+ % + % +...+ l, then £,(1) + £,(2) + £,(3)
n

+ ... +f,(n) is equal to

(A) nf(n)—1
(C) (m+1)f,(n)—n

B) (n+ l)f](n) +n
(D) nf,(n) +n

74.

75.

76.

77.

78.

79.

80.

Range of the function f defined by f(x) = [ - ! }
sin{x}

(where [ - ] and { - } respectively denote the greatest

integer and the fractional part functions is:)

(A) Z, the set of integers

(B) N, the set of natural numbers

(C) W, the set of whole numbers

(D) {2,3,4,...}

Iff:R—> R, g: R — R be two given functions then
J(x) =2 min {|f(x) — g(x)|, 0} equals

(A) fx) + g(x) = |g(x) - f(x)]

(B) f(x) +g(x) + |g(x) - f(x)]

(©) f(x) - gx) +[g(x) —fx)]

D) f(x) - g(x) - [g(x) — /()]

Let f(x) be a function defined on [0, 1] such that
X xeQ

w11, feo

Then, for all x € [0, 1], fof(x) is
(A) a constant B) 1+x
(©€) x (D) None of these

If a function f: R — R be such that f(x — /() =/(f(»))
+xf(y) +f(x)— 1,V x,y € R, then f(x) =

x2 x2
A —-1 B) —+1
(A) 3 2 (B) =

©) 1- x? (D) None of these

A function whose graph is symmetrical about the
origin is given by

(A) f(x)=(3"+37)

(B) f(x) =cos [log(x + /1 +x7)]

©) fx+y)=f)+/() Vx,ye R

(D) None of these

Which of the following functions is (are) injective
map(s)?
(A) f(x)=x*+2,x € (— o0, )
B) f(x)=x+2|,x€ [—2, oo)
(©) f(x)=(x—4) (x=5),x €(= 00, )

4x* +3x -5
(D) flx) = T35

Let f'be a function with domain [-3, 5] and let g(x) =
[3x + 4. Then, the domain of (fog)(x) is

1 1
MR

(©) [—3, %) (D) None of these

X € (7°°3°°)
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81. If for a real number x, [x] denotes the greatest integer
less than or equal to x, then for any n € N

[t 2] fmea] mes).

(A) n B) n—1
(©) n+1 (D) n+2
-1, x<0
82. Letg(x)=1+x—[x]and f(x)=40, x=0 .Then, for
. I, x>0
all x, f[g(x)] is equal to
(A) x B) 1 ©) /& (D) gl).

83. Ifg(x)=1+/x and f[g(x)]=3 + 2Jx + x , then f(x) =
(A) 142 (B) 2+x* (C) 1+x (D) 2+x

84. The domain of the function f(x) =

1 .
log, (— log,,, (1 + %J - 1) is

(A) 0<x<1 (B) 0<x<1
) x>1 (D) x> 1

85. Let f'be a real valued function with domain R satisfy-

. 1
ing 0 <f(x) < 5 and for some fixed @ > 0

ﬂx+@=%—¢fw%%f&ﬂzvxeR,

then the period of the function f(x) is
(A) a (B) 2a
(C) non-periodic (D) None of these

86. If f(x) is defined on (0, 1), then the domain of defini-
tion of f(e*) + f(log |x|) is
(A) (e, - 1) (B) (me,—DHu(l, e
(ONCEARY (D) (—e e)

. . 1 1
87. The function f(x) =sin"'(x —x*) + |1 = — + —
[x[ [x" 1]

is defined in the interval (where [ - ] is the greatest
integer):

(A) xe|V2, ﬁ}

2

1+\/§J

B) xe|l,
(B) 5

C —
©) xel— 3

—1—\/5 1+\/§:|

(D) xe —\/E,HﬁJ

2

88. If f: R — R is a function such that f(x) = x> + x* /(1)
+xf"(2)+/"(3) for all x € R, then f(2) — f(1) =

(A) 1(0) (B) 10
(© 10 (D) —17(0)

89. If ¢ — 4pr =0, p > 0, then the domain of the function
f)=log {pX*+(p+ x>+ (g +r)x+r}is

q
W R_{_ 21’}
a4
(B) R—[(—w,—l]U{— 2PH
I _41
© % [( ’ l)m{ ZPH

(D) None of these

90. If ¢ and b are natural numbers and

1) =sin(1/a2 - 3)x + cos( b+ 7)x
is periodic with finite fundamental period, then period

of f(x) is:
A) 7«

() 2 (\/a2 RN /e 7)
(D) n'(q/az 3407+ 7)

101

(B) 27

91. The function f(x) =~ 1
x| 1
T] 2

, where [x] denotes the

integral part of x, is

(A) an odd function

(B) an even function

(C) neither odd nor even

(D) both odd and even functon

92. If the graph of y = ax’ + bx* + cx + d is symmetric
about the line x = £, then the value of a + k is

® - (B) ¢
(C) ¢c—bd (D) None of these

93. The domain of definition of the function f(x) =
In {x}+ Jx —2{x}, where { } denotes the fractional

part, is
(A) {0} U1, ) (B) (1, )
©) (1,00) 1" (D) None of these

94. The domain of the function f(x) = In (1 — 2 |cos x|)
+ ecosfl(lx/lr) iS



95.

96.

97.

98.

99.

100.

101.

102.
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(D) None of these

The domain of the function

Jx)=In {sgn(9 - x’ )} +y/[x]’ —4[x], where [-]
denotes integral part, is
A -2,Hu(2,3)
© [-2,1]1v12,3)

B) [-2,DHu[2,3)
D) [-2,DH v 23]

The domain of the function

) = \/(1og02 %)+ (logy, x°) (log,, 0.0016x) + 36 is

(A) (0, 125) (B) [0, 125]
(C) (0, 125] (D) None of these

The range of the function y = [x*] — [x]?, x € [0, 2]
where [-] denotes the integral part, is

(A) {0} ®) {0, 1}
© {1, 2} (D) {0, 1,2}

The range of the function
1 1
y=sin" |:)c2 + E] +cos™ [x2 - 5] , where []

denotes the integral part, is

A) (0,7 (B) [0, 7]

(©) {m} . (D) {0, 7}

Letf) = P20 e e p 1, 27 s onto,
2x" —=2x+1

then the values of a are

(A) (—o,2) (B) [2, )

(C) (oo, = TN U[-2, ) (D) None of these
Letf: N — N, where f(x) =x + (— 1)*". Then,
(A) [ =x+ (1) B) [x)=x

©) f'x)=x—(=1y""! (D) None of these
ox’ +6x -8
o+ 6x — 8x°
of ¢, for which fto be onto, are

(A) (2,14) (B) [2,14)
(©) (2,14] (D) [2, 14]

Letf: R — R, where f(x) = . The values

Domain of definition of the function

f(x) = 4fsin x +sin™" (12 Ed ) is

+ x?

103.

104.

105.

106.

107.

108.

109.

(A) 2nrm, 2n+ )n),ne I
(B) 2nm, 2n+ V)nl,ne I
(© R

(D) None of these

The domain of the function

f(x) =[sin x] cos (

id is
[x —1]

(B) R—-[1,2)
(D) None of these

A) (1,2)
©) R-(1,2)

—x—[x] is
1-[x]+x

1
(B) |:0, 5:|
1

The range of the function y =

1
(A) (0, E)

1
© |:0, 5)

If the domain for y = f(x) is [-3, 2], then the domain

of g(x) = f{|[x][} is

(A) (=2,3) (B) [-2,3]

©) [-2,3) D) (=2,3]

If {x} and [x] represent fractional and integral part of
L {x+r) .

x, then the value of [x] + z
= 2000

(A) x (B) 2000 x

) 0 (D) None of these

If £+ (0, ) — R be defined by f(x) = 2 ([1 + sin & x]),

k=1
where [x] denotes the integral part of x, then the range
of f(x) is
(A) {n—1,n+1} B) {(n—1,n,n+1}
©) {n,n+1} (D) None of these

Consider a function f(n) defined for all n € N. The
function satisfies the following two conditions

(1) ) +f2)+f(3)+...toe=1

(i) f(m={1-pp "} {f(n+ D) +f(n+2)+... to o}
where 0 < p < 1. Then, f(2) is equal to

(A) p(1-p) B) 1-p
©) 1L+p (D) None of these

. X X
1/t =]im (x+1+(x+1)(2x+1)

X .
+m+--- ton terms]then range of f(x) is
A) {0, 1} (B) {-1,0}
© {-11} (D) [0, 1]
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110. If p and g are positive integers, f'is a function defined
for positive numbers and attains only positive values
such that f(x f(v)) = ¥y, then

(A) p=4g ®B) p=¢

©) pP=¢q D) [pl=lql

If the function f satisfies the relation f(x + y) +
fx—=y)=2f(x)f(y) Vx,ye Randf(0) # 0, then f(x)

is

111.

(A) an even function

(B) an odd function

(C) oddiff(x)>0

(D) neither even nor odd

112. Letf: R— {2} — R be a function satisfying 2f(x) +
3f(2x—+§9]= 100x +80 ¥ x & R— {2}, then f(x) =
_
(A) 16— 40y 802X +29)
x—=2
(B) 100x + 80— 22X +29)
x—-2
(C) 40— 16x + 222X +29) +229)
.

(D) None of these

113. Letg: R — R be given by g(x) =3 + 4x. If g"(x) = gogo
... 0g(x), then g™(x) (where g™"(x) denotes inverse of

2"(x)) is equal to

More Than One Option Correct Type

114.

115.

116.

117.

(A) @-1)+4"x B) x+DHa"-1

(©) (x+ D4 -1 D) @"—1x+4

Let fx +p)=1+[2-3f(x) + 3(/(x)) = (/(0))]",
¥V x € R, where p > 0. Then, f(x) is periodic with
period.

A p
(©) 4p

B) 2p
(D) None of these

If ) f(x+ka) =0, where a > 0, then the period of

k=0
fx)is
(A) a B) (n+ 1)a
©) a (D) None of these
n+1
If y =log,x and S = (3, 27), the set onto which the set
S is mapped is
A) (0,3) B) (1,4)
©) (1,3) (D) (0,2)
The values of x for which the functions f(x) =x — 3

and ¢(x) = 4 — x satisfy the inequality | f(x) + ¢(x)| <
()| + |¢(x)] are
(A) [3,4]

(C) (=0, 0)—[3,4]

(B) (=0, %)
(D) None of these

118. Iffis an even function defined on the interval [ 5, 5],
then the real values of x satisfying the equation

@)= f(%) are
X

—1£+/5 —3+4/5
A B
(A) 3 (B) 2
-2+
(©) 2 ; J5 (D) None of these
119. The distinct linear function which maps [- 1, 1] onto
[0, 2] is
(A) x—1 B) x+1
(C) —x+1 (D) —x-1

120.

121.

Let f(x) be defined for all x > 0 and be continuous. Let

f(x) satisfy f(ﬁ) =f(x)—f(y) forallx, yand f(e)=1.
Then Y

(A) f(x) is bounded

(B) f(l) —0asx—>0
x

(C) xf(x) >0asx—0
(D) f(x) =log x

3
Letf: R — R be a function defined by f(x) = M,
+ X
then the graph of f(x) lies in which quadrant
(A) 1 (B) II
(C) 11 (D) IV



122.

123.

124.

125.

126.

127.

Passage Based Questions

Functions 2.33

Iff(x,) — f(x,) = f[xl — % J forx,,x, € [-1, 1], then

) is b= n
(A) log(l - x) (B) tan™ (1_—)‘]
1+x 1+x
(D) tan™ (1 il x)
1—x

1
(©) 1og( - ’“]
1-x
Which of the following functions have period 2?

(B) tan(% [x])
(D) sin (cos x)

(A) {x}+cosmx

(C) sinx+ {x}

The values of x for which the domain of definition of

the function, f(x) = , where [.]

[x=1]+[7-x[-6
denotes the greatest integer part, is not defined are

(A) (0, 1] B) [7,8)
(©) {2,3,4,5,6} (D) [0, 1]U[7, 8]

x(sinx + tan x)

X+ 1
e
integer function, then
(A) f(x)is an odd function if x =nxw
(B) f(x) is an even function if x # nx

(C) f(x)is an odd function if x # nx
(D) f(x)is an even function if x = nx

If f(x) =

, where [ ] denotes greatest

x —-X

e —e

If f: R — R be defined by f(x) =
(A) fis one-one
(B) fis onto

(©) f(x) = log(x — x* +1)
(D) f'(x) =log(x + /x> +1)

Let f(x) = sin”'(log[x]) + log(sin"'[x]), where [ ]
denotes the greatest integer function. Then,

, then

128.

129.

130.

(A) domain of fis [1, 2)
(B) domain of fis [1, 3)
(C) range of f'is {logg}
(D) range of fis {0}

If the function f: [1, eo) — [1, o) is defined by f(x) =
2¢0=D then
(A) fis one-one

1+ /1+4log, x

(B) fis onto

©) f)= 3
1-1+41

(D) f*l(x)=%

Let f(x) = 13 . Then,

(A) f) +f(1-x)=1
(B) f0) +/(1 —x)=-1

1 2
© f(@)‘Ff(@)
3 1995
+f(@J+ +f(@)—998
1 2
(D) f(@}rf(@)

3 1995 1
+f| —=——|+.. | —— =997
f(1996) f(l996) 2

Let n be a positive integer with f(n) = 1! +2! + 3! +
... + n! and P(x) and Q(x) be polynomials in x such
that f(n +2)=P (n) f(n+ 1)+ O(n) f(n) forall n > 1,
then

(A) P(x)=x+3

B) Ox)=—x-2

(C) Px)=—x-2

(D) O(x)=x+3

Passage 1

A function f(x) is called periodic if there exists a positive
real number 7 independent of x such that f(x + 7) = f(x)
for all x in the domain of x. The smallest such value of T is
called the fundamental period of f.

If f(x) is periodic having period 7, then & f(ax + b) is

also periodic having period 7/|a|

131.

If the period of the function f(x) =sin (\/[n] x) , where

[n] denotes the greatest integer less than or equal to n,
is 27, then

132.

(A) 1<n<2 (B) l<n<2
(C) 1sn<2 (D) None of these
The period of the function f(x) = cos(sin x) + cos
(cos x) is
T b4
A) = B) —
(A) 3 (B) 7
© % (D) None of these
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Passage 2

For composite functions, if 7, 7, ... be the fundamental
periods of the various functions involved, then the period
of the composite function is the L.C.M. of (T}, 7,, ...). But
in the case of functions where modulus is involved, the
L.C.M. rule gives the period of the function but it may not
be the fundamental period.

For example, according to the L.C.M. rule,

Period of [sin x| + |cos x| = L.C.M. of (&, ) = 7, but it
is not the fundamental period since

. n T
sin| x + — cos| x + —
( 2] ( 2)

which shows that the fundamental period is il .
Thus, the period of |sin px| + |cos gx|

+ =|cos x| + |sin x|

=L.CM. of (E, E) ifp#g
P q
L oM of (f, f) ifp=gq
2 P q
133. The function f(x) = kl|cos x| + K?|sin x| + ¢(k) has
period % if k is equal to
A 1 (B) 2
©) 3 (D) None of these
134. The period of the function f(x) = 3x + 3 — [3x + 3] +
. X
sin —,
2
where [x] denotes the greatest integer < x, is
(A) 4 B) 1
) 2 (D) None of these

135. mis the period of the function

(A) |sin x| + |cos x|

(B) sin*x + cos*x

(C) sin (sin x) + sin (cos x)
1+ 2cosx

sin x(2 + sec x)

136. The period of the function f(x) = sin 5x + cos V3 xis

(A) B (B) 7
(C) non-periodic (D) None of these

Passage 3

The range of a function y = f(x) is the set of all possible
output values f(x) corresponding to every input x in the
domain of f'and is denoted as f(A) if 4 is the domain. For
finding the range of a function y = f(x), first of all, find the
domain of f.

If the domain consists of finite number of points, then
the range consists of set of corresponding f(x) values.

If the domain consists of whole real line or real
line minus some finite points, then express x in terms of
y as x = g(y). The values of y for which g is defined is the
required range.

If the domain is a finite interval, find the intervals in
which f(x) increases/decreases and then find the extreme
values of the function in those intervals. The union of those
intervals is the required range.

137. If e + ¢ = ¢, then range of the function f is

(A) (e, 1] (B) (===, 1)
(©) (1, ) (D) [1, )
: 2
138. The range of the function f(x) = sm(#ﬁ_;—l]) ,
x

where [-] denotes the greatest integer function, is

(A) [0, 1] B) [-1,1]

(©) {0} (D) None of these
139. Range of values of f(x) = 1 + sinx + sin’x + sin’x, x €

( n n) .

-—,—|is
22

(A) (0, 1)

(B) (=0, )

©) (=2,2)

(D) None of these
Passage 4

The domain of a function y = f(x) is the set of input values
x for which the operation f'is being defined (real).

For finding the domain of a function, the denomina-
tor should not be equal to 0. Also, expression under the
even root should be greater than or equal to 0.

If domain of the functions, y = f(x) and y = g(x) are
D, and D,, respectively, then the domain of f(x) £ g(x) or

S(x)

f(x)-g(x) is D, N D,, whereas the domain of is @ D N
D, {g(x)=0}.

log, x is defined if x, >0 and a # 1.

Sin 'x and cos'x are defined for— 1 <x < 1

140. If[x] denotes the integral part of x, then the domain of
the function f(x) = sin"'[2x* — 3] + log,[log, ,(x* — 5x

+5)]is
MESIEY

5 5
(©) (— \/;, - 1} U [1, \/;J (D) None of these
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Passage 5

142.

143.

141. If f(x) satisfies x + | f(x)| = 2/(x), then f~!(x) satisfies
Consider a one-one onto function y = f(x) having domain 4 (A) 3x+|f ') =2f"(x)
and range B, i.e. f: A — B. Then, there exists a function g (B) x+/'(x) =2f"(x)
such that x = g(y) which therefore has domain B and range () f'(x)— x| =2x
A.ie.g:B— Asuchthat f(x)=y < g(y)=x, Vxe 4and D) 3x— | ()] = 21
y € B. gissaid to be the inverse of f. (D) 3x =17l =27
Match the Column Type
II. Range of the function (B) (—oo, o)
_ 2
Column-I Column-II J(x) = log, (3" —4x +3)
I. Domain of the function (A) R—{ Jn s III. The value of the function  (C) \/131 , 00
1 > P-3x+2 .
f@) = —— nzbnel} =52 g in
JJIsin x|+ sinx X +x-
I D i of the functi B (2 the interval
' f(;);n :am oF e funetion (B) 5227_? ) IV. The range of the (D) [-1, 1]
function f(x) =
1
log.| —1lo I+—— -1 4 — 2
& |: B2 ( X ) ] sin[log{ 0 al ]:l
—-x
III. Domain of the function (©€) (0, 1)
f@) = log, [ - (log, x)°
144. The range of the function
+ 5log, x - 6]
IV. Domain of the function (D) (9, 27) Column-1 Column-I1
L y=log (A) [0, 1)
—1 X 5
f(x)= cot T[xz] ) {2 (sin x — cos x) + 3}
X€R II. Y= logz {2 710g\/§ (B) (400’ 1]
(16 sin’x + 1)}
et —e
. y=———
Column-I Column-II Y ¥ + el (© 10,2]
11 et —e" 1
i — IV. y= ,x20 D) (0,=
I. Range of the function (A) [log? 3 ) y o 1o X (D) l: 2)

Assertion-Reason Type

fx)=3x" —4x+5

Instructions: In the following questions an Assertion (A)
is given followed by a Reason (R). Mark your responses
from the following options.

(A) Assertion(A) is True and Reason(R) is
True; Reason(R) is a correct explanation for
Assertion(A)

(B) Assertion(A) is True, Reason(R) is True;
Reason(R) is not a correct explanation for
Assertion(A)

(C) Assertion(A) is True, Reason(R) is False

(D) Assertion(A) is False, Reason(R) is True

145.

146.

Assertion: If 3 f(x) — f(1/x) = In x*, x > 0, then the
area of the region bounded by f{(e), x-axis, the lines
x=landx=11s0.

Reason: f(x) =Inx, x > 0.

Assertion: If f(x) =

a
2n-1 ax+\/g
.
2fl —|=2n-1
2 f(zn) !

Reason: f(x)+f(1-x)=1Vx

(a>0), then
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147.

148.

Assertion: The range of the function f(x) = g(x) +

h(x) where g(x) = +-x"+4x-3 and h(x) =

Jﬂn(%(ﬁng(x—n))ism,ﬂ

Reason: Maximum and minimum values of both g
and 4 are attained at 2 and 1, respectively.

Assertion: If [x] denotes the integral part of x, then
domain of the function f(x) = g(x) + A(x),

Previous Year's Questions

150.

151.

152.

153.

154.

149.

fx

(x—1)(x—-2)(x-3)
gw{“;%qum—m}

Reason: Domain of 4(x) is [0, 2)

where g(x) = and A(x) =

Assertion: Suppose, f(x) = (x + 1)* for x > —1. If g(x)
is the function whose graph is the reflection of the
graph of f(x) with respect to the line y = x, then g(x) =

Jx—1,x>0.

Reason: g(x) is the inverse of f(x)

The period of sin?0is :
(A) 7 B) 7
©) 2x (D) 72

[2002]

The domain of sin™" [log, (x/3)] is :

(A) [1,9] (B) [-1,9]
© [9.1] D) [-9,-1]

[2002]

The period of the function f(x) = sin* x + cos* x is :
[2002]

(A
©) 27

b1
B P
(B) 5
(D) None of these

A function f from the set of natural numbers to inte-
gers defined by

-1
nT, when is odd

f(n)= is

n .
5 when #n is even

[2003]

(A) one-one but not onto
(B) onto but not one-one

(C) one-one and onto both
(D) neither one-one nor onto

Domain of definition of the function

ﬂﬂ=432+b&“f—@JS [2003]

- X
A (1,2)
B) -1,00u(,2)
© (1,2) U (2, )
D) 1,0 U (l,2) v (2, )

155.

156.

157.

158.

159.

160.

The range of the function f(x)="""P,_is [2004]

(A) {1,2,3} (B) {1,2,3,4,5}

©) {1,2,3,4} (D) {1,2,3,4,5,6}
Iff: R — S, defined by f(x) = sinx — V3 cosx + 1, is
onto, then the interval of S is [2004]
A) [0, 3] B) [-1,1]

(©) 10, 1] (D) [-1,3]

The graph of the function y = f(x) is symmetrical

about the line x = 2, then

(A) fx+2)=f(x~-2)
(B) f2+x)=f(2~-x)
(©) f(x) =f(=x)

(D) f(x) =~f(=x)

The domain of the function f(x)=

[2004]

P
sin” (x—3) s
9—x?

[2004]
A) [2,3] (B) [2,3)
© [1,2] D) [1,2)

Let f: (-1, 1) — B, be a function defined by
f (x)=tan_112—x

5> then fis both one-one and onto

T T
NE—

Y/ Y/
© |-35] o (-53)

A real valued function f{(x) satisfies the functional

equation f(x-y) = f(x) f(v) -f(a — x) f(a + y) where
a is a given constant and f(0) = 1, f(2a—x) is equal to
[2005]

when B is the interval [2005]



161.

162.

Functions 2.37

(A) ~/(x)
(©) f(4) +fla—x)

(B) f(x)
D) fx)

The largest interval lying in (—g,%) for which the

function f(x)=4"" +cos™' (% - IJ +log(cosx) is

defined, is [2007]
(A) [0, ] (B) [—%%)

T T T
©[-54) o [05)

Let f: N — Y be a function defined as f(x) = 4x + 3,
where Y= {y e N: y=4x + 3 for some x € N}. Show
that f'is invertible and its inverse is [2008]

3y+4

*) g =22 y+3

(B) g(y)=4+T

y+3

_y+3 _r-3
© g0 ==, (D) g()= =

163. Forreal x, let f(x) =x* + 5x + 1, then [2009]
(A) fis one-one but not onto R
(B) fis onto R but not one-one
(C) fis one-one and onto R
(D) fis neither one-one nor onto R
164. The domain of the function f(x)= ﬁ is
X|—x
[2011]
(A) (0, ) (B) (=2, 0)
(C) (= o0,00) — {0} (D) (= o0, )
165.1f f(x)+ 2f(l) =3x,x#0, and
X
S={xeR: f(x)=f(—x)}; then S:
[2016]

(A) contains more than two elements.
(B) is an empty set.

(C) contains exactly one element

(D) contains exactly two elements

ANSWER KEYS

Single Option Correct Type

1. B) 2. (A) 3. (B) 4. (B) 5. (B) 6
1. (A) 12.(C) 13.(A) 14.(B) 15.(A) 16.
21. (A) 22. (D) 23.(A) 24.(C) 25.(A) 26
31. (C)  32.(C) 33.(C) 34.(B) 35 (C) 36
41. (D) 42. (D) 43.(A) 44. (A) 45.(A)  46.
51. (B) 52. (D) 53.(A) 54.(A) 55.(B) 56.
61. (B) 62. (A,B,C) 63. (B) 64. (C)  65.
70. (C) 71.(C) 72. (D) 73.(C) 74.(B) 75
80. (B) 81.(A) 82.(B) 83.(B) 84.(A) 85.
90. (B) 91.(B) 92.(A) 93.(C) 94.(C) 95
100. (A) 101. (D) 102. (B) 103. (B) 104. (C) 105.
110. (C) 111. (A) 112. (A) 113. (B) 114. (B) 115.
More than One Option Correct Type
118. (A) and (B) 119. (B) and (C) 120. (C) and (D)
123. (A) and (B) 124. (A),(B)and (C) 125. (C)and (D)
128. (A), (B)and (C) 129. (A) and (D) 130. (A) and (B)
Passage Based Questions
131. (A) 132. (A) 133. (A) 134. (A) 135. (D) 136.
141. (D)

.D) 7.(C) 8. (B) 9. (A, D) 10. (B)
D) 17.(A) 18.(C) 19. (B)  20. (A)
(D) 27.(B) 28.(B) 29. (D) 30. (A)
(D) 37.(A) 38 (B) 39.(A) 40. (D)
(B) 47.(C) 48.(C) 49. (A,B) 50. (B)
D) 57.(A) 58.(A) 59.(A) 60. (B)
D) 66.(B) 67.(D) 68. (D) 69. (D)
D) 76.(C) 77.(C) 78.(C) 79. (B)
(B) 86. (A) 87.(A) 88.(B) 89. (B)
B) 9. (C) 97.(D) 98 (C) 99. (C)
(C) 106. (A) 107. (C) 108. (A) 109. (A)
(B) 116. (C) 117. (C)

121. (C) and (D) 122. (A), (B) and (C)
126. (A), (B)and (D) 127. (A) and (C)
(C) 137. (B) 138.(C) 139. (B) 140. (D)
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Match the Column Type

142. I. = (B); IL. — (C); 1. — (D); IV. = (A)

143. I. — (O); IL. = (A); IIL. — (B); IV. = (D)

144. 1. — (O); 1. = (B); Il — (D); IV. = (A)
Assertion-Reason Type

145. (A) 146. (A) 147. (A) 148. (A) 149. (A)

Previous Year’s Questions

150. (B) 151. (A) 152. (B) 153. (C) 154. (D) 155. (A) 156. (D) 157. (B) 158. (B) 159. (D)
160. (A) 161. (D) 162. (D) 163. (C) 164. (B) 165. (D)

HINTS AND SOLUTIONS

— 342 ; 2
1. We have, f(x) =x* + x>+ 100x + 7 sin x = (x+i) 20 [ b dac=0]
= f'(x)=3x+2x+100+7cosx>0,Vxe R 2a
. . ine functi

f(x) is an increasing function o xwo b
= f()<f(2)<fB) 2a b
Let a=f(1),b=f(2)and c=f(3),thena<b<c 1) s f(x) is defined for x # — 2 andx+2>0
Then given equation is b

1 N 2 . 3 -0 .~ Domain of f= (-2, w)\{—g}.
y-a y-b y-c The correct option is (A)
=>@-by-o)+2(y-a)y-c)+3(y-a)y-b)=0 (2) 3. We have,
Letg()=(y—b)y—o)+2(y—a)y—c)+3(y—a)y-0b), eteV=e=W=c— ¢ = f(x)=log (e — &)
Then, ¢(a)=(a—b)a-c)>0 For f(x) to be defined, e —e* >0 = e' >e- = x< 1
and o(b)=2(b)=2(b—a)(b—c)<0 <. Domain of f= (—es, 1)
and #(c)=3(c—a)c—b)>0 Let yv=log(e—e)= e =e—e"

So the equation (2), i.e. ¢(y) = 0 has one real root between a
and b and other between b and c.

The correct option is (B)
2. f(x)=log (ax*+ (2a+b) x** + (2b +¢) x + 2¢)
=log ((ax*+ bx +¢) (x +2))
=log (ax* + bx + ¢) + log (x +2)

e =e-¢
= x=log (e —¢)
Forxtobereal,e—e'>0=e'>e=y<1
Range of f'= (—oo, 1).
The correct option is (B)
4. The function f(x) = x> + 2, x € (— o, o) is not injective as

Since @ >0 and D=0, F(1)=f(-1)but 1 =—1.
ax*+bx+c20Vxe R The function f(x) = (x —4) (x — 5), x € (oo, =) is not one-one
log (ax* + bx + ¢) is defined if ax* + bx + ¢ # 0 as f(4)=f(5) but 4 = 5.
. 4x* +3x-5 .
= al|x’ +éx+£ #0 The function, f(x) :xixz , X € (—eo, o0) is also not
a  a 4+3x-5x
) s injective as f(1) = f(—1) but 1 #—1.
= a |:(x+b) _(b _jacJ] £0 For the function, f(x) = |x + 2|, x € [~ 2, ).
2a) A da Let f(0)=f(), %,y € [-2,) = ke +2| =y +2)



Functions 2.39

= x+2=y+2

= x=y.

So, fis an injection.

The correct option is (B)

.y= %{cos(Zx +2)+cos2 -1+ cos(2x +2)]}

1 . .
or y= —5(1 —co0s2) =-sin® 1 i.e., constant
graph is a line parallel to x-axis. Also, when x = z ,

y= —cos’ (% + 1) =—sin? 1 and hence it passes through the

(T .,
oint| —, —sin”1 |.
b (2 )

The correct option is (B)

. Since f(x) =f(—x)

f'is not one—one.

2
Letye R.Thenf(x)=y=y= xz 8
X +2
e 8+2y
1=y

For x to be real, (8 +2y) (1-y) 20
and 1 -y#0=>(y+4) (y—-1)<O0andy=#1
= —-4<y<l

Range of f=[-4,1)cR

fis not onto.
The correct option is (D)
. We have,
fla)=64a>+ L3=(4a)3+i3

a a

3
= (4a+l) —3~4a-l(4a+l)
a a a
=(3);-12-3=27-36=-09.

1
Since a, b are roots of 4x +—=13

X
soda+ 1 =3
a
Similarly, fby=-9
Ma)=f(b)=-9
The correct option is (C)
. We have,

(o) 0 =g W] =/ (V" +1)
= (\/xz +1)2 —1=x%
(hofog) (x) = h [( fog) (¥)] = h (v") = {

The correct option is (B)

0 ifx=0
xFifx#0]°

9. Lety= 2x—1 _ 2x—1
T e i3 ax x(x4D)(x4])
(2x -1y

T 2x ) Dx(2x—1)

10.

11.

12.

13.

14.

15.

For y to be positive,
x+DH)2x+Dx2x-1)>0

= x€ (-eo,— 1)U —i,O U l,oo .
2 2
Thus, (@) and (d) are the correct answers.

The correct option is (A) and (D)

The maximum value of f(x) = cos x + cos ( V2 x) is 2 which
occurs at x = 0. Also, there is no value of x for which this
value will be attained again.

The correct option is (B)
Let the required function be f(x) = ax + b.
Ifa> 0, then f(—1) =0 and f(1) = 2.
= —a+b=0anda+b=2
= a=landb=1.
Ifa<0,thenf(-1)=2and f(1)=0
= —a+b=2anda+b=0
= a=-landb=1.
Hence, f(x)=x+1 or f(x)=—x+1.
The correct option is (A)
Forx<-1,1-x>22and 1 —x>1+x
max [(1 -x),2,(1+x)]=1-x
For-1<x<1,0<1-x<2and0<1+x<2.
max [(1 —x), 2, (1 +x)]=2.
Forx>1,1+x>22, 1+x>1-x
max [(1-x),2,(1+x)]=1+x
l—x, x<-1
Hence, f(x) = 12,
1+x, x>1

—l<x<l1.

The correct option is (C)
We have,
f(x)=sin [7?] x + sin [- 7°] x

=sin 9x + sin (— 10) x

= sin 9x — sin 10x

f(ﬁ) =sin o —sinSz=1-0=1

2 2
f(m)=sin97—sin 10r=0
f(ﬁ)zsing—” 7sin10—ﬂ = 1 1.
4 4 4 2

The correct option is (A)

Since the given function has minimum value 75 which is
attained at x = 2 and maximum value 89 which is attained at
x = 3. Hence, the range of fis [75, 89].

The correct option is (B)

We have, 2f(x) —3f (l) =x%x#0.
X
Putting x = 2, we get
2/(2)-3f G) ~4 M
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. 1 X +34x-171
Now, putting x = —, we get 21. Lety=—7+7——
2 Y X 4+2x-7
1 _
2f(5)73f(2)= 2 = (-DR+Qy-34)x-Ty+71=0
For x to be real,

(2y-349>4(y—1)(71-7y) (- Discriminent > 0)
= *+289-34y>-7y> 71+ 78y

82— 112y +3602=0

V' =14y +4520

Solving (1) and (2), we get f(2) =—

Bl A=

The correct option is (A)
16. f(x)=(1+5)

LU e

{x2+ 2b X+ b }— b +1 -90-520
1+6  (1+b°)| 1+5° y<5o0ry>9
bV 1 | -y cannot lie between 5 and 9.
=(1+5% (x + T bZJ + e 2 5 The correct option is (A)

1 22. Since f(x) is an odd periodic function with period 2
m(b) = el So, range of m (b) = (0, 1]. S fEx)=—f(x)and f(x + 2) =f(x)
The correct option is (D) f12)=/10+2)=1(0)
17. Lety=(fog) () =/1g (9] =/ +5) . ;*(02))_:;; (*22) * 2);2’; © o
=2(*+5)-3=2x+7. ’ :
= 2f(0)=0ie f(0)=0

1/3
X= %‘7 Sx= (%7) o fA=f2+2)=f2)=f(0)=0
Thus, /(4)=0
= (fog) () = ( y=7 )1/3 The correct option is (D)
2 23. For the two components to be meaningful, we must have
NG x(x+3)20and0<x*+3x+1<1.
= (fog)' (x)= (XT) Hence, (x+3)x=01ie.,x=0,-3.

S=1{-3,0}
The correct option is (A)

(1) 4 Sincef(x)=g(),Vxe (4n+1)§,ne z

The correct option is (A)
18. Since f(x) =log (x — 1) — log (x — 2).
Domain of f(x)isx >2 orx € (2, o)

2 () =log ( x-—1 ] is defined if 2= 1 >0 s f(x) = g(x) for infinitely many values of x.
x=2 x—= The correct option is (C)
= x€ (-, 1)U (2, ) (2)  25. Since, f(x +y) =) f(»)
From Eq. (1) and (2), x € (2, o). = f)=a
The correct option is (C) Also, given that /(1) =3
19. We have, = a'=3,

l+n—-n=Lx=neZ Sooa=3
gx) = -3

l+n+k—-n=1+k x=n+k Hence, f(x) =3
wherene Z 0<k<1. NOW,S:Zf(V):>S=31+32+...+3”

-1, g(x)<0 r=1
Now, flg]=] 0. g(x)=0 _ 3[1 —3”]
I, g(x)>0 1-3

Clearly, g(x) > 0 for all x. So, f[g(x)] =1, for all x. s S= %(3" -1.

The correct option is (B) The correct option is (A)

20. Clearly, y is defined for all x € R except )
26. Taking f(x) = log x, we see that

whensinx=0ie.,x=nm:ne ”Z
Domain of f=R\ {nrw:ne Z} f(x] =f(x)—f(y)
y

The correct option is (A)
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Clearly f(x) is not bounded sin(7zfx? +1
1 = 9= o
and f(f)z—logx—woasxﬁo. *
X Hence, Range of /= R = {0}
Also, x f(x) =xlogx - 0asx — 0. The correct option is (C)
The correct option is (D) 1 5
27, Wehave, 500 1+ 2 ety 1)- e 0
and flg(x)]=3+2x +x (1) 1 1
Also, fTg(0)] =/(1+x ) @ v (E) AR @

From Eq. (1) and (2), we get
f+Jx)=3+2 Jx +x.
Let 1+ Jx =yorx=(y-1)~.
SM=3+2(y-D+(y-1y
=34+2y-2+)"-2y+1=2+)?
fx)=2+x*
The correct option is (B)

sinx
28. We have, f(x)=1+ ——
cos” x
2 . .
cos” x (cosx) + sinx (2 cosx sin x)
= [fx)= 7
cos’ x
_ cosx(cos’x+2sin’x)  l+sin’x
cos* x cos’ x
= (x>0

f(x) is increasing function.

. sinx
lim [14+—F—|=—
H% cos” x

. sinx
and lim |1+ — | =
cos” x

x%g
Range = (—eo, )
The correct option is (B)

29. We have, f(x)= e* ">
Let g(x)=x*-3x+2
= Jd)=3x2-3=3x*-1)
= g ()20, forxe (—o,—1]
g(x) is increasing function
f(x) is one-one.
Now, Range of f(x) is (0, €], but co-domain is (0, €°].
f(x) is into function.
The correct option is (D)
30. For f to be defined, we must have

1og1/2(1+J;)< 1= 1+% > (2 ) '=2 whichis  36.

possible only if >lie. O<x<]1.

Ux
Hence, the domain of the given functionis {x : 0 <x < 1}.
The correct option is (A)
31. Since [x* + 1] is an integer
sin (a{x*+ 1)) =0

33.

34.

3s.

Multiply Eq. (1) by a and equation (2) by b, then subtract

@ 1)) = ax+ 22 s
X X

fx)= %(x(a — Shy+ 1 (5a— b))
-b7) X

(@’
The correct option is (C)
f(x) =x*+ x>+ 100x + 5 sin x

f(xX)=3x>+2x+ 100+ 5cos x =3x>+2x + 94 + (6 +
5cosx)>0

fis an increasig function and consequently a one-one
function.

Clearly, f(—e0) = —oo, f(e0) = o and f{(x) is continuous,
therefore range f= R = codomain f. Hence, f is onto.

The correct option is (C)

We have, f(x + 2a) = f((x + a) + a)

-G ra-(a+a)

1 1

= - \/2 ~Jro - (f(x) - (% ~Jf0- (f(x))z)

=% - ,/% )+ ()Y

1

- 3(3- 1) =

Hence, f(x) is periodic with period 2a.

The correct option is (B)

g[ f(x)] = (sin x + cos x)* — 1

= g[f(x)] =sin 2x

We know that sin x is bijective only when x € [——, E]

Thus, f(x) is bijective if —g <2< %

T T
= S <x< =
4 4

The correct option is (C)

Let 2x+§= o and 2x—§=ﬁ,

then x = a:ﬂ and y=4(a— p)

Given, f(Zx + %, 2x — %) =xy

= fla p)y=o-p
= f(m, n)+f(n, m)=m?—n*+n*—m?>=0 for all m, n.
The correct option is (D)



2.42 Chapter?2

37.

38.

39.

40.

41.

42.

43.

Since the domain of fis (0, 1),
v O<e<landO<Inlx<1
log0<x<log1ande’<|x|<e!
—o<x<0and 1< |x|<e

LU

The correct option is (A)

We have ++ - < 1ifn<49

127 100

Again ~+ " > 1ifn>50
27100
L o tifso<n<99
127 100

The desired sum = 50.
The correct option is (D)

log,,|x — x|

| x|

Now, by definition, the domain of /' is defined as

We have, f(x) =

log, | x—2|
[x]

Since denominator i.e. |x| is always positive

>0, x|#0

log,, x—2[20 = log,, |x —2| = log,,
= k-2|<1
= —-1<x-2<1
1<x<3
and |x—2|> 0, which is always true, but x # 2
Hence, domain of f'= D= [1,2) U (2, 3]
The correct option is (A)

Since, f(~ x) = f(x)

x€ (—eo,0)andx e ((—oo,— 1)U (1,)) N (—e, €)
x€ (—oo,0)andxe (—e,—- 1)U (l,e)=>x€ (—e,— 1)

(M

(M
2

= f{x) is an even function, its graph will be symmetrical

about y-axis.

Also, f(x) = —(

|x [+ x|
1+ x?

]:>f(x)=(+ ive) =—ive

i.e., the graph of f(x) completely lies below the x-axis, and is

also symmetric about y-axis (as discussed above).
The graph of f(x) lies in III and IV quadrants.
The correct option is (D)

Since, /—x* is not defined for any real x,
domain of the given real fucntion is null set.

The correct option is (D)

g1 <f1gt)] = g(x]) < f([xD = [Ix]] < [x]]

This is true for each x € R.

The correct option is (D)

sin™! (x —x?) is defined when — 1 < x—x*< 1
1-Vs <x<it 5

2 2

(M

44.

45.

46.

47.

l—iisdeﬁnedwhen 1—L >0
EY [x]

= x<-1,x2>1

and is defined when x> -1 <0, x> - 1> 1

2
x° -

e xe (—oo,—V2)U( 1L, 1) U(=2 )
From Eq. (1), (2) and (3), we get

re (\/5 1+\/§J

2
The correct option is (A)
Graph is symmetric about x = k
if fk—x)=f(k+x)
= alk—xP+blk—xy+clk—x)+d
=a(k+x)+blk+x)+clk+x)+d
= 2ax’— (6al* +4bk+2c)x=0
Tt is true for all x if @ = 0 and 6ak® + 4bk +2¢ =0
iea=0andk=— — = a+k=——.
2b 2b
The correct option is (A)

2

3)

Domain of fand domain of composite function gof are same.

The correct option is (A)

Since,

S =x*+ 27" (1) +x/"(2) +17(3)
= ') =3+2x"(1)+f"(2)
= f7(x)=6x+2/"(1)

rrr

= f"’(x)=61.e., a constant function
f'3)=6

Using Eq. (3), we have
f7@)=12+21"(1)

Substituting x = 1, in equation (2), we have

S M=3+27"M)+f"(2)

Hence,

= f(H)=3+2"(H)+12+2f'(1) [using (5)]
= 3f'()=-15

f==5
Substituting respective value in Eq. (5), we have
fr@=2

Hence, the polynomial f{x) can be written as
f(x)=x"-5x*+2x+6
Therefore, f(2) — f (1)
=8-20+4+6)—(1-5+2+06)
=2-4=-6

J@2)=f(1)==6=—1(0).

The correct option is (B)
/iR — 4, where 4 = {y:OSy<§}

Also, the function f'is defined as
f(x)=tan'(x* + x + k)

(M
2
3)

®)

(6)



48.

49.

50.

51.

For the function f to be onto, the range must overlap
completely on the codomain or range must be equal to

codomain such that
R = A

= R= [0, %) i.e. Ist Quadrant which is possible if and

only if
X+x+k20=>A<0
= 1’-4-1-(h<0

ket
4

The correct option is (C)

By verification, f(—;) = f(l) 1 1 - !

Hence, f(|x]) =x

The correct option is (C)

Given that

S =P +x+1]-3

= f)=kP+[x]+1-3

= f)=kP+[x]-2

= )=+~ 1)

Now, f(x) =0

= (x]+2)([x]-1)=0

= either [x]+2=0o0r[x]-1=0
= either [x]=—2or[x]=1

= either—2<x<—-lorl<x<2
i.e., f(x) = 0 for infinite number of values of x.
Also, f(x) will not be one-to-one
Since, f(x)= (|x|+2)(x|-1)

Integer

Hence, f(x) is into on the set of real numbers (R) as

co-domain.

The correct option is (A) and (B)
Given, ¢>—4pr=0andp >0

For f(x) to be defined,
pe+@P+gx*+(@+rx+r>0

= pPx+ D) +gx(x+D+r(x+1)>0
= @+ DEx*+gx+r)>0

= x>-landx# ——

2p
[Since ¢*> — 4pr=0

+7r>0]
Domain=R — |:(— oo, —1]U {— qH
2p
The correct option is (B)

Given that f(x) = x — B]

where f: (3, 6) — (1, 3)

53. We have, f(n+1) =

54. f(x)=

atx = _i,px2+qyc+r:0andatx¢ _zi,px2+qx
p

From Eq. (1), (2) and (3), 1 <x <
The correct option is (D)

2f(n)+2
2

and f(1)=2

fA0D) =f(1)+100x 1/2=2+50
f(101) =52.
The correct option is (A)

cos’ x +sin' x

sin’ x + cos* x
cos’ x + sin® x(1 - cos” x)
= f0=—3 5 —
sin” x + cos” x(1 —sin” x)
sin” x + cos” x — sin” x cos” x
= /=

sin® x + cos” x — sin® x cos® x
= f)=1=/2002) =1
The correct option is (A)

. We know that

be+y[ = x| + [yl
if x and y are of same sign i.e.,
either x and y are > 0 or x and y are < 0

Since, [ /(x) + ¢()| = | f(x)] +[6(x)]

Functions 2.43
Now, inside the given domain, we will always have
o
3
. f(x) =x— 1 throughout its domain
= y=x-1
= x=y+1=f1(y
fTx)=x+1
The correct option is (B)
52. For f(x) to be defined,
1) [2x*-3]1=-1,0,1
= —1<2x-3<2=2<2x%<5
5
= 1<x¥< =
2
I<x’=x<-lorx=>1
= 1,5 \F \F
X< - = <x<, =
2 2 2
= —\/§<xs—l orle<\/E (@9
2 2
(i) ¥*=5x+5>0
5-45 5445
= x< orx > 2)
2 2
(iii) log,, (@ =5x+5)>0
0
= x2—5x+5<(l)
2
= x¥*-5x+5<1
= x*-5x+4<0
= l<x<4 3)
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56.

57.

58.

59.

60.

e, x+1+x=2|=px+1|+x-2]
therefore, eitherx+1>0andx—-2>0
= x>—landx>2
x>2
or x+1<0andx—-2<0
= x<-landx<?2
x<-1
Hence, for the given equality to be valid, we have
X€E (o0, — 1)U (2, 0)
Since, option (B) is the subset of the solution set, Hence,
option (B) is true.
The correct option is (B)
fiN>Z
f(1)=0,f2)=-1,/3)= 1,/ (4) =2,
f(5)=2,and f(6) =-3 so on.

i

In this type of function every element of set 4 has unique
image in set B and there is no element left in set B.

Hence, f'is one-one and onto function.
The correct option is (D)
Since A.M. > G.M.

2
2 tan” o

X 4x+
JxP+x

=2tan (tan(x>0as0<a<§)

> 2/tan’ o

The correct option is (A)

0<log(1-x)<1=>1<1-x*<e
Now, 1l —x*?<eVxe R
But 1 —x2 > 1 is possible only when x = 0.
The correct option is (A)
f(x) is onto,

S =range of f(x)

Now f(x) = sinx—\/gcos)c+1 = 2sin(x—§)+1

1< sin(x—%)gl,fls 25in(x—%)+1£3

fx)e [-1,3]=8
The correct option is (A)

Since the function is periodic, a*> — 3 and b* + 7 should be
perfect squares, which is possible only if @ =2, b = 3 in
which case f(x) = sin x + cos 4x, whose period is 27.

The correct option is (B)

61.

62.

63.

64.

We have, 2f(x) + 3f( ) =x-1 (1)

1
X
N
Putting — in place of x, we get
X

3f(x)+2f( )z%—l 2)

1
X
2 2
Solving Eq. (1) and (2), we get f(x) = W ,
x

which is a non-periodic even function.
The correct option is (B)
Whenx =-landx,=1,

then f(-1)-7(1)= f(
= f()=0,

which is satisfied when f(x) = tan™' (i_x]
When x, =x, =0, then T
O£ (0)= f((l)__(())J = f(0) = /(0) =0
When x, = -1 and x, = 0, then

-1-1
1+1(1)

J =fc-1)

FED-1(0) = f(‘ll_‘o(’] ~ /(1) = £(0) =0,
which is satisfied when f(x) = 10g(1_x]
1+ x
and f(x)= log(l * x] .
1-x
The correct option is (A), (B) and (C)
Given: f(T+x)=1+[(1 - f(x))’]"
=1+(1-/f(x)
= f(T+x)+fx)=2
= fRT+x)+f(T+x)=2
@) -)=/2T+x)—f(x)=0
= fQ2T+x)=f(x)
Also, T is positive and least therefore period of f(x) = 2T.

(M
2

The correct option is (B)

. —log,, (x = 1)
Since, f(x) = [ —222——=
) —x* 3x+18

log,, (x=1)

= I

/) x*—3x—-18

By definition, f(x) is defined, if

lc;go_3 =D,

x"—=3x-18

either log , (x—1) >0 and x> - 3x - 18 >0

= 1<x<2 and x<-3 or x>6
No solution

or log, (x—1)<0Oandx’-3x-18<0

= x22and-3<x<6=x€ [2,6)

Hence, domain of f(x) = [2, 6).

The correct option is (C)



65.

66.

67.

68.

69.

70.

Functions 2.45

Just interchange x and y and in first case y = 0, now x > 0
x=@+1Px20,y>-1

or y= Jx-1x20

The correct option is (D)

2,101
We have, f(x) = Smox
X 1
— + —
)
sin'”'(—x)

=T T
I
r] 2

Case I: whenx=nz(n € 2)

fex)= sii]:;r(—nnl) _
s
T 2

Case II: Whenx#nmne Z

0

—sin'" (x)

fe =37
[_1] 1
T 2

R
_1_|: :|+7

] 2
= =2 i
H*a

f(x) is an even function.
The correct option is (B)
The given function f'is well defined only when | x | —x >0
= x<0
Required domain is (—ee, 0)
The correct option is (D)
if n=>2m

n
Number of one—one functions = "o
if n<m

The correct option is (D)
Function is increasing

_y=3_
x== =g(y)

The correct option is (D)

Given f(x) =x*+5x + 1

Now f'(x)=3x>+5>0,Vxe R
f(x) is strictly increasing function
It is one—one

Clearly, f(x) is a continuous function and also increasing

on R,
Lt f(x)=—c and Lt f(x)=co
f(x) takes every value between —eo and eo.

Thus, f(x) is onto function.
The correct option is (C)

71.

72.

73.

74.

75.

76.

There is no information about co-domain therefore f(x) is
not necessarily onto.
The correct option is (C)
For every rational number 7, we have,

1, when x is a rational
f(T+x)= { } 5

0, when x is irrational

but there is no least positive value of 7 for which /(7 + x) =
f(x) because there are infinite number of rational numbers
between any two rational numbers. Therefore, f(x) is a peri-
odic function having no fundamental period.

The correct option is (D)
In the sum, f,(1) +f,(2) + f,(3) + ... + f,(n), 1 occurs n times,

% occurs (n — 1) times, %occurs (n —2) times and so on.
S +£Q2)+£3) + ...+ f(n)

1 1 1
—n~1+(n—1)~5+(n—2)~§+...+1-7
( 1 1 1] (1 2 3 n—l)

=n|l+—+-4+.+— |-+ +—F.+—
2 3 n 2 3 4 n
1 1 1 1
stim=| (1= )+ (15 ) (-3 (3]

=nf,(n) = [n—fi(m]=(n+1)f,(n) —n
The correct option is (C)

+ {x} e [0, 1)
sin {x} € [0, sin 1) but f(x) is defined if sin {x} # 0

1 1
el —,
sin{x} \sinl

1
[sin{x}] e{l,2,3...}

The correct option is (B)

We have,

f(x) =2 min {| f(x) - g (x)], 0}
o f(x)> g(x)
- {Z(f(x) - g(x), f(x) < g(x)

{f(X) —g(x) =[f()=gx)], [(x)>g(x)
Jx) =g = f(x)-g)], [f(x)=<gx)
JO)=/(x) —g(x) —lgx) - /)|

The correct option is (D)

We have,
_x xeQ
f(x)_{l—x, xeQ
_ S , f(x)eQ
1! (x)_{l—f(x) S(x)£0
X, xeQ, xeQ
1=x xeQ, xeQ
T l1-x, l1-xeQ, x¢0

I-(1-x), l-xeQ, xgQ
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77.

78.

79.

80.

81.

_jx xe€Q
T, xeQ
Jof(x) =x,x € [0, 1].

The correct option is (C)

We have,
S&=fO) =/ + /() +f(x) - 1 (1)
Put x=f(»)=0
then f(0)=/£(0)+0+/(0)—1
f0)=1 )

Again, put x = f(y) = Ain (1)
Then, f(0)=f(V)+ 2 +f(DH -1
1=2/()+ 21
2-1° A
fay=S=1-2

2

Hence, f(x) = 1— %

=

The correct option is (C)

A function whose graph is symmetrical about the origin
must be odd.

(3*+ 37) is an even function.

Since cos x is an even function and log (x + 1+ x” ) is an
odd function,

cos (log (x + v1+x* )) is an even function.
Iff(x+y)=f(x)+f(y) V x,y € R, then f(x) must be odd.
The correct option is (C)
The function f(x) = x? 4+ 2, x € (—oo, o) is not injective as
F()=f(1)but 1 %1
The function f(x) = (x —4) (x — 5), x € (— oo, =) is not one-one
asf(4)=f(5)but4=5

4x* +3x =5
The function, f(x) = ———,
/) 443x —5x7

injective as (1) =f (1) but 1 # -1

For the function, f(x) =[x + 2|, x € [~ 2, o)

Let f(x)=f(y),x,y€ [2,00) = x+2| =]y + 2]
= x+2=y+2

= x=y

X € (—oo, o) is also not

So, f1is an injection.

The correct option is (B)

(fog) (x) =f[g ()] =/ (13x +4)

Since the domain of fis [-3, 5],
SB3<PBx+4<5=3x+4|<5

= 5<3x+4<5 :
= 79S3xS1=>73SxS§
. . 1

Domain of fog is —3,5

The correct option is (B)
For any x € R, we have

)

(M

82.

83.

84.

(n+1
2

[Using (1)]

[

EaEH

Continuing in this manner, we have,

Bl

2

[

n+4:|
+..=n
8

The correct option is (A)

We have,

l+n—n=1Lx=nel
gx)=
l+n+k—n=1+k, x=n+k,

Now, f[g(x)] =

Clearly, g(x) > 0 for all x. So, f[g(x)] =1, for all x.

-1,
09

—

]

2(x)<0
g(x)=0
g(x)>0

The correct option is (B)

We have, g(x) =1 + Jx

and flg()]=3+2x +x

Also, f[g(0)] =/ (1+x )

From (1) and (2), we get

F+x)=3+2 Jx +x.

Let 1+ +/x =yorx=(y—1)
S(N=3+2(y-D+(y-1y

=34+2y-2+)"-2y+1=2+)?

f)=2+x2

The correct option is (B)

For f'to be defined, we must have

[Using (1)]

wherene I,0<k<1

(M
@

1 1 o
logm(l+%) <-l1= 1+@> (2! =2 which is pos-

1
sible only if ——=>1,1.e.,0<x<1
s

Hence, the domain of the given function is {x: 0 <x < 1}

The correct option is (A)



85.

86.

87.

88.

We have, f(x + 2a) =f((x + a) + a)

1

=" Jf(x+a)—(f(x+a)

Functions

247

2

_ %_ i- S+ (S0

1

- - G - f(x)) =709

2

Hence, f(x) is periodic with period 2a.
The correct option is (B)

Since the domain of f'is (0, 1),

v O<e'<land0<Inlx/ <1
log0<x<log1ande’<|x|<e!
—o<x<0and 1 <|x|<e

X € (—oo,0)and x € (—e,-1) U (1, e)

x € (—e,—1)

Lo v el

The correct option is (A)
sin”! (x —x?) is defined when — 1 <x—x?< 1

1-+5 1++/5

<x<
2 2

l—i is defined when 1—L >0
EY [x]

= x<—-lorx2>1

and is defined when x> — 1 <0 orx*>—12>1

2
x° =

fe, xe (o, =2 )U (=1, ) U (=2 , )
From (1), (2) and (3), we get

XE(\/E 1+\/§]

2
The correct option is (A)
Since,
J&) =x"+ 21" (1) +xf"(2) +1°(3)
= f(x)=32+2x/"()+f"(2)
= f7(x)=6x+2"(1)
= f”(x)=61i.e., a constant function
Hence, /’(3)=6
Using equation (3), we have
S@)=12+21"(1)
Substituting x = 1, in equation (2), we have

S M=3+27"M)+f"(2)

= (H)=3+2f"()+12+2f'(1) {using (5)}
= 3f'(1)=-15
f(=-5

-l \/; ~ -0y - (3 ~Jr0-(f 0 )

X € (—oo,0)and x € ((—oo, —1) U (1, e0)) N (—e, €)

(M

2

3)

(M
@
3)

®)

(6)

89.

90.

91.

Substituting respective value in (5), we have
fr@=2
Hence, the polynomial f(x) can be written as
Jx)=x*-5x*+2x+6
Therefore, f(2) — f(1)
=8-20+4+6)—(1-5+2+6)
=2-4=-6

J@)-f()=-6=-71(0)
The correct option is (B)
Given, ¢>—4pr=0andp >0
For f(x) to be defined
PP+ P+t +(@+rx+r>0
= pPx+ D +gx(x+D+rx+1)>0
= @+ DEx*+gx+r)>0

q

= x>—landx# —
2p

[Since ¢*> — 4pr=0
q P

atx=—i,px2+qx+r=0andatx¢—i,px2+qx+
2 2p

7> 0] p

Domain= R — |:(_<><>, -1]u {—QH
2p

The correct option is (B)

Since the function is periodic, a*> — 3 and »* + 7 should be
perfect squares, which is possible only if @« =2, b = 3 in

which case f(x) = sin x + cos 4x, whose period is 27.
The correct option is (B)

We have, f(x) = ﬁ
X 1
— +7
B
_ Vsinml(—x)
= f(fx)_ —_£:| l
| & 2
Casel: whenx=nn(ne Z)
f(=x) = S_mlmﬂ =0
I
| 7 ] 2
Case II: Whenx#nmne Z
_ r—sinml(x)
f(fx)_ —_1] l
| ] 2
= f(x)= _=sin(x) |: [f]_,_l:_f]_ 1:|
_I_H+1 ] L=
T] 2
= fn= 2 g
xl L
)

f(x) is an even function.
The correct option is (B)
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92.

93.

94.

Graph is symmetric about x = k if f(k— x) = f(k +x)
= alk—xy+bk—xy+clk—x)+d
=atk+x)+bk+x)+clk+x)+d
= 2ax®— (6ak*+4bk+2c)x=0
It is true for all x if @ = 0 and 6ak® + 4bk +2¢ =0
ie,a=0andk=— — =a+k= ——.

2b 2b
The correct option is (A)
For the /n operation to be defined, we have {x} >0

Plotting the curves y = {x} and y = 0, we can see that the
values of x satisfying the above inequality, are

xe R-1 (D
For the square root operation to be defined, we have
{x} <x/2

Plotting the curves y = {x} and y = x/2 as shown above, we
can see that the values of x satisfying the above inequality,
are

xe {0} U[l, ) (2
The domain of definition is the intersection of (1) and (2)
which gives x € (1, 00) -1+

The correct option is (C)

For the /n operation to be defined, we have

1-2|cosx|>0

. 1

i.e., |cos x| < 5 (1)

For the inverse cos operation to be defined, we have

1< 2
T

. b3 T

e, ——<x< — 2
3 2 2)

To find the values of x satisfying both (1) and (2), let us plot

1. .
the curves y = |cos x| and y = — in the interval [-7/2, 7/2] as
shown below 2

Y

A

L[N /IN LN\ e

=
1

w3
[SIE

95.

96.

97.

98.

The domain of definition is the darkened portion on the
X-axis

. T T
ie. xe |[-——,——|U|—,—
[ 2 3) (3 2]

The correct option is (C)

For the sgn operation to be defined, we have
9-x*>01ie.,-3<x<3 )
For the square root operation to be defined, we have
[xP—4[x]=20

= [ (x]1+2)([x]-2)20

= 2<[x]<0or[x]=2

ie,2<x<lorx=>2 2)
The union of the intervals (1) and (2) gives the domain as
[-2, 1) uUl2,3)

The correct option is (B)

we have

fx)= \/(10g0‘2 x)" +(log,, x*) (log,, 0.0016x) + 36

= Jl1og,. x)’ +(310g,,x) {log,," + log,,(02)*} +36

= JA +34(A+4)+36

[putting log, , x = 4]

= JA 4322 4122436 = J(A+3) (A7 +12)
For the square root operation to be defined, we have
A+3) (A +12)=20
ie, 1+3>0 (v A2+ 12 is a positive quantity)
ie., log,x>-3ie,x<(02)°=5=125
Also, x > 0 for log to be defined
Hence, the required domain of definition is (0, 125]
The correct option is (C)

We have,
y=]-[xP x € [0,2]
ie., y=[x¥], 0<x<l
y=[x]-1, 1<x<2
=[x]-1, x=2
=0, x=2
ie., y=0, 0<x<l1
=1-1=0, 1<x<\2
=2-1=1, V2<x<3
=3-1=2, V<x<2
=0, x=2
Hence, the range is {0, 1, 2}
The correct option is (D)
For the inverse sin operation to be defined, we have

—1£[x2+l:|ﬁl
2

ie., —1£x2+l<2 ie., —ES)C2<E @)
2 2 2



99.

100.
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For the inverse cos operation to be defined, we have

-1< xz—l <1
2

ie., —1§x2—l<2
2

. -1_, 5
e, —<x'<— 2
3 3 (2)

Intersection of inequalities (1) and (2) gives

-1

5 <x'< % ie,0<x’< % [+ x* cannot be negative]

Now, we have

. 1
y=sin" (0)+cos (- 1) =, 0<x’ <5
. 1
y=sin" (1) + cos'(0) = 7, Eﬁxz <5

Hence, the range is {7}
The correct option is (C)

We have,
ax* +2x +1
Sy = 2x* = 2x+1

which is defined ¥ x € R, since
1\ 1
2% =2x+1 =2(x—5) +5 # 0 for any real x.

Now, if /i R — [-1, 2] is onto, then
Bl yier
2x° =2x+1
Solving the left-hand inequality, we have
(a+2)x*+22>20
whichistrue Vxe Rifa>-2 (1)
Solving the right-hand inequality, we have
(a-2)x*+6x—-1<0
which is true for all x € R if coefficient of x> <0 and D <0
ie, a<2and36+4(a-2)<0
ie,a<2anda<-7
ie,as-7 2)
Hence, from (1) and (2) the permissible values of a are
given by
(o0, =T] U [-2, 20)
The correct option is (C)
We have, f(x)=x+ (-1, xe N
Thus, we have

f(h=1+1=2, f)=2-1=1
fB)=3+1=4, fd=4-1=3
f(5)=5+1=¢, f(6)=6—1=15 and so on.

The graph of f(x) consists of the points (1, 2), (2, 1), (3, 4),
(4, 3), (5, 6), (6,5)... Thus, if(a, b) is a point on the graph,
then (b, a) is also a point on the graph. Hence the inverse of
fis fritself

ie, [{x)=x+(1)y"Lxe N

The correct option is (A)

101.

102.

103.

104.

ox® +6x —8

o+ 6x — 8x7

ie, (x+8)x*+6(1 —y)x—(ay+8)=0

According to the given condition, y takes all real values,
for real x. In other words, the above quadratic equation in x
should have real roots for every real y

ie, D>20,Vye R

ie, 36(1 —y)*+4(oy+8) (x+8y)20,Vye R
ie, O+8a) )y +(?+46)y+(9+8x)20,Vye R
i.e., D <0 and coefficient of )2 > 0

ie, (0#+46)<4(9+8m?and 9+ 8a>0

ie, #+46<2(9+ 8 and a>—-9/8

ie., & —16a+28<0and a>—-9/8

ie, 2<a<14and or>—9/8

ie,2<a<14

Hence, f: R —> Risonto for2< o< 14

The correct option is (D)

Lety=

. . 2 .
The function f(x) = sm'l( |xl] is defined for
1+x
2 2
iy e, 22
1+x 1+x

2|x] . .. .
- is a positive quantity
1+x

ie, X2=2x|+1=>0

ie., (x| —1)*>0, which is true Vx € R )
The function /sin x is defined for, sin x >0
ie, 2nr<x<(2n+)mne l 2)

Intersection of inequalities (1) and (2) gives the domain as
[2nm, 2n+ Dal,ne I

The correct option is (B)

[sin x] is always defined.

cos([ 77: 1]] is also defined everywhere except when
x —

[x-1]1=0

= 0<x-1<1

= 1<x<2

Hence, domain € R —[1, 2)
The correct option is (B)

-
I+x—[x] 1+{x}
Thus, domain = (—eo, o)

{x}
1+ {x}
yHyix;=ix}
> =2

1=y
Here, 0 < {x} <1s0,0< %<1

Here, y =

So, from y = we have,
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105.

106.

107.

108.

1
= 0<y< —
Y 2

1
Hence, range = [0, E)

The correct option is (C)

For g(x) = f][x]| to be defined, we must have
3L L2

= 0<|[x]|£2
= -2<[x]<L2
= —-2<x<3

[as x| =20 V x]

[as x|<a=-a<x<a]
[by definition of greatest integer function]
Hence, domain of g(x) is [- 2, 3).
The correct option is (C)
We know that {x + r} ={x} as r € Integer
2000 {x 4 r} 2000 {x}
Z 2000 z:{ 2000

r=1

=[x] +[ x} {7} + ...+ up to 2000 tlmes]

2000 2000
=[x] +% =[x]+{x} =x

The correct option is (A)

fx)= ﬁ(l +[sin kx])

=r;:+[sinx]+[sin 2x] + ... + [sin n x] (1)

Case I: When kx # % fork=1,2,3,....n

SinceO<kx<7randkx¢%

O<sinkx<1,fork=1,2,...,n
[sin kx] =0, fork=1,2,3,...,n
From (1), f(x)=n

Case II: When exactly one of x, 2x, 3x, ..., nx is %

T
Here, not more than one of x, 2x, 3x, ...nx can be B

In this case, one of sin x, sin 2x, ..., sin nx is 1 and others lie

between 0 and 1

From (1), f(x)=n+1
Hence, range of f={n,n+ 1}
The correct option is (C)

We have,
fmy={(1=p)p"} {fn+ D) +f(n+2)+ ... to o}
Putn=1
S ={A-pp '} /D) +/(3)+... to}
={(L-pp '} {1 -f(D)}
=(1-pp' =1 -pp f(1)

= f{l+1-pp'i=0
= f(Hxp'=1-pp"
= f(h=1-p

Putn=2,
J@)={1

-pp’

—pp YR +fH + ..}

109.

110.

111.

112.

= fQ)={(0-pp'} {1-1+p-f2)}
=[(1-pp'1p-f2)]
=(1-p)-0-pp f(2)
= fQ{l+1-pp't=1-p
= f@)=p(-p)
The correct option is (A)
X X X

+ + +
(x+D)Q2x+1) Qx+1)Gx+1)
X

+
(n=Dx+1)(nx+1)

1 1 1 1 1
=|[1- + - + —
1+x 1+x 1+2x I+2x 1+4+3x

N 1 1
I+(n—Dx 1+nx

1
1+ nx

S =lims, = {

Range f={0, 1}
The correct option is (A)

LetS =

=1-
1 whenx#0
0 whenx=0

1
For x=——, we have

)

=f()=

7o

(-
X

T

Fory=1, we have f(1) =1

)=y o fx)=xir (1)
Hence, f(x . y4?) =x? . y1
Let y"=z=y=2z"
= f(x-z)=x'.z2 or f(x)=x" 2)
From (1) and (2), we have

X4'P = xP

{f( )3

= g=p or g=p’
p

The correct option is (C)

Given, f(x +y) +f(x =) =2 f(x) /() (M
Interchange x and y in (1), we get

JO+x)+/y—x) =2/ f(x) )
From (1) and (2), f(x —y) =f(y —x)

Putting y = 2x, we get f(x) =f(—x)

The correct option is (A)

We have,

)= _f(2x+29

> J+50x+40 1)

Replacing x by o in the given functional equation

we get
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) 2x +29 +29
-3 x=2

_ 2 (2x+29)_2
x=2

2x +29
x=2

115.

116.

117.

= g +2p)=[1-{{1-{gx)}}"}1"
from (1) and (2), we have

= gx+2p)=[1-{1-{gx)}’}]"

= gx+2p)=[1-1+{gx)}]"

= glx+2p)=[{g)}]"

= glx+2p)=gx)

which shows f(x +2p) — 1 =f(x) — 1

or, flx+2p)=/(x)

Hence, f(x) is periodic with period 2p.
The correct option is (B)

Given f(x) +f(x+a)+ ... +f(x+an)=0 (1)
Replace x by x + a, we get
fx+a)+f(x+2a)+ ... +f{x+an+1)} =0 2)

Subtracting (2) from (1), we get
J@O—f{x+am+1)};=0

= f(x) is periodic with period a(n + 1)

The correct option is (B)

Since y = log, x is an increasing function, so S is mapped
onto the set (log,3, log,27) = (1, 3)

The correct option is (C)

We have f(x) + ¢(x) =x—3+4 —x=1, so that

LS+ 19| =1

Furthermore,

x-3 ifx23
lf(x):{3—x ifx<3;
and|¢(x)|:{4_x %fxs4

x—4 ifx>4
7-2x if x<3
= [f@I+[px)=1 1  if3<x<4
2x =7 if x>4

We need those points for which the L.H.S. is greater than 1.
Clearly, we can exclude values of x between 3 and 4. Now,
for values of x less than 3, 7 — 2x is greater than 1, and for
values of x greater than 4, 2x — 7 is greater than 1.
Therefore, the given inequality is true for values of x given
by (ee, e0) = [3, 4].

The correct option is (C)

2x + 29 3 2x+ 29
f( T J——zf(x)—SO( T )+40 2)
Using (2) in (1), we get
)= %f(x) + 75(2 : 29] ~ 60+ 50x + 40
= 2 f0- f(x) = 20 - 50x - 75(2" ha 29)
4 x—2
5 2x + 29
= Zf(x) = 20—50x—75( N ]
= f(x)= 16— 40x —60(2“29)
x—=2
The correct option is (A)
113. Here,
g(x) = (gog) (x) =g{g(x)} =g(3 + 4x)
= Zx)=3+4C@+4x)
= g(x)=15+4%
= g)=#F-D+#x
On generalizing, we have
g'x)=@"—1)+ @)
Then, for finding inverse, g"(x) =y
= y=@"-1)+@"x
= x=(+1-474"
= gU0) =+ 1 -4
= g'X)=x+1-414"
The correct option is (B)
114. We have,
Ja+p)=1+[2-3f(x)+3 { /()= {/()}]"
= fx+p) =1+[1+{1-/)}]"
= fx+p)—1=[1-{f(x)-1}]"
= gx+p) =[1-{gW)}]"” (1)
where g(x) =f(x) -1 and g(x + p) =f(x +p) — 1
= gx+2p)=[1-{gk+p)}]” @
118. Sincef(x):f(x-‘_l):x: xrl
x+2 xX+2
=>x24+x-1=0
—1+45
= ()

Since f(x) is an even function defined on [- 5, 5],

JEX)=/x), Vxe [5,5]

= x:f(x+1) =>x*+3x+1=0
x+2

2
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119.

120.

121.

122.

From (1) and (2), the values of x are
~1£V5 345
and
2 2
The correct option is (A) and (B)
Let the required function be f(x) = ax + b
Ifa>0,thenf(-1)=0and f(1)=2
= —a+b=0anda+b=2
= a=landb=1
Ifa<0,thenf(-1)=2and f(1)=0
= —a+b=2anda+b=0
= a=-landb=1
Hence, f(x)=x+1 or f(x)=-x+1
The correct option is (B) and (C)
Taking f(x) = log x, we see that

f(x) =)~ ()
y

Clearly, f(x) is not bounded

andf(l)z—logx—woasxao
X

Also, x f(x)=xlogx >0asx — 0

The correct option is (C) and (D)

Since, f(—x) =f(x)

= f(x) is an even function, its graph will be symmetrical
about y-axis.

Also, /() = —(' el 'J
1+ x

= f(x) =—(positive) = negative

i.e., the graph of f(x) completely lies below the x-axis, and

is also symmetric about y-axis (as discussed above).

The graph of f(x) lies in III and IV quadrants.

The correct option is (C) and (D)

Whenx, =-landx,=1,

-1-1

1+ 1(D)

then f(— 1)~ f(1) = f[
= f)=0,
which is satisfied when /(x) = tan”’ [1"‘)

) =fE 1)

1+x
When x, =x, =0, then
0-0
S0)=f(0)= f(l—()) =f0)=/(0)=0
When x, = -1 and x, = 0, then

SED) -0 = f[_ll__oo) — S 1) = /(0) =0,
which is satisfied when f{(x) = log (l—x)

1+x
and, f(x) = log(i * x)

- X

The correct option is (A), (B) and (C)

2
123. (A) The period of cos 7w x is i 2, and period of {x} is 1
T

Hence, period of the given function is L.C.M. of(1,2)=2
(B) Solving tan(g[x + T]) = tan(g[x])

ie., [x+T]-[x]=2n
gives a value of 7 independent of x only if 7 is an
integer. In that case, the above equation reduces to
[x]+T—-[x]=2n
ie., T=2n
Hence, period of f(x), is the smallest positive value of
T,ie., 2.

(C) We have period of sin x = 27 and period of {x} =1
Hence, period of the given functions is L.C.M. of (27, 1)

which does not exist since 27 is an irrational number.
Hence, the function is not periodic

(D) Let us solve
sin{cos (x + 7)} = sin{cos x}
ie,cos(x+T)=nrm+(—1)"cosx,ne [l
Putting n = 0, gives cos (x + 7) = cos x,
which gives "= 27 as the smallest positive value. For

no other value of # can a value of 7 be found indepen-
dent of x.

Hence, the required fundamental period is 27.
The correct option is (A) and (B)

124. The function is defined for all real values of x except those

which satisfy the equation
(k=1]+[7-x]-6=0 (O]
Casel: (1<x<7)
Equation (1) reduces to
[x=1]+[7-x]-6=0
ie, [x]-1+[-x]+7-6=0o0r[x]+[-x]=0
which is true V x €
Thus, every integer in (1, 7) satisfies equation (1).
CaseIl: (x<1)
Equation (1) reduces to
[T=x]+[7-x]-6=0
ie, 1+[-x]+7+[-x]-6=0
ie, [-x]=—-1lie,-1<-x<0or0<x<1
Thus, equation (1) is satisfied V 0 <x < 1
Case III: (x 2 7)
Equation (1) reduces to
[x=1]+[x-7]-6=0
ie, [x]-1+[x]-7-6=0o0r[x]=7
7<x<8
Thus, equation (1) is satisfied V 7 < x < 8. The union of the
intervals obtained in the above three cases gives the domain
of definition as
R—(0,11-[7,8)—12,3,4,5,6}
The correct option is (A), (B) and (C)
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x(sinx +tanx) _ x(sinx + tanx)

125. ft = x+x| 1 [x 1
T
b4 2 T 2
_ x(sinx + tanx)
[1] +0.5
b4
= fl)= —x(sin(_—x) + tan(—x))
[—x] +0.5
b4
x(sinx + tanx) -
= flo=1 -1- [ﬂ +0.5
0 ,X=n1t
= f(x)=- X(sinx + tanx) ,whenx #nm

126.

B

and f(—x) =0, whenx =nzx

Hence, f(x) is an odd function (if x # nx) and f(x) is an even
function (if x = n7x)

The correct option is (C) and (D)

Let us check for invertibility of f(x)

X

e +e
2

(A) one-one: we have, f(x) =
e +1
= f'x)= el which is strictly increasing as e*
> 0 for all x.
Thus, f'is one-one
(B) Onto; Let y =f{(x)

e +e”

= y=

Hence, range of f(x) = (f(—°), f(e))
= range of f(x) = (—oe, )

, Where y is strictly monotonic

So, range of f(x) = co-domain
Hence, f(x) is one-one and onto
e -1
2e"
= e¥-2ey-1=0

2y +/4y" +4

= o=
2

= x=logy+ ) +1)

= [l =log(y £y +1)

)

(C) Tofindf':y=

Since, e
sign.

Hence, f~'(x) = log(x +/x* +1 )
The correct option is (A), (B) and (D)

is always positive, so, neglecting negative

127. We have,
J(x) = sin"'(log [x]) + log(sin'[x]) (1)
Let g(x)=sin"'(log [x]) 2)
and, 4(x) = log(sin"'[x]) 3)
Now for g(x);
—1<log[x]<1 {as sin™! Qexists when—1<0< 1}
and, [x] >0 {as log [x] exists when [x] > 0}
= és[x]Seand[x]>0
= [x]=1,2
= xe[l,3) 4)

Again, from (3), we have
h(x) = log (sin"'[x]) exists when;
sin! [x]>0and -1 <[x] <1
= [x]>0and-1<[x]< 1
= 0<x]<1=[x]=1
= xe[l,2) )
= Domain of f(x) is [1, 2)
Now, for range,
we know, f(x) = sin”!(log[x]) + log(sin"'[x])
wherex e [1,2) = [x] =1
Range of f(x) = sin”!(log 1) + log(sin™" 1)

=sin”!(0) + log (%)
= log(7/2)

= Range of f(x) = {log %}

The correct option is (A) and (C)

128. (A) one-one:

fw=2""

= ffx)=2""" (2x-1)"log,

For f{(x) to be one-one, it should be strictly increasing
or strictly decreasing.

So, f’(x)>0

= 277" (2x—1)> 0, where 2x** > 0 for all x

= 2x71>00rx>%

Thus, for given domain [1, o0), f(x) is always

increasing. Hence, f'is one-one
(B) onto: As f(x) is strictly increasing

= Range f(x) € [f(1), /(=)

= Range f(x) € [1, )

= Range of f(x) = Co-domain of f(x), thus, f'is onto.
(C) Inverse:

As f'is one-one and onto, /! can be obtained.

Lety = f(x)

= y=2*"

= x-x=logy

= x-x—log,y=0
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129.

131.

132.

_1xl+4log, y

= x=
2
1+ /1+4log, y 3 ) (1993]
)= — N T e2S = — — =1
= )= 5 [asy>0,Vxe D] S 1996 S 1996
The correct option is (A), (B)and(¢C) e
2P PSP
S =~ ()
9 13 f(997j+f(999):1
s —x) 9!~ 1996 1996
an —X)= ———
9" +3 f(998)+f(99sj_10r f(998)_l
2 . 1996 1996 199) 2
= f(l-x)= 997 0130° Adding all the above expressions, we get
o R ExseyE
9 1996 1996 1996
1-x)= 2
S0=9= 3579 @ =(1+1+1+...+997)+%
Adding (1) and (2), we get =997 + % = 997%
) +f(1-x)= X9' + % The correct option is (A) and (D)
9743 36+9) 130. We have f(n +2) —f(n + 1)
_3.949 3097 +3) =(n+2)!1=(n+2) (n+1)!
307+3) 3097 +3) =(n+2) [f(n+1)—f(n)]
S +/1-x)=1 3 = f(n+2)=(n+3)f(n+1)—(n+2)f(n)
Now, putting x = , 2 , 3 - 998 ,in (3), we get P@)=x+3and Ox)=—x-2
1996 1996 1996 1996 The correct option is (A) and (B)
1 1995
— |+ —|=1
f(1996) f(w%)
Passage Based Questions
sin x is a periodic function with period 27, therefore 133. Since [sin x| + |cos x| is a periodic function with period g s
sin (\/ﬁ x) is a periodic function with period 2z . therefore period of f(x) will be r when k= 1.
. o Jinl 2
But the period of f(x) is 27 (given). The correct option is (A)
. . X
2r :2ﬂ:>\/m=1:>[n]=1:>1Sn<2 134. 3x+3;[3x+3]hastheper10dlandsm7 has the
L] L period il i.e., 4. Therefore, the period of f(x) is L.C.M.
The correct option is (A) /2
Jx+1D)=7(x) (1,4)=4.
= cos (sin (x + T) + cos (cos (x + T) The correct option is (A)
= cos (sin x) + cos (cos x) 13s.

If x = 0, then cos (sin 7) + cos (cos T)
=c0s(0) + cos (1) =cos (cosg) + cos (sin%)

On comparing, we get 7= %

The correct option is (A)

. . . . T .
The period of |sin x| + |cos x| and sin*x + cos*x is B sin (sinx)

. . . 1+2
+ sin (cos x) has period 2. The function &
sinx (2 +secx)

. . L. cos X .
can be written in a simplified form as —— = cot x, so it
has period 7. Sinx

The correct option is (D)
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2 2 i
136. The period of sin 5x is ?”and that of cos 3x is Tﬂ and, lim (1 + s1n2x ) e
2r 2r . 3 e cos” x
As — and —= do not have a common multiple, f(x) is
5 NE) Range = (oo, o)

non-periodic. The correct option is (B)

140. For f(x) to be defined,
(1) [2x*-3]=-1,0,1
= -1<2¢-3<2=2<2x°<5

The correct option is (C)
137. We have,

e+e=e=W=c—¢

= f(x)=log(e—e) s

For f(x) to be defined, e — e* > 0 = 1Sx2<5

= e>er=x<1

Domain of f=(— o, 1)
Lety=1log (e —e") Se=e—¢

I<x*=x<-lorx>1

= 1,5 \F \F
X< = <x<, =
2 2 2
= —\/§<xS—1 orle<\/§ (1)
2 2

= el>ey:>y<1 (2) X =5x+5>0

Range of f=(—eo, 1) <5_\/§ >5+\/§ )
The correct option is (B) = X 5 o 5 )

= e'=e-¢
= x=log(e—¢)
For x to bereal, e — e’ >0

138. Since [x* + 1] is an integer,
sin (2{x*+ 1) =0
sin(z[x* +1])

(3) log,, (x*=5x+5)>0

1Y
= x275x+5<(5) =x-5x+5<1

= fx) a1 0
X+ = xX-5x+4<0
Hence, Range 0ff=Rf= {0} - l<x<4 5 (3)
The correct option is (C) From Eqs. (1), (2) and (3), I Sx < — >
sinx The correct option is (D)

139. We have, f(x) =1 + ——

cos’ x
) . . 141. Iff(x) =0, then x + f(x) = 2f(x)
cos” x (cosx) + sinx (2 cosx sinx)

Match the Column Type

142.

= fv= cos' x or, f(x)=x
2 . . f74(x) =x, when f1(x) 2 0 (1)
_ Cosx (cos x4+ 2sin"x) _ 1+ s13n x Also, when /() £ 0..x — f(x) = 2/(2)
cos’ x cos’ x X
= f(x)>0. or, f(x)= 3

f{(x) is increasing function.

. sinx
lim |1+ > =
x_;T” cos” x

S7'(x) =3x, when /'(x) <0
Clearly, option (d) satisfies both (1) and (2)
The correct option is (D)

2

I. f(x)is defined if | sinx |+ sinx >0
= sinx>0=2nr<x<2nw+71
Domain of /= (2nx, 2n+ 1) m)
The correct option is (B)
II. f(x) is defined if

1 1
—lo 1+—]-1>0,14 — >0,x#0
g]/z( xl/s) /5

1,
X

1
= 10gv2(1+T) <—1L,x¥+1>0,x#0
x

-1
= 1+ %> (%) ,x> (=175 x#0
X

1
= T>1,x>*landx¢0
X

= 0<x<landx>-1=0<x<1
Domain (f)=(0, 1)
The correct option is (C)
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1.

IV.

f(x) is defined if

—~(log, x)*+ 5 log,x —6>0and x > 0

= (log,x—-3)(2—log,x)>0and x>0
= (log,x—2)(log,x-3)<0andx>0
= 2<log,x<3andx>0

= F<x<3PF=9<x<27

Domain of /= (9, 27).

The correct option is (D)

Domain of cot'x is R and is defined if
x*# [¥?] (o x2>[x])

= x?# 0 or positive integer.
Hence, domain =R — { Jnin> 0,ne I}.

The correct option is (A)

x* —[x*]

143. L f(x) is defined if 3x> — 4x + 5> 0

2
= 3 xz—ix+é >20=3 x—g +E >0
3 3 3 9

which is true for all real x

Domain (f') = (—eo, o)

Lety=3x"—4x+5
= y2=3x2—4x+5i.e.,3x2—4x+(5—y2)=0

11
For x to be real, 16712(57y2)20=>y2\/;

Range of y =[\/?, oo)

The correct option is (C)

IL f(x)is defined if 3x* — 4x + 5> 0

2
= 3 xz—ix+§ >0=3 x—E +E >0,
33 3 9

which is true for all real x.

Domain ( f) = (— o, o)
Let,y=log, 3x* —4x+5) = e =3x"-
= 3xX-4x+(5-¢)=0
For x to be real,
16-12(5-)20=> 12244 = ¢ 2 13—1
11

4x+5

= y2log, 2~

Range of /= |:loge %, oo)

The correct option is (A)

IIL f(x) is defined if x* + x — 6 # 0

e, (x+3)(x—2)#0ie,x#-3,2
Domain (f) = (— oo, eo)\{— 3, 2}

Let y x —-3x+2
x> +x—6
= xXy+xp—6y=x>-3x+2

= X@-D+x@+3)-(6y+2)=0

144.

Iv.

1I.

Forxtobereal, (y +3)°+4 (y— 1) (6y+2)>0
= 25-10y+120ie.,(5y—1)20
which is true for all real y.

Range of /= (— oo, o).
The correct option is (B)
For f(x) to be defined,

1-x

Since V4 —x> £0,
we have | —x>0and4—-x*>0
x<land(x-2)(x+2)<0
x<land-2<x<2
= -—-2<x<l1

Domain of f= (-2, 1)

< oo

- X

= —1<sin [log{ 4—x2]:l <1

>0,4-x*>0and 1 —x=0

I}

Since — oo < log [

1-x

Range of f=[-1, 1].
The correct option is (D)

. We have,
y=log . {\/5 (sinx —cosx) + 3}

=log {2 sin(x - %) + 3}

which is defined for values of x such that

2sm(n’——)+3>0
4

which is true Vx e R
Now, we have

<2 sin(x—ﬁ) <2
4

ie, 12 sin(x—%) +3<5

ie, 0<log. {2sin(x - %) + 3} <log ;5
ie, 0<y<2
Hence, the range is y € [0, 2]
The correct option is (C)
The function is defined for values of x such that
— log ; (16sin’x+1)>0
Also, we have
2-log (16 sin’x+ 1) <2
[~ log g (16 sin’x + 1) > 0]
Together, we have
0<2-log (16 sin?x+1)<2
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145.

146.

ie, —eo<log{2- log; (16sin’x+ 1)} <log,2
ie, —oeo<y<l1
Hence, the range is y € (—eo, 1]

The correct option is (B)

III. We have,

X X

e’ —e
=——=0,x<0

e +e”

x —-x —2x

e —e l—e
=——F= , x>0

e +e 2

Now, we have Vx>0,0<e> <1

ie, —1<-e*<0ie,051-e*<1
—2x

ie., 0S1 ¢ <li,e,,05y<l
2 2 2

. 1
Hence, the range is y € I:O, E)

The correct option is (D)

Functions 2.57
IV. We have,
e —et e +1-2 2
= T T T =1- 2x
e +e e +1 1+e”
Now, we have Vx> 0,2< 1 +e* <o
. 1 1
i.e., -2 —>0
2 1+e™
. -2
e, -—-1< B
1+ e
. 2
e, —-l1+I1<1- - <0+1
1+e™

Hence, the range is y € [0, 1)
The correct option is (A)

We have,
3f(x)ff( ) =4nx

1
x
Putting 1/x in place of x, we have
3f(/x)—f(x)=—4Inx
Solving the above equations, we have
fx)=lnx=fle)=x
Hence, required area is
1 27!
Jx dx = |:x:| =0
he' 2],
The correct option is (A)

Given, f(x) = —
-

A v
B al—x B \/;

)_al'x+\/g_\/;+ax @
From (1) and (2), we have f(x) + f(1 —-x) =1 3)

e
- S5 25 -
- Zf(i)+ if(i)zznfl

r=1 r=1

Now, f(1 —x

(Putting 2n —r=1)

2n-1

”
Hence, 2 — |=2n-1
2/(5)

The correct option is (A)

147.

148.

We have,

g(x)=+/—x +4x -3 and

h(x) = \/sin(gsin(g(x-l)n

Since — x* + 4x — 3 = 1 — (x — 2)%, maximum value of g =
g2)=1.

Also, g(1)=0

Therefore, minimum value of g =g(1) =0

Now, 2(2)=1and 2(1) =0

Hence, maximum and minimum values of both g and 4 are
attained at 2 and 1, respectively. Further, g and / are both
continous in [1, 2] Hence, Range of f'=[ f(1), f/(2)] = [0, 2]
The correct option is (A)

Domain of g(x): g(x) is defined if
3—x20and(x—1)(x—2)(x—3)#0
= x<3andx=#1,2,3

Domain of g(x) = (-, 3) — {1, 2, 3}
Domain of A(x):
h(x) = sin’l[ﬂ] =-1< [ﬂ] <1

2 2

Case It

|22 s s <322
2 2

= -2<3x-2<0

2
0<x<— 1
3 (D
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150.

151.

152.

Case II: Domain of f=[0, 2) — {1}
It 3x -2 0 The correct option is (A)
2 a 149. Since, g(x) is a function whose graph is the reflection of the
3x_2 graph of f(x) in the line y =x
0= o <1=0s3x-2<2 = g(x) is the inverse of f(x) by definition
= 2<3x<4 Le., gx)=1"(x)
2 4 Now, lety=f(x)=(x+ 12, Vx>-1 {given}
SLoSx<— 2)
3 3 = +D=xy,y20
Case III: i1 \/;
If [3x2_2]: 1=1< 73)62—2 <2=2<3x-2<4 = eitherx=-1+\y or x=-1-y
4 = fly= \/; -1 Not possible, - x >—1 (given)
—<x<2 3)
3 1) =Jx-1=g(x), x>0
Thus, from (1), (2) and (3), we have The correct option is (A)
Domain of A(x) = [0, 2)
Previous Year’s Questions
Key Idea : Period of the functions sin @and cos @is 2. 153. Clearly the function is both one-to-one and onto
Since. sin?0= l—cos20 1 lcos 20 Because if n is odd, values are set of all non-negative
’ B 2 T2 2 integers and if » is an even, values are set of all negative
. . 27 integers.
. 29— 2% _
-+ Period of sin"6 = 2 " The correct option is (C)
The correct option is (B) 154. 42 %0
Key Idea : Domain of inverse function sin™ x = [-1, 1] and = x#12
. T And, x¥*-x >0
range of sin x:[—z,z]. = x(x+D)(x=1)>0.
Since, domain of sin™! x = [— 1, 1] The correct option is (D)
~—1<log, (g) <1 155. f(x)=""P,_,
L x Now, 7-x20=>x<7
=3 23%3 And, x=320= x>3,
—=1<x<9 Again, 7-x2x-3=>x<5
. . x\| . =3<x<5=x=3,4,5
.. Domain of sin™" | log;, E is [1, 9]. — Range is {1, 2, 3}.
The correct option is (A) The correct option is (A)
"+ f(x) =sin* x + cos'x 156. —2<sinx—~/3cosx<2 = —1<sinx—~/3cosx+1<3
= (sin® x + cos®x)>— 2 sin® x cos’x = range of f(x) is [-1, 3].
1. 5 Hence the range set S is [-1, 3].
=1- E(Zsmxcos X) The correct option is (D)
=1- l(sin 2x)? = 3 + lcos Ax 157. If the curve y = f(x) is symmetric about the line x = 2 then
2o s fC+x) =/~ x).
* cos x is periodic with period 27. The correct option is (B)
. The period of function f(x) = %Tﬂ = % 158. Since 9 —x*>0and-1<x-3<1=x€[2,3)

The correct option is (B)

The correct option is (B)



159.

160.

161.

162.

163.

Functions 2.59

Given f(x)= tan"l(l sz) forxe (-1, 1)
Clearly range of f(x)= (_g’g)

*. co-domain of function = B = (—%,g)

The correct option is (D)

JfQ2a—x) =f(a— (x=a)) = f(4) f(x-a)-£(0) f(x)
=—f(x) [-- x=0,y=0in the given functional equation f(0)
=/?(0)-1*a)
= f4) =0 = f(4) =0].
The correct option is (A)

f(x) is defined if -1 < X _1<landcosx>0
2

ie if0<x<4and —g<x<E

2
SLXE [O,E)
2

The correct option is (D)

Function is increasing

Y
So, x=——=
7 W
The correct option is (D)

Given f(x) =x> + 5x + 1.
The differential /* (x) =3x>+5>0,Vxe R
. f(x) is strictly increasing function

. It is one-one
Clearly, f(x) is a continuous function and also increasing on
R

Lt f(x)=—ccand Lt f(x)=oo
X—>—0o X—>o0
.~ f(x) takes every value between —oo and eo.
Thus, f'(x) is onto function.
The correct option is (C)

1
VIx[=x

=|x|—x>0=|x[|>x= x isnegative

X € (— oo, 0)

The correct option is (B)

f(xX)+2f(1/x)=3x @)

x—>l:>f(l/x)+2f(x)=3/x 2)
X

f(x)+2(é—2f(x))=3x
X
:>3f(x):§—3x

X

:f(x)z%—x

For S, f(x)=f(—x):g—x20
X

Sx=4/2
The correct option is (D)
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