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DERIVATIVE OF A FUNCTION

Let y = f(x) be a function defined on the interval [a, b]. Let
for a small increment Ox in x, the corresponding increment
in the value of y be dy. Then

y=f(x)and y + 0y =f(x + Ox)
On subtraction, we get
Oy =[x+ &x) —f(x)
Oy _ f(x+6x)—[f(x)

or

Sx Sx
Taking limit on both sides when dx — 0 we have,
b O fG80- ()
Sx—0 6_)6 5x—>0 (Sx

if this limit exists, is called the derivative or differential

coefficient of y with respect to x and is written as @ or
’ dx
).
dx 5x—0 Ox Sx—0 ox

IMPORTANT POINTS

The instantaneous rate of change of f (x) at x, which is
) , df . -
written as f ’(x) or o is called the derivative of f at x.
X
Geometrically, it represents the slope of the tangent at the

point (x, y) on the curve y =f (x).

DERIVATIVE AT A POINT

The value of f’ (x) obtained by putting x = a, is called
the derivative of f(x) at x = @ and it is denoted by f”(a) or

]
dx)._,

STANDARD DERIVATIVES

Algebraic Functions

1. %(x") =nx"!
di[f(xn" S
X

2. i(i)= !
dx xn

dl( 1Y -n d
E(f(x)) " a Y

d
3'\/;2f

1
E\/f(x)_ F

SOLVED EXAMPLES

1. If S, denotes the sum of n terms of a G.P. whose

—f()

. ds, .
common ratio is 7, then (r — 1) d—" is equal to
r
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(A) (n-1)S,+nS, |
©) (=15,

Solution: (B)
We have,

B) (n-1)S,-nS,
(D) None of these

a(r" =1)

r—1

S:

n

= (r-1)S,=ar"-a

Differentiating both sides with respect to r, we get

ds,
-1 n
=10

= r=1

+8,=nar’" "' -0

dSn n—1
=nar -8,

dr

=n (nth term of G.P.) - §,,
=n(S,=S,_1) -5,
=n-1)8,-nS,_,.

L If y2 = P (x), a polynomial of degree n > 3, then
2 (r22)-

(A) =P (x)-P” (x)
(©) P (x)-P"(x)

Solution: (B)

(B) P (x)x P (x)
(D) None of these

We have,
¥y =P ) (1)
dy _
= 2y I =P (x) ()
dy dy dy
22 L2 40y =p
dx  dx Y d? ()
2 2
d d ,
= 2y2 (d_z) +2y3 X{ =y2P' (x)
d2y 2
i dy
= 2 2 =y P —22(—)
Vg2 =V P02y T
) 1
=y P () - 5 7 @)1
[from (2)]
d( ;d*y
= 2 = |y ==
dx [y dxzj

=2y j—y P’ (x)+y* P” (x)— % 2P (x) X P” (x)
X

=P (x) P" (x)+)* P” (x)— P (x) P” (x)
d
[ 2 yd—';} = P'(x)]

=2 P” (x)=P (x) P (x). [y =P )]

3. Letf be a twice differentiable function such that

7 (x)=—f(x) and f"(x) = g (x). If
h(x)=[f(0)]* +[g ®)]* and & (5) = 11 then h (10) =

(A) 11 B) 0

©) -1 (D) None of these
Solution: (A)

We have,

h(x) =[] +[g ()]

Differentiating both sides with respect to x, we get

h(x) =2 f(x) X f"(x) + 2g (x) &' (x)

=2/x) g () +2g(x) g (v)
[/ () =g ()]

=2g () [/ +g (] (1)
But g =/"0)=¢ X)=1"(x)=-f()

[~ 7 () ==f()]
. From (1),

h (x)=2g ) [/(x)-/()]=0

= h (x) = constant for all x.
Given h(5)=11,
h(10)=11

. A function f(x) is so defined that for all x, [ f(x)]"

= f(nx). If f’(x) denotes derivative of f(x) with respect
to x, then f”(x) X f(nx) =

(A) f(x) (B) 0

(C) fx)- f'(nx) (D) None of these
Solution: (C)

We have,

[f(0)]" = f(nx)

Differentiating with respect to x, we get

n[f]" X () =f"(nx)-n
= /" f/(x) =1"(nx)
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= LA £/ () =f"(nx) - f(x)
[Multiplying both sides by f(x)]

= Snx)- 1) =f" (nx) - f(x)
[ [/ = /()]

. Iff(x) = (1 —x)", then the value of

SO)+£7(0) + ——= f (0) L('m is equal to
n
(A) 2" (B) 0
€y 2" ! (D) None of these
Solution: (B)
We have,

f&) =10 @)=-n(1-x"",
S =n(n-1)(1-x)""7
@) =—nn-1)(n-2)(1-x)"""..
"= -1 (n-2)...1
=  fO=Lf0)=-nf"0)=nn-1),
f7O0)==n(n-1)(n-2)..f"(0)=(1)"n!

Therefore,

10+ + L9 f O %
3 n(n=1) nn-1)(n-2) (-D"n!
=lon+ == 3 ot

="Cy—"Cy+"Cy—"Cy + ...+ (- 1)''C,
=(1-1y"=0.

. Iff’(x) = ¢(x) and ¢ (x) =f(x) for all x. Also, f(3)=5
and /”(3) = 4. Then the value of [ (10)]* — [ ¢(10)]* is

(A) 0 (B) 9
(C) 41 (D) None of these

Solution: (B)
VWP -[00F} =2 1@ 10— ) ¢” @]
=2 [/(0)-9(x) = $(x)-/(¥)]
[f"(x) = ¢(x) and ¢ (x) =f(x)]
=0
= [/®]* - [¢()]’ = constant

s LAAOF — 6107 = [fB) ~ [3)]

=[/OF -1/ )

=25-16=9

7. Ifgf(x)+6](lJ =X+53de=x2f(x), then Z_y at
X x

x=—11s equal to

1
(A) 0 1 (B) m
©) - — (D) None of these
14
Solution: (C)
We have,
8f(x)+6f(l) =x+5 forall x (1)
X
Therefore,
8f(1)+6f(x)=l+5 2)
X X

(Putting x= l)
X
From (1) and (2), we have
1 6
= —|8x——+10
) 28( ¥ J

y:xzf(x): 2L8 (8x3—6x+ 10x2)

= & _ 1 (24x* +20x — 6)
dx 28
1 1
@] =— (24-20-6)=— —
dx )., 28 14

. Let f(x) be a polynomial function satisfying f(x)-

f (l) =fx)+f (l) .Iff(4)=065and [, [,, [ are in
x x

G.P. thenf"(1,), f(1,), f'(l;) are in
(A) AP (B) G.P.
(C) HP (D) None of these

Solution: (B)
Since f(x) is a polynomial function satisfying

1) f (1) = f)+f (1) ,
X X
g fx)=x"+1lorf(x)=—x"+1
It f()=—x"+ 1, then f(4)=—4" + 1 # 65
So, flx)=x"+1.
4"+1=65=n=3

Since f(4)=065 ..

O =x+1=f(x)=3x"
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10.

11.

L ) =3 ) =3 ) = 35
Since /,, /5, [; are in G.P,

S/, f'(L), f(1;) are also in G.P.

. Letf(x) = (x* +2)°°. If /" (x) is a polynomial of degree

20, where /" (x) denotes the nth derivative of f(x) with
respect to x, then the value of n is

(A) 60 (B) 40

(C) 70 (D) None of these
Solution: (C)

f(x) is a polynomial of degree 90. f/’(x) reduces the
degree of f(x) by one. Thus, in order to get a polyno-
mial of degree 20, we must reduce the degree of f(x)

by 70. Hence, f(x) should be differentiated 70 times to
get a polynomial of degree 20.

n="170.

ffx)+/0)+f(2)+f(x): f(y)- f(z)=14forallx, y, z
€ R, then

(A) f(0)=2

(B) f'(x)=0, forallxe R
(©) f'(x) >0, forallxe R
(D) None of these
Solution: (A, B)

We have,

SO +10) +f(2) +10)- f()- f(2) = 14

forallx,y,ze R
Putting x =y =z=0, we get

3£(0)+ [A(0)] = 14

(1

= [AOP+3£(0)-14=0

= f(0)=2.
Now, putting y =z =x1in (1), we get
3/ +[f0F = 14
Differentiating with respect to x, we get
370 +3 [P f()=0
= 3@+ =0
= /7 (x)=0, for all x.
Let () be a polynomial of degree 3 such that f(3) =1,

f'B3)=-1,f"(3B)=0and /" (3) = 12. Then the value
of /(1) is

12.

(A) 12
©) - 13

Solution: (B)
Let/(x)=a(x—3)+b(x-3V +c(x-3)+d
Then,

fB@)=1=d=d=1

(B) 23
(D) None of these

fB)=-1l=c=>c=-1
f73)=0=2b=b=0
f7B3)=12=6a = a=2.
f)=2(x-3) -x+4=f()=6(x-3) -1
f/(H=6(4)-1=23.
A triangle has two of its vertices at P (a, 0),

0 (0, b) and the third vertex R (x, y) is moving along
the straight line y = x. If 4 be the area of the triangle,

thenﬁ:
dx
a-b a-b
A B
(A) 7 (B) 1
a+b a+b
C D
©) > (D) 1

Solution: (C)
Area of APOR=A4

- % [x(b-0)+0(0-y)+a(y-Db)]

= % (bx +ax —ab) (Asy =x)

d4 1
— == (a+b
dx 2 (@+?)
Y
Q (0, b)
R, )
//+
3
0 P(a,0) X
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Exponential Functions Trigonometric Functions
L a(ex) =e¢ 1. %(sinx) =cosx
ie[f(X)] _ {e[f(x)]}if(x) d . d
dx dx Esm[f (x)] = cos[f (x)]Ef (x)
2. E(ax)=ax log, a 2. %(cosx) =—sinx
A @) _ () d d
o T la legay f ) ~ceos[f (0] = =sin[f (0]~ f(x)

3. i(tan x)= sec’x
dx

SOLVED EXAMPLE

da — sec? da
13. Let f(x) = 2 and ¢(x) = — 2° + 2x log 2. If /7(x) > 2 P00 = sec L]0 f ()

¢’(x), then d
(A) 0<x<1 (B) 0<x<1 4. d—(cotx) = — cosec” (x)
(C) x>0 (D) x>0 o
Solution: (C) icot [f(x)] = —cosec’ [f(x)] 4 f(x)
dx dx
Since f'x)> 0’ (x)
d
5. —(secx) =secxtanx
= 2% '"2log2>-2"log2+2log2 dx
= 2%>-2"+2 disec [/ (x)] = sec[f(x)]tan[f (X)] f (x)
= 27 42°-2>0 d
6. —(cosecx) =— cosec x cot x
= Q- 1)(2'+2)>0 dx
- 2150 (22 42>00rally)  “ecosecl /(1] = —coseel /(0] ot /(] /()
= 2> 1

SOLVED EXAMPLES
x> 0.

v/
. . . 14. If f(x) =| cos x — sin x |, then f’| = | is equal to
Logarithmic Functions S@=| | 4 (2) a

d 1 A1 (B) -1
1. —(log, x)= — ) 0 (D) None of these

dx X

J Solution: (A)

E[IOgef(x)] md—f( x) When 0<x<%,cosx>sinx

cosx—sinx >0

2 i(lo X) = /4 T
P At xlog, a When 7 %< 5,cosx<sinx

d 1 d cosx—sinx<0
E[loga S = maf(x) .
Ee When 3 <x<mcosx—sinx<0
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15.

16.

T .
Whenz <x<mcosx—sinx<0
. . T
o | cos x —sin x | = —(cos x — sin x), when 1 <x<rm
. T
f(x) =—cos x + sin x, when 2 <x<rm
= f’(x)=sinx +cosx

= f’(£)=sin£+cos£=l+0=l
2 2 2

If f(x) = (ax + b) sin x + (cx + d) cos x, then the values
of a, b, ¢ and d such that f"(x) = x cos x for all x are

(A) b=c=0,a=d=1 B) b=d=0,a=c=1
(C) c=d=0,a=b=1 (D) None of these

Solution: (A)
We have,
f'(x)=asinx+ (ax + b) cos x + ¢ cos x

—(cx +d) sinx

But f’(x) =x cos x for all x (given).

soxcosx=(a—d)sinx+ (b+c)cosx+ax
COs x — ¢x sin x

Equating the coefficients of sin x, cos x, x cos x and x
sin x, we get

a-d=0,b+c=0,a=1,¢c=0
b=c=0anda=d=1

Let f(x) = sin x, g (x) = 2x and 4 (x) = cos x. If ¢(x)

 [g0 ()] (), then ¢ (%) is cqual to
(A) 4 (B) 0
©) -4 (D) None of these

Solution: (C)

We have,

(fh) (x) =f(x)-h (x) = sin x cos x
Lgo (M1 x)=g[(fh) )]=g[f(x)-h ()]

= g (sin x cos x) = 2sin x cos x = sin 2x
¢(x) = sin 2x

ie.,

= ¢’ (x)=2cos2xand ¢” (x) =—4 sin 2x

T T
1= |=-4sin —=-4.
()

17.

18.

Ify = sin™' [\/x—ax—\/a—ax],then % =

X

1 . .
(A) m B) sin+/x -sinva

1
C -
© 2 1—x

Solution: (C)

(D) Zero

Put x=sin’fand a = sin2¢, then

y= sin”! (sin 6 cos ¢ — cos Osin ¢]
=sin"! [sin (8- ¢)] = 0— ¢

sin”' Vx —sin"'Va

dy 1 1

- = X ——
dx  1-x  2Jx

. d’ :
If y = sin x, then d_2 (cos7x) is equal to
y

(A) 35 cos’x — 42 cos’x
(B) 35 cos’x + 42 cos x
(C) 42 cos’x — 35 cos’x
(D) None of these

Solution: (A)

. d
We have, y =sinx = D cosx.
dx

d? d (d
Now, — (cos'x) = — (—0057 x)
dy dy \dy

= 4 7cos6x-(—sinx)ﬁ
dy dy

d .
= — (= 7sinx cossx)
dy

=—"7[cosx X cos’x — 5 cos*x d
sinzx] —
dy

=— 42 cos’x + 35 cos’x

Inverse Circular Functions

dii(sinflx)z Jlx]<1

1
1 —x2
1

d_. d
—[sin” f(¥)] = ———=—f(0); [/ <1
e sin X T n X X



Differentiation 13.7

4
L+ [f(x0)] dx

4. icot_lx=— ! ;x=R
dx 1+ x?

4
1+ [f(x0)] dx

di[tan‘1 £ = £ /@ e R
X

di[cot*1 £ = - F(0): /@) e R
X

5. i(secf1 X) =

1
dx |x|yx? =1

d_ 1 d
lsec”! f(x)] = L1
dx | f(0) [0 -1

f@)] >1

s> 1

d -1
6. — = -
I (cosec™ x)

1
—F— ;i K>1
[|x|\1x2—1]

d o 1 d
—[cosec™ f(x)] =— — f(x);
dx |G N () =1 9

|f ()l >1
SOLVED EXAMPLE
s dy .
19. Ify="Y tan™ then — is equal to
d E{ 147 +72 dr 0
1 1
A B —
) 1+x° ®) 1+(1+x)*
) 0 (D) None of these
Solution: (B)
We have,
Lo L ( (r+)—r )
=Y tan = ) tan” [ ———
7 ; 147+ é 1+(r+D)r

= i [tanf1 (r+1)— tan™" r]

= [tan’12 —tan 'l +tan '3 —tan "2 + ... + tan 'x
—tan' (x—1)+tan' (x+1)—tan 'x]

=[tan' (x+1)—tan '1]

a1

Cdx o 1+ (x+1)°

RULES FOR DIFFERENTIATION
1. The derivative of a constant function is zero, i.e.,

d

2 0)=0

e ()

2. The derivative of constant times a function is constant
times the derivative of the function, i.e.,

% [ fx)] = c% /(o]

3. The derivative of the sum or difference of two function
is the sum or difference of their derivatives, i.e.,

% /() £ g ()] =% ) + % g )]

Product Rule of Differentiation

The derivative of the product of two functions
d d
o [/(x)- g (O] =/x) — -[g ¥)]
x dx 4
+8x): — [[/¥)]
dx
= (first function) X (derivative of second function)

+ (second function) x (derivative of first function)

Quotient Rule of Differentiation

The derivative of the quotient of two functions

d [@] _ 80 0= () 4 [
@ let g0

(denom. x derivative of num.)

_ — (num. x derivative of denom.)

(denominator)2
SOLVED EXAMPLES
4, .8
20. If Al +x = ax’ + bx then
dx\ 1+ x* + x*
(A) a=4,b=2 B) a=4,b=-2

(C) a=-2,b=4 (D) None of these



13.8 Chapter 13

Solution: (B)

We have,
2, A\ 2, 4

d|(+x"+x )2(1 ic +x7) a4 by

dx (1+x"+x%)
= i(lfxz+x4)=ax3+bx

dx
= —2x+4x° = ax’ + bx
= a=4andb=-2.
2 4 2n dy
21, Ify=(1+x) (1 +x) (1 +x") ... (1 +x7), then — at

x=0is dx
A -1 B) 1
) 0 (D) None of these
Solution: (B)
We have,

y=(1+x) 1+ 1 +xY .. (1+x%)

_ (1-x)A+x)1+x)A+xY)...A+x%)

1-x
1-x¥"
- 1-x
L &y _(-n2™ 2T 1-x)
dx (1-x)*
d
il

Derivative of a Function of a Function
(Chain Rule)

If y is a differentiable function of 7 and ¢ is a differentiable
function of x i.e., y = f(¢) and t = g (x), then
dy dy dt
de  di dx
Similarly, if y = f(u), where u = g (v) and v = / (x), then,
dy _dy du dv

dx  du dv dx

SOLVED EXAMPLES

2x-1
22. Ify= f( al 1) and f”(x) = sin 2, then Z—y is equal to
X

2+

(A) sin (2); 1) . 2+22x+)2c
x“+1 (x*+D

23.

24.

2x =1V [ 24 2x—2x2
B) o
(B) sin (x2+1) ( (x* +1)° J
2x—1Y (2+2x—x?
C) si :
(C) sin (x2+1) ( (x*+1)° ]

(D) None of these

Solution: (B)

2x -1
We have, y=f( f )
x°+1

= —_ =
dx 2+l (x* +1)°
Cin (2x—1)2 242x—2x7
x*+1 (x*+1)%
2
2x -1 2x—1
“+ f(x) =sinx?, .. f{ ):sin( )
[ x2+1 x2+1

. . 1 .
If g is the inverse of fand f'(x) = — » then g (x)is
equal to I+x

dy ,(2x—1){(x2+1)2—(zx_1).2x]

1

1+[g@F
(D) None of these

(A) 1+[g )7 (b)
©) [g @7

Solution: (A)
We have, g=inverse of f=f -

=  g@="W=>/lg®]=x

Differentiating with respect to x, we get

S lg@xg (=1

=1+[g @]

g x)=

1
1+[g(x)]’

S 8] =
X

If u = f(x*), v = g(x?), /'(x) = cos x and &'(x) = sin x,

then ﬂ =
y

1
(A) > xcosx> cosec x*

3
(B) 5 XCOSX° cosec x2



25.

26.

Differentiation 13.9

3
(@) 5 xsec x>cosec x>

(D) None of these

Solution: (B)
We have, u = f(x°)

= du_ 77(x*)-3x% =3x" cos x°
dx
Also, v=g(x?)
= d_ g'(x%)- 2x = 2x sin x*
dx

- du _ duldx _ 3x* cosx’
dv  dvldx  2xsinx’

_ 3 3 2
5 XCOSX™ COSE€Cx

Let f'be a function defined for all x € R. If fis differen-
tiable and f1 (x3 y=x" forall x € R (x # 0), then the value
of f/(27) is

(A) 15 (B) 45

©) 0 (D) None of these
Solution: (A)

We have, for all x (x # 0)

3 5
Jx)=x
Differentiating with respect to x, we get

) x3at =5 = /()= = &

W |

FEN =)= (P15
If f(x) =sin (E[x] - xs) , | <x <2 and [x] denotes the

greatest integer less than or equal to x, then f” [i/E ]
is equal to 2

(A) S (EJMS (B) s (2)4/5
2 2

<) 0 (D) None of these
Solution: (B)

Since, l<x<2.
[x]=1
f(x)=sin (%—xs) =cosx’

= f(x) =—sin x> 5x*

p N L. NG
= = |=-5]|=| -sih—=-5|—=| .
2 2 2 2

TRICK(S) FOR PROBLEM SOLVING

If y =u", where u is a function of x, then

Y d—yxﬂ = nu"‘wx@ l: d—yznu”_1:|

ax du’ dx dx du

DERIVATIVE OF PARAMETRIC FUNCTIONS

Sometimes x and y are separately given as functions of
a single variable ¢ (called a parameter) i.e., x = f(f) and
y =g (f). In this case,

dy _dy/dt _ f'(t)
de dx/dt  g'(¢)

2
and dy _4d (d_yJ
dx? dx \ dx

_i(d_y)xﬂ_d(dy) dx
St \ax) T ax dt\ax)) ar
SOLVED EXAMPLES

27. Lety=x"—8x+ 7 and x = /(). If% =2andx=3at

d .
t=0, then d—); at t =0 is given by

19
A) 1 (B) 5
2
©) o (D) None of these
Solution: (C)
We have,
y=x3—8x+7:> & =3x"-8
dx
It is given that when 7 = 0, x = 3.
. When =0, ¥ Z3x32_g=19.
X
Also, & _ dyjde 1)
dx  dx/dt
Since, when =0, d_y =19 and d_y =2,
dx dt
“from (1), 19= 2 = & _2

de/dt  dr 19
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28. Ifx=f(f)cost—f'(¢) sint, y =f(¢) sint +f’(¢) cos ¢

2 2
then (ﬁ) +(ﬂ) is equal to
dt dt

(A) f()—f7 (1) B) L)1 OF
©) LA+ O (D) None of these

Solution: (C)
dx =—f(t) sin £+ f’(¢) cos t — f'(t) cos t — f” (¢) sin ¢
== [f (O +/f" ()] sint
and —f(t) cos t+f'(¢) sint—f’(t) sin ¢t
+ /" () cos t
=[O +f" ()] cost
dx ? dy ? _ ” 2
(E) +(E) =[/O+/" ]

29. Ifx=sec 6 cos 6,y =sec"8— cos"H, then

2
(x2 +4) (%) is equal to
X

(A) n* (7 —4)
(©) n* (*+4)

Solution: (C)

(B) n* (4-y")
(D) None of these

ﬂ =sec Otan O+ sin O=tan O (sec 8+ cos 6)

do

b _ n [sec"@tan O+ cos” 'O siné]

de

=n tan 0 (sec" 8+ cos"6)
dy _ dy/d@ ntan@(sec" 0+cos”" 0)
dx  dx/d  tan@(secO+cos0)
- (d_sz _ n’(sec” @+ cos” 0)*
dx (secO+cosH)’

— 2 (sec” O—cos" 0)* +4 '
(secO—cosB)” +4

_ (0 +4)

(P +4)

2
= (2 +4) (d_y) =n? (P +4)
dx

DERIVATIVE OF IMPLICIT FUNCTIONS

The derivative of an implicit function, given by the relation
f(x, ¥) = 0 in which y is not expressible explicitly in terms
of x, can be found by the following steps:

Step 1: Differentiate each term of the equation f{(x, y) =0

with respect to x, keeping in mind thatdi (y )=
2 dy d

d " dx
Collect the terms containing — on one side and

. .d X .
the terms not involving d_y on the other side.
x

(y )= 3y d—and SO on.
dx
Step 2:

dy

Step 3: Divide by coefficient of @ to get — as a func-
dx dx

tion of x or y or both.

TRICK(S) FOR PROBLEM SOLVING

Shorter Method for Finding the Derivative of an Implicit
Function
Step 1: Take all the terms of the function to be differentiated
to the left hand side and put left hand side equal to
Px y).
Step 2.
dy _ derivatie of ¢(x,y
dx  derivatie of o(xy

) w.rt. x treating y as constant

) w.rt. y treating x as constant '

DIFFERENTIATION OF A FUNCTION WITH
RESPECT TO ANOTHER FUNCTION

If y = f(x) and z = g (x), then in order to find the derivative
of f(x) with respect to g (x), we use the formula

dy _dyldx _ f'(x)
dz dz/dx  g'(x)

SOLVED EXAMPLES

30. The derivative of f(tan x) with respect to g (sec x) at x
==, where f’(1)=2and g’ (<2 ) =4, is

(B) V2

(D) None of these

1
A) —
(A) NG
©) 1
Solution: (A)
Let y =f(tan x) and u = g (sec x)

d
= & _ /(tan x) sec’x
dx
and du =g’ (sec x)-sec x tan x
dx
dy _dy [du _ f’(tanx) sec? x
du  dxl dx g’(secx) secx tanx
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T

/t -

dy _ f(an4)
du) _n ,( n). pis
g’| sec™ |sin~
4 )%y

4

_ ) Wax2 1
= T4 "5
'2) ——
g'( NG
31. Ify=x-— x%, then the derivative of y2 with respect to

¥ is

(A) 2x* +3x—1
(C) 2x* +3x+1
Solution: (B)

Letu=y2 and v = x*

(B) 2x*—3x+1
(D) None of these

du dy dy
Then, — =2y = =2y(1-2x) |~ ==1-2
- dx 7 dx v ( %) ( dx x]
and ﬂ =2x
dx
du _ dujdx  2y(1-2x) _ (x—x’)(1-2x)
dv  dv/dx 2x x
(v y=x-x)
=2’ —3x+1

LOGARITHMIC DIFFERENTIATION

If differentiation of an expression or an equation is done
after taking log on both sides, then it is called logarithmic
differentiation. This method is useful for the function hav-
ing following forms:

Ly=[f@F"
S-S
21(x).g(x)...
(where i = 1, 2, 3, ...), fi(x) and g/x) both are
differentiable.
(i) Case I: y = [ f(x)]*™, where f(x) and g(x) are
function of x. To find the derivative of this type of

where g;(x) #0

functions we proceed as follows: Let y = [ f(x)]
£ Taking logarithm of both the sides, we have
log y = g(x). log f(x) and then we differentiate
with respect to x.
GG

81(x).8,(x)
Taking logarithm of both the sides, we have
log y = log [fi(x)] + log [/,(x)] — log [g,(x)]
—log [g,(x)]
and differentiating with respect to x, we get
ldy _ ) /) g(d) &)
vdax  fi(x) f(x) g(x) g(x)

(i) CaselIl: y

Properties of Logarithms
1. log, (mn) =log,m + log,n
2. log, (ﬂ) =log,m — log,n
n

3. log, (m)" =n log,m

4. loge=1

1

5. log,m= D&M
log, n

6. log,m xlog, n=1.

TRICK(S) FOR PROBLEM SOLVING

Shorter Methods of Finding the Derivative of a Function

of the from [f (x)]9®

If y = [f (x)])°%, then to find Z—y, in addition to the method

discussed above, we can also agply any of the following two

methods:

Method 1

Step 1: Express y = [ f (x)]9 ¥ = g7 ® 1097
(=

& log 0)

Step 2: Differentiate with respect to x to obtain d—y
Method 2 o
Step 1: Evaluate

A = Differential coefficient of y treating f (x) as constant.
Step 2: Evaluate

B = Differential coefficient of y treating g (x) as constant.

Step 3: & =A+8B.
ax

SOLVED EXAMPLES

32. If ¢(x) = logs log; x, then ¢ (e) is equal to

(A) elog5 (B) —elog5

© (D) None of these
elog5

Solution: (C)

We have,

log x
0(x) = logs log, x = logs | =
log3

= logs (log x) — log; (log 3)
log (log x)

= ——— —logs (log 3
log5 gs (log 3)
, 1 1 1
07 ()= e
log5 logx x
, 1 1 1 1
0 ()= — = ——
log5 loge e  elog5
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a+b+2x
33. Iff(x) = (Zi—i) , then £7(0) is equal to

2 2 a+b
a a —-b a
A) [ 2log—+ —
(A) g (b)

b2 —-a2 (fz)a+b
ab b

2 2 a+b
a a +b a
C) | 2log—+ —
© g (b)

(B) 210g%+

(D) None of these

Solution: (B)

We have,
log f(x) = (a + b + 2x) [log (a + x) — log (b + x)]

Differentiating both sides with respect to x, we get
f'(x)
f(x)

=2 [log (a +x) — log (b + x)]

+(a+b+2x)[ L1 :l
atx b+x
= f(0)=£(0) |:2(loga—logb)+(a+b)(l_%)]
a

a+b 2_ 2
=2 2log2+b =
b b ab

Differentiation of Infinite Series

If y is given in the form of an infinite series of x and we
d .
have to find out d_y , then we remove one or more terms, it

X
does not affect the series.

1. Ify= \/f(x)+\/f(x)+1/f(x)+...oo ,

then f(x)+y
= Y=f@+y= Ey% =/"(x) + d%;
dy _ [
dx  2y-1
2. 1fy= f(x)" """ theny=f(xy
log y =y log f(x)
ldy _y- /() &
i IS +log f(x )

dy _ Y2 ()
dx  f(0)[1-ylog f(x)]
1

3. Ify= f(x)+ 1 s

IO e

1 dy _ ')
theny=f(x) + — = — = —=——_
PO T
Differentiation of Inverse Trigonometric
Functions

For problems involving inverse trigonometric functions,
first try for a suitable substitution to simplify it and then
differentiate. If no such substitution is found, then differen-
tiate directly.

°IMPORTANT POINTS

Substitutions to Reduce the Function to a Simpler
Form

Expressions Substitutions

Ja? Put x=a sin Bor x=a cos 0
Vx? Put x =a sec 8 or x =a cosec 6
Ja? + X2 Put x=atan @or x=a cot 6
a=x ra+X Putx=atan @

a+ x

Put x = a cos 6

a—Xx a+x
+ X a—X

Some Useful Trigonometric and Inverse

Trigonometric Transformations

mx
1. 1+ cos mx =2 cos’ 7

2. 1—cos mx =2 sin’ %

mx
2tan—
3. sinmx = 2
mx
1+tan® —
2
mx mx
1—tan® — I |
4. cosmx = 2 _ 2
mx mx
1+tan® — cot? == +1
2 2



10.

11.

12.

13.

14.

15.

16.

17.

-1 S I B
. tan x—tan y=tan

Differentiation 13.13

(n ) 1+tanx
tan | —+x | =

4 " I—tanx

b4 1—tanx
tan | ——x | =
4 1+tanx

_ _ _ X+
. tan'x+tan 'y =tan! ( y),

1—xy
provided x, y >0 and xy < |

_ _ _ X+
. tan 'x+tan 'y = 7+ tan 1,( y)

1—xy
provided x, y > 0 and xy > |

y);ifx,y>0
1+xy

T

sin”"'x + cos 'x = 5 =tan 'x + cot 'x

=sec 'x + cosec lx

sin 'x + sin_ly =sin’' (xﬁ + yﬁ) ,
provided x, y > 0 and X+ y2 <1

sin'x+sin"'y = 7—sin”! (xm + ym) ,
ifx,y>0andx*+)*> 1

cos 'x £ cosfly =cos | (xy¥ mﬂ) ,
ifx,y>0andx’+)*<1

cos 'x + cos_ly =7—cos (o FVI=x71-3?),

ifx,y>0andx2+y2>l

2
sin”! ( xz) =2 tan 'x

1+x
1— 2
cos ! x2 =2 tan lx
1+ x
1 l—x 1 1
tan —— = — COS X
1+x 2

SUCCESSIVE DIFFERENTIATION

Let y =f(x) be a function of x, then o is again a function
X

of x and is called the first derivative of y with respect to x.
If the first derivative is differentiable, its derivative is called
second derivative of the original function and is denoted

d
by —f

dx
derivative is called the third derivative of the original func-

. . d .
tion and is denoted by d—f or y; and so on. This process of
X

differentiating a function more than once is called succes-

dy

2

3

sive differentiation.

or y,. If the second derivative is differentiable, its

Differentiation of a function given in the
form of a determinant

S(x) g(x) h(x)
Ify=|p(x) g(x) r(x)]|,then
u(x) v(x) w(x)

f'(x) g'x) h(x)
=| p(x)  q(x) r(x)
u(x)  v(x) w(x)

S(x) glx)  h(x) S(x) glx)  h(x)
+1p'(x) ¢'(x) FX)|+]|px) qx) rx)
u(x)  v(x) w(x) u'(x) vi(x) w'(x)
Note that differentiation of a determinant can be done in
columns also.

TRICK(S) FOR PROBLEM SOLVING

If ais a repeated root of the equation f (x) = O, repeated n
times, then f (x) can be written as

f(x)=(x—0)"g(x) (1)
where g(a) # O.
Clearly, form (1)
f(o)=0,f'(x)=0,f"(@)=0,..f" V@=0

@
dx

SOLVED EXAMPLES

34. Iff, (x), g (x), A, (x), r =1, 2, 3 are polynomials in x
such that f, (a) =g, (a)=h, (a),r=1,2,3 and
H(x) f,(x) f3(x)
F(x)=|g(x) g,(x) g;(x)|,thenF’ (a)is equal
© h() () k&)

(A) a (B) —a
) 0 (D) None of these
Solution: (C)
We have,
F’(x)=
A ) o | Ax) L) f(x)
g(x) &%) g()|+|g(x) gx) gi(x)
W(x) h(x) k)| |[h(x) hx) k(x)
) fH(x) - f(x)
+1g(x) &%) g
h(x) h(x)  hs(x)
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~F'(a)=
Ma)y fla) f@] |fila) fila) fi(a)
g(a) g(a) gla)|+|gl(a) gy (a) g;i(a)
h(a) Mh(a) m(a)| |m(a) ha) (a)
h@  fila)  fi(a)
+1g(@) ga) gla)
h(a) hi(a) h5(a)

=0+0+0[ f.(a)=g.(a)=h,(a),r=1,2,3]=0

35. Iff(x), g (x), & (x) are polynomials in x of degree 2 and

Sog
F)=|f" g &|,then F’(x)isequal to
.](‘/I gll hl/
A) 1 (B) 0
©) -1 (D) None of these
Solution: (B)

F'(x)=
flog Wy | f g h fog h
f/ gl h/ + f/l g/’ h// + f/ g/ h/
f’l gll hll f’l gl’ hl’ flll g/ll hl’l
=0+0+0=0.

[Since f(x), g (x), & (x) are polynomials of degree 2,
S @) =g" (x)=h" (x)=0]
36. Iff, g, h are differentiable functions of x and
f g h
A= ) (g  (xh)
@) () (h)

then A” (the derivative of A with respect to x) is given
by

f/ g/ hl

@ | f g h
(x3fu)/ (x3g//)/ (x3h//)/

f g h

® | 7 g h
N SN

f g h

(C) f/ g/ h/
@Y (g7 (@Y

(D) None of these

Solution:
We have,
A =
S
X'+ f

©

g h
xg'+g xh'+h

XfT+Axf +2f xPg”+4xg’+2g  x*h”+4xh’+2h

S g h
= xf’ xg’ xh’
xzf"+4xf' ng”+4xg' x2h” +4xh’

(Applying R, = R, — R, and Ry = R, — 2R))

fo//

g h
xg’  xh’ | (Applying Ry = R;—4R,)

ng” xzh”

g h fooog ok

g’ h, f/ g, h/
7R x3f// x3g// x3h//

f g h

f’ g, h/

(x3fu)/ (x3g//)/ (x3hu)/

37, Iff(x) =

d
dx
(A) 0

(€) -1

Solution:

dn
dx"

x" n! 2

nr
coSx cos? 4| then the value of

. . nmw
sin x smT 8

00— is

(B) 1
(D) None of these

(A)

n! n! 2
_ L

[f()]= cos(x+ 2) cos 5 4

. nr . nmw
sin| x+— sin— &
( 2) 2
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n! n! 2
" nrw nrw
x)]._o=|cos— cos— 4| =0
Wl : :
. onmw .
sin— sin—
2 2

(C, and C, are identical)

38. If aris a repeated root of a quadratic equation f(x) =0

and 4 (x), B (x), C (x) be polynomials of degree > 2,
then the determinant
A(x) B(x) C(x)
A() B(x) C(a) | is divisible by
A(a) B'(a) C'(a)
(A) 4 (x) (B) B (x)
©) C) D) f(x)

Solution: (D)

A(x)  B(x) C(x)
Let A(x)=| A() B(a) C(a)|,then
A() B'(a) C'(@)

A'(x) B'(x) C'(x)
AN (x)=| Aa) B(a) C(x)
A(a) B'(a) C'(o)
So A (@) =0 = A’ (@), therefore « is a repeated root

of A (x) =0 and « is a repeated root of the quadratic
equation f(x) = 0, so A is divisible by f(x).

EXERCISES

1. Iff(x)= Vx* —=10x + 25 , then the derivative of /(x) on
the interval [0, 7] is

(A) 1 B) -1

) 0 (D) Does not exist

. If the capital letters denote the cofactors of the corre-
sponding small letters in the determinant

a b ¢
A=,la, b, c,]| then the value of
a by
4 B C
N=|4, B, G,|is
45 By G
(A) 0 (B) 2A (C) A? (D) A

I fx) = cos’x + cos’ (x + g) + sin x sin (x + %) and 7.

g(%) = 3 then (gof) (x) is equal to

(A) 1 (B) 2
©) 3 (D) None of these

. If f(x) = cos x cos 2x cos 4x cos 8x, then f” (z) is

A) -1 (B) 2
©) V2 (D) None of these
2 2
. Ify=¢™, then %J(%) is equal to
X 'y
(A) ne™ (B) n’e™

(C) —ne™ (D) —ne ™

. If the parametric equation of a curve is given by

x =cos O+ log tan g and y = sin 6, then the points for
2

which —g} =0 are given by
dx

(A) O=nm, neZ

B) 6=02n+ 1)n/2,neZ

(C) 6=Q2n+1)m ne Z

(D) 6=2nm ne’Z.

Let f(x) = X =1+ x+24-10Jx—1; 1 <x<26

be real valued function. Then f”(x), for 1 <x <26 is
1

A) 0 B
(A) (B) ST
(C) 2yx-1-5 (d) None of these
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10.

11.

12.

13.

14.

15.

3
-1 —IOg(e/x ) +tan”! —log(e4x3)

. I;zyztan 10g(€x3) log(e/xlz) 5 then

—{ is equal to

dx

A1 B) 0

) -1 (D) None of these

X’ sinx cosx

. Letfix)y=16 -1 0 |, where p is a constant.

p P

3
Then d—3 [f(x)]atx=01is
dx

A) p

©) p+p’
The function y defined by the equation xy — log y = 1
satisfies x ()" +)' %) — " + kyy’ = 0. The value k is
(A) -3 B) 3

O 1 (D) None of these

(B) p+p’
(D) independent of p

If the function y(x) represented by x = sin ¢,
y= ae™? + e 1e (—%, g) satisfies the equation

(1-x%)y” —x)’ = ky, then k is equal to

A) 1 (B) -2
©) 2 (D) None of these
If f(x) = ;22 _2’; cthen & d;(x) is equal to
™ _3x)2 ® _3x)2
(©) i _lx)z (D) None of these

Let F (x) =f(x) g (x) & (x) for all real x, where f(x), g
(x) and 7 (x) are differentiable functions. At some point
xg, i (xg) = 21 F (xo), f* (x) = 4 f(x0), & (xo) =—7
g (xp) and /" (x,) = kh (x,) then k is equal to

(A) 24 (B) 12

) —-12 (D) —24

If f(x) is a polynomial of degree n (> 2) and f(x) =
f(k—x), (where k is a fixed real number), then degree
of /7 (x) is

(A) n (B) n—1

(C) n-2 (D) None of these

Iff(x)=|x—1]and g (x) =f{f[f(x)]}, then forx > 2,
g’ (x) is equal to

16.

17.

18.

19.

20.

21.

22.

(A) —1if2<x<3 (B) 1if2<x<3
(C) 1forallx>2 (D) None of these
Iff(x)=|(x—4) (x—5) |, then f’ (x) is equal to
(A) —2x+9, forall xeR

(B) 2x—-9ifd<x<5

(C) —2x+9ifd4<x<5

(D) None of these

If 2f(sin x) + f(cos x) = x, then dif(x) is
X
(A) sinx +cosx

©

(B) 2

(D) None of these
1—x?

Let f(x) = |x —al; (a > 0) and g(x) = f{ [ f(x)]}. Then
g(@); (o> 3a)

(A) does not exist
(C) equalto 1

(B) equal to 3
(D) None of these

Let ¢(x) be the inverse of the function f(x) and

, 1 d .
()= N then E(/ﬁ(x) is
(A) ;5 B) ;5
1+ [¢(x)] 1+ [f(x)]
(©) 1+[¢(x)]5 (D) 1+ [
dx
Ify=— then =
' \/l + y \/1 +x*
(A) 0 (B) 1
© = D 2
Y X
Ify= RACO] and z = _f}’(x) , then
o(x) 9'(x)
ST =) o
e e 9T
d*y 1 d%y
w ® 3
2
©) yd—f (D) None of these
dx

Let g(x) be the inverse of an invertible function f(x),
which is differentiable for all real x, then g”(f(x))
equals

S"(x)
A) - M
W r

’ ” _ ’ 2
(B) ST ) 7)) - [f ()]

J'()



23.

24.

25.

26.

27.

28.

29.

30.

Differentiation 13.17

L)) = Lf'(0)F
L/ (x))
(D) None of these

©

Let f(x) = x", n being a non-negative integer. The value
of n for which equality

f(a+b)=f"(a)+f’(b)is valid for all a, b> 0 is

(A) 5 B) 1

© 2 (D) 4

The solution set of £/(x) > g’(x) where £ (x) = (1/2)57*"
and g(x) =5"+4x log 5 is

(A) (1, 0) (B) (0, 1)
(©) (0, ) (D) [0, <)
If7, = a (x"logx), then I, —nl, =
dx"
(A) n B) n—1
(©) n! (D) (n—1)!
If u = f(x°), v = g(x)), f'(x) = cos x and g'(x) = sin x
du .
then — is
dv

3
(A) 5 X-COS X -cosec x°

2 .
(B) 3 sin x> - cosec x2

(C) tanx
(D) None of these

If f(x) be a differentiable function such that f(xy) = f(x)
+ f(y) for all x and y, then f(e) + f(1/e) =

A1 (B) 0

(C) -1 (D) None of these

If for all x, y the function f'is defined by f(x) + f(y) +
f(x)- f(v) =1 and f(x) > 0 then

(A) f’(x) does not exist

(B) f’(x)=0 forall x

(©) 170) < /(1)

(D) None of these

Let 3/(x) — 2/(1/x) = x, then f’(2) is equal to

2 1 7
(A) 2 B) 7 © 2 (D) 5

2
If Jx+y+.y—x =cthen Z—i} equals
X

w2 ®Z o o=
C C C C

31.

32.

33.

34.

35.

36.

37.

d*x I
F equals

w22 ()
e )\dx dx?

d’y _l(dyr (dzy)(dy)_z
© {d—) & O N

Let y be an implicit function of x defined by,
X —2x" coty—1=0
Then y’(1) equals
A) -1

(C) log2

B) 1
(D) —log2

If y and z are the functions of x and if y* + z* = A%, then

i 2 +i i is equal to
ydx A dx\ A q

z dz z dx

A) —— B) ——

(A) A dx (B) A dz

©) &% (D) None of these
z dx

If S, denotes the sum of n terms of a G.P. whose com-

n

mon ratio is 7, then (r— 1) is equal to
r

(A) (n=1 S, +nS, B) (n-1)S,-nS,

©) (n-1)8, (D) None of these
A+t x, |

Let f(—n )

SO+ f(p) + ..+ f(x,)

n
where all x,€ R are independent to each other and ne N.
If f(x) is differentiable and /"(0) = a, f(0) = b then 1’ (x)

is equal to
(A) a (B) 0
<) b (D) None of these

If y2 = P (x), a polynomial of degree n> 3, then

d( 5d*y
2 —_— —_— =
dx [y dsz

(A) =P (x) X P (x) (B) P (x)x P (x)

(C) P(x)x P (x) (D) None of these

A function f(x) is so defined that for all x, [ f(x)]" =
f(nx). If f” (x) denotes derivative of f(x) with respect to
x, then /7 (x) X f(nx) =
(A) f(x)

(©) f(x)xf" (nx)

(B) 0
(D) None of these
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38.

39.

40.

41.

If f, g, h are differentiable functions of x and
/ g h
&N () (xh)
@) () (Phy
then A” (the derivative of A with respect to x) is given
by

A=

f/ g/ n

(A) S g h
(x3f//)r (X3 //) (x3h//)r

f g h

® | f g n
()sz”)’ (ng”) (xzh”),

A g h

(C) f/ g/ n
@Y (g7 (R

(D) None of these

If v is a repeated root of a quadratic equation f(x) = 0
and 4 (x), B (x), C (x) be polynomials of degree
A(x)  B(x) C(x)
Ala) B(a) C(o)| is
A(a) B'(a) C'(a)

> 2, then the determinant

divisible by
(A) 4 (x) (B) B (x)
©) Cx) (D) f(x)

If the capital letters denote the cofactors of the corre-
sponding small letters in the determinant

aq b q
A=la, b, c,]|,thenthe valueof
ay by o
4 B G
N=|4, B, G,|is
4, By G
(A) 0 (B) 2A
©) A? (D) A
2 -1
If f(x) = xz ol , then g (%) is equal to
X7 +2x dx
3 3
(A) - (B)
(1-x)* (1-x)°
1
©) (D) None of these

(1-x)

42.

43.

44.

45.

46.

47.

48.

49.

If f(x) is a polynomial of degree n (> 2) and
f(x) = f(k — x), (where k is a fixed real number), then
degree of /7 (x) is

(A) n B) n-1
C) n-2 (D) None of these
Ify= S(x) and z = AE)) , then
o(x) ¢'(x)’
ST -2
T
d2 1 d%y
A B
e ® v dx®
dz
©) y—f (D) None of these
dx

The solution set of /(x) > g’(x) where f(x) = (1/2)5>*"
and g(x) =5"+4x log 5 is

(A) (1,0) B) (0, 1)

(©) (0, ) (D) [0, =)

If for all x, y the function f'is defined by f(x) + f(v) +
f(x)- f(y)=1and f(x) > 0, then

(A) f’(x) does not exist

(B) f’(x)=0 forall x

© f(0)<f"(1)
(D) None of these

2
If yx+y+.y—x =cthen Z—{ equals
x

2 -2
A) — B) —
(M) 5 ®)
© 2 o) 2
¢ ¢
Let f(x) = ﬁ(cos(Zk —Dx +isin(2k —1)x), then
k=1
(Re f(x))” + i(Im f(x))” is equal to
(A) 7 (x) (B) —n'f(x)
©) —n'fx) (D) nfx)

If 2f(sin x) + f(cos x) = x, then dif(x) is
X

(A) sinx +cosx

1
©
J1-x?
Let f(x) = X — 1+ x+24-10Jx—1; 1 <x<26

be a real valued function. Then, f”(x), for 1 <x <26 is

(B) 2

(D) None of these




50.

51.

52.

53.

54.

55.

56.

57.

1

A) 0 B

(A) (B) Lot

(C) 2yx—-1-5 (D) None of these
Iff(x)=|x—2|and g(x) =f{f(x)}, then g’(x) for x > 2
is

(A) -1 (B) 1

<) 0 (D) does not exist

The derivative of the function represented parame-
tricallyasx:2t—|t\,y:t3+t2 |t]att=01is

(A) 0 B) 1

©) -1 (D) does not exist

A polynomial f(x) leaves remainder 15 when divided
by (x —3) and (2x + 1) when divided by (x — 1)>. When
fis divided by (x — 3) (x — 1)% the remainder is

(A) 2x° +2x+3 (B) 2x*—2x-3

(C) 2x* —2x+3 (D) None of these

If for a non-zero x, the function f(x) satisfies the
equation

af(x)+bf(l)= l —5(a#b),
x X

then f(x) is equal to

1 a
(A) —b2 2 (x—2+bJ
1 a
© a* - b? (x_z_b)
3

If x=cos’' @ and y = siné, then d—f =
dy

1 a
(B) —a2 7 (x—2+b)

(D) None of these

(A) %sin40 (B) %Sinze

©) % cos46 (D) None of these
x+1 . x-1 d
1| ——|+sin | —— 'y
If y =sec (x—l) (x+1),thenaz
(A) 0VxeR (B) 0 Vxe (0, )
(A) 0 VxeR- {0} (D) None of these
X =x
If f(x)=cos | =T | thenf’(x)is
(A) odd (B) even

(C) periodic (D) None of these
If f(x) = (1 — x)", then the value of
[0, SO

21 7 n!

J(0) +/7(0) +

58.

59.

60.

62.

63.

64.

65.

Differentiation 13.19
(A) n (B) 0
(C) 2" (D) 2" 1

xt=x"" dy
Ify= cot™! 2 > then o atx =1, equals

X
(A) 0 B) 1
©) -1 (D) None of these
Ify = 1+cos.29, hen

1-cos26

T 3r
A 2 ad — 2 tad
Ay (4) y 4)

r) (3«7

B) y (Z)y (T)=4

(D) None of these

Let f(x) be a polynomial function of second degree.
If /(1) = f(-1) and a,, a,, a5 are in A. P, then f"(a,),
(@), f"(as) are in
(A) AP
(C) H.P.

(B) G.P
(D) None of these

. Ifsf(x)+3f(l)=x+2andyzxf(x) then % at
X x

x =1is equal to

(A) 1 (B) -1
7 7
©) 3 (D) 3

Let f(x) be a polynomial function of degree 2 and f(x)
> 0 for all x € R. If g(x) = f(x) + f"(x) + f " (x), then for
any x

(A) gx)>0 (B) g(x) <0

(€) gx)=0 (D) g(x)<0

Letf(x +y)=f(x) +f(v) +2xy— 1 Vx,yeR. If f(x) is
differentiable and /’(0) = sin®, then

(A) f(x)>0VxeRr (B) f(x)<0VxeR
(C) fx)=sin OVx eR (D) None of these

If f(x) = x° + x*f"(1) + xf”(2) + f”(3) for all x €R,
then which of the following is false?

(A) (0 +/(2)=/(1) B) /(0)+/(3)=0

©) f(H+/B)=/2) D) (D) +/(3)=/(0)
Let f (x%): %[ f(x)+ f(»)] for real x and y. If
17(0) exists and equals —1 and (0) = 1 then the value
of f(2) is
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66.

67.

68.

69.

72.

73.

74.

75.

A1 B) -1
) 0 (D) None of these
Let the function f'satisfy the equation

f(x+y)=f(x) f(y) for all x and y and f(x) = 1 + xg(x)
where lirr%) g(x) =log a. If f"(x) = kf(x), then k=

(A) 1

(©) J(a=x)(x=b)

a—x
(B) ”x—b
1

D) —————
®) J(a=x)(x=b)

(A) loga (B) nloga 2
(C) (log a)" (D) n(log a)" 70. Ify® — y = 2x, then (x2 - i) Y2 ¥
27 dx2 dx
Let f'be a differentiable function satisfying f(x + y) =
Yy
S5)+£0) +x0.1F lim % f(h)=3, then (A)y (B)
(A) f(x) =3 (B) f()=3x +¥° © < (D) =
2 9 27
©) fx)=3x+ 5 (D) None of these .. o 2 a4 gy
If f(x) = x + tan x and f’is the inverse of g, then g’(x) is - X < 1, then 1—x+x2+l—x2+x4 1—x* + 28
equal to +. .00=
v ®) —
1+ [g(x) —xP 2 —[g(x)—xT ) —— ®) 2
1 I+x+x I+x+x
<) — (D) None of these
2+ [g(r) -] AL D) 1
a—x 1+x+x°
If y = J(a—x)(x—b) —(a—b) tan’ \/E , then
b _
dx
More than One Option Correct Type
If f(x) = x", m being a non-negative integer, then the  76. Iff(x —y), f(x)-f(y) and f(x + y) are in A. P. for all x, y
value of m for which f* (oc+ By =f" () + f (), for all and f(0) # 0, then
o f>0,is (A) f/B)+/(=3)=0 B) f3)+/(=3)=0
A) 1 (B) 2 ©) '@+ =2)=0 D) f'BG)=/"(=3)
© 0 (D) None of these 77. A function f: (0, c0) —R satisfies the equation
If f(x) = X+ X*f’(1) + xf”(2) + f”(3) for all xe R .
where f(x) is a polynomial of degree 3, then Soy)=2/x) - f (;) .
A) f(0)+/(2)=/(1) B) /(0)+/(3)=0 < di - 0. £7(1) =
© )+ 1) =12) (D) None of these Iffis dlfferentlall:ﬂe onRand f(1)=0, /(1) I 1, then
If f(x —y), f(x)-f() and f(x + y) are in A.P. for all x, y A) fo) =+ (;J (B) [0 = .
and £(0) # 0, then C .y D _ A
(A) /@) =/(-2) (B) /(3) +/(-3)=0 (©fe =i D=
©) f'Q)+f(-2)=0 (D) f'B)=f"(-3) 78. If /- R =R be a function such that f(x) = x" +x7f"(1) +
xf"(2)+f""(3) is differentiable for every x € R, then
If f(x) + f() + f(2) + [(%)-f(y)-f(2) = 14 for all A) £(1) = ") = 2
%,Z €R, then (C) j:( ; _—765 (g) {\1( : of th
(A) f(0)=2 ©) f73) = (D) None of these
79. If f(x—y)+f(x+y)=2f(x) f(y) Vx, y € R,then

(B) f"(x)=0, forallxe R
(C) f"(x)>0,forallxe R
(D) None of these

(A) fis even
(C) f7is even

(B) fis odd
(D) f”is odd



80. Iff(x)=x"+xg'(1)+g"(2) and g(x) = /(1) - x> + x/"(x)
+f”(x), then
(A) f(x)=x*—3x
C) gx)=3x+2

(B) f(x)=x"+3x
(D) gx)=-3x+2

Differentiation 13.21
(A) 1 B) -1
© 0 (D) independent of a

84. Let f(x) = x> + 3x° — 33x — 33 for x > 0 and g be its
inverse, then the value of k such that kg’(2) = 1 is equal

to
8116 3 '™ = — {14 "+ 5", then (A) 36 (B) 51
(I-x) (©) 72 (D) 36
(A) a=(n+1) (B) b=n 85. If F(x) = f(x) g(x) and f’(x) g'(x) = c, then
©C)a=-@m+1) D) b=-—n
: ) Fr=cl L+ &
82. If y=f(x) =min ¢(¢); 3 <t < x where ¢(x) = x—1 g
|—|x+ 1], then B L
(A) f(x) is non-differentiable at x = 0, —1 (B) £ f +& 2c
(B) f(x) is non-differentiable at x = 1, —1 foog fg
(C) f”(lOO) = 0 F/” ” "
®) [/(x)dx =5 &
_3 (D) F ’” = f ’” + g ”
x" sinx —cosx F / g
83. If f(x) = | n! sin(nm/2) cos(nm/2)|, then f*(0) for
a a2 a3
n=2m+1is
Passage Based Questions
Passage 1 Passage 2

Let f'be a function such that f: (— 1, 1) — (—5 5) Let f

satisfy the equation f(x) +/() = f (x y 1= 12 + y  1-x%)

86. The function f(x) is

(A) even
(C) constant

(B) odd
(D) None of these

87. If f(x) is differentiable on (— 1, 1) and /’(0) = 1, then
f’(x) is equal to

1 1
(A) B) -
1-x2 1-x2
1
© (D) -
1+ x? 1+ x?

88. The function f(x) is equal to
(A) cos 'x
(B) sin ' x
(C) tan"'x
(D) sec | x

Let f: R — R be a function satisfying the condition

f(x+y):f<x>+f(y>
k k

, where k # 0, 2. The function

f(x) is differentiable on R and f”(0) = m.
89. f’(x) is equal to

(A) m (B) 2m

©€) m+1 D) 0
90. The function f(x) is equal is

(A) mx (B) mx+1

(C) —2mx (D) None of these
Passage 3

A function f: R— [1, o) satisfies the equation f(xy) = f(x)
f(») —f(x) — f(y) + 2. The function f'is differentiable on R
and f(2) = 5.
91. f'(x)is equal to

@ L= )

f(x)+1

(B) S

f (x)

(@ ) @ (D) None of these
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92. f(x)is equal to

A) ¥*—1 (B) 1-x°
€) ¥ +1 (D) None of these
Passage 4

A function f:R%(—E,g) satisfies the equation

FO) +10) = f ( Xty ) The function fis differentiable on
—xy

Rand f/(0) = 2.

93. The function fis

(A) an even function (B) an odd function

(C) a constant function (D) None of these
94. f’(x) is equal to
1 1
(A) (B)
1+ x2 1—x?
2 2
©) (D)
1+x? x* -1

95. f(x) is equal to

(A) tan 'x (B) 2tan'x
(C) 4tan'x (D) None of these
Passage 5

Let z = f(x, y) be a function of two variables x and y.
The partial derivative with respect to x of the function z =

f(x,y)at (x, y) is defined as  lim St Any) = f(xy)
Ax—0 Ax

>

provided the limit exists and is finite. It is denoted by g_z

X
or gi or . Clearly, g_z is the derivative of z = f(x, y) with
X X

respect to x, regarding y as a constant. Similarly, we can

2
define az J (E)ZJ denoted by g_z orf.., J (BZJ

ay ox \ dx ox
0%z d [0z 0%z
denoted by % ox or fi. E(ay) denoted by xdy

d ( oz 0’z

orf,, —| =, denoted by — or f, are called second

7 ay oy 7
order partial derivatives of z = f(x, y).
96. Ifu:sin71£+tan1y then xa—+ au_

y X ox ay

(A) 0 (B) 1

© -1 (D) None of these
Passage 6

If U and V are two functions of x having derivatives of the
nth order, then (UV) UV +"C\U,_V, +"CU,,V, +
+"C.U, V. +..+"C, UV,

r= n-r
n

d'y
dx"

(x+%)+kcos(x+%),wherek=

(A) nx (B) 2nx
(©) —nx (D) —2nx

97. If y = x2 sin x, then = (xz—n2+n) sin

98. If cos™ (%) = log(%) ,then X%y, + 2n+ Dx y,,,

+ ky, = 0 where k =
(A)
(C) —n?

99. If f(x) =tan x, then
10 ="Co f"(0)+"Cy f"HO) .. =

(B) 2n*
(D) —2n*

. Nmw nw

A) sin — B) cos —

(A) 2 (B) 2

(C) tan % (D) None of these
d"

100.1f 7, = Y (x"log x),thenl,=n1, |+ k, where k=

X

(A) n! B) n-1)!

(C) (n-2)! (D) None of these



Differentiation 13.23
Match the Column Type
101. 102.
Column-I Column-IT Column-I Column-IT
I. The derivative of f(tan x) with (A) 3 I. The function y defined by the equa- (A) 24
_r tion xy — log y = 1 satisfies x(yy” +
respect to g (sec x) atx = =, ¥2) " + kyy’ = 0. The value of k is
where /(1) =2 and ¢'(\/2) =4, 1. If the function y(x) (B) 2
represented by x =sin ¢, y =
is
NI .
IL Lety=x—8x+7andx=/(5). (B) —4 aet" +be ’te( 2’2)
If dy —2andx=3ats=0, then satisfies the equation (1 — x?)y” — x)’
dt = ky, then £ is equal to
ax atr=01is II. Let F(x) =f(x) g(x) h(x) for all real (C) 4
dt x, where f(x), g(x) and A(x) are dif-
. 2 ferentiable functions. At some point
III. Let f(x)=sinx, g(x) =2x and A(x) (C) — s ,
/&) &) ) © 3 X0 i F(xg) = 21 F(xp), f(xg) = 4
= cosx. If ¢(x) = [go (fA)] (x), Sxo), &'(xp) = — Tg(xp) and A’ (x,) =
then ¢” 7 s equal to kh(x,) then £ is equal to
4 IV. Let f(x) =x", n being a non-negative (D) 3

_ 2 2 3 1
IV. If f(x) = cos” x + cos (x+ 3) (D) NG

. . T 5
+sin xsinf x+— [and g| —
( 3) (4)

=3, then (g o f) (x) is equal to

Assertion-Reason Type

integer. The number of values of
n for which the equality f/”(a + b)
=f"(a)+f’(b) is valid for all a, b
>0, 1S

Instructions: /n the following questions an Assertion (A) is
given followed by a Reason (R). Mark your responses from
the following options:

(A) Assertion(A) is True and Reason(R) is
True; Reason(R) is a correct explanation for
Assertion(A)

(B) Assertion(A) is True, Reason(R) is True;
Reason(R) is not a correct explanation for
Assertion(A)

(C) Assertion(A) is True, Reason(R) is False

(D) Assertion(A) is False, Reason(R) is True

103. Assertion: Let f(x) be a polynomial function
satisfying

f(x).f(l) = f(x)+f(lj.lff(4)=65 and/, [,,
X X

lyare in G.P, then f'(1,), f'(1,), f'(15), are also in G.P.

104.

105.

Reason: f(x) =+ x" + 1

Assertion: If y = (1 +x) (1 +x%) (1 +x%)... (1 +x™),
then Q atx=0is L.
X
_ 2/r+l
Reason: y = I=x
1-x
Assertion: If f(x) = (cos x + i sin x) (cos 2x + i sin 2x)

(cos 3x + i sin 3x) ... (cos nx + i sin nx) and f(1) =1

2
then /(1) is equal to — (n(n2+ 1)) .

Reason: f(x) = cos @ X +isin nn=1) ¥
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Previous Year’s Questions

106.

107.

108.

109.

110.

111.

112.

2
Ify=x+ V1+x? )", then(1 +x2) %-i—xj—yis:
X

by
[2002]
(A) n’y (B) —ny
©) (D) 2xy
. . dy .
If sin y = x sin (@ + y), then I is: [2002]
by
. .2
A) 2smoz (B) sin '(oc+ ¥)
sin“(a+y) sino
(C) sin arsin’ (or+y) (D) Sn(@=y)
sina
Xy dy .
If x¥'= "7, then — is: [2002]
dx
I+x 1-logx
() (B) ==
1+logx 1+logx
(C) not defined (D) sz
(I+1logx)

Let f(x) be a polynomial function of second degree.
If f(1) = f(-=1) and a, b, ¢ are in A. P, then f"(a),
f’(B) and f’(C) are in [2003]
(A) AP

(B) G.P.

(C) H.P.

(D) arithmetic-geometric progression

If f(x) = x, then the value of
SO S, G

JO=7 21 37 n!
[2003]
(A) 2" ®) 2"
© 0 D) 1
If x=e"*" ", x>0, then Y [2004]
dx
X 1
(A)— B) -
1+x X
1-x 1+x
©)—- D) —
X X
Suppose f(x) is differentiable x = 1 and
lim lf(l + h) =5, then /(1) equals [2005]
h—0 h
(A) 3 (B) 4
<© 5 (D) 6

113.

114.

115.

116.

117.

118.

If f'is a real-valued differentiable function satisfying

| /() ()] < ()%, x, ¥ €R and (0) = 0, then /(1)

equals [2005]
A) -1 (B) 0
©) 2 (D) 1
The set of points where f(x) = I T | is differentia-
+|x
ble is [2006]
(A) (—oo, 0) o (09 °°)
(B) (—oo’ _l) o (_19 oo)
(C) (=o00)
(D) (0, )
m,_m m+n dy .
Ifx"-y" =@ +y)" 7" then —is [2006]
dx
X+
N ®)
X Xy
X
(©) xy D) =
y
Let y be an implicit function of x defined by x** — 2x*
coty — 1 =0. Then y (1) equals [2009]
A -1 B) 1
(C) log2 (D) —log 2
Let f: (-1, 1) = R be a differentiable function such

that /(0) =—1 and /7(0) = 1. Let g(x) = [f2f(x) + 2)]>

Then g ’(0) = [2010]
(A) —4 (B) 0
€ -2 (D) 4
2
F is equal to [2011]

d*y - dy -
&) [7) (d—)
a2y (v
® (d_)(d—)
(& d_y)3
(©) (dxz]( =

d*y -
D) | £
o (4]



Differentiation 13.25

119. Ify = sec(tan”! x) , then & atx =1 is equal to 120. If g is the inverse of a function f'and f”’(x) = 5
dx [2013] 1+x
1 then g’(x) is equal to 2014
- 1 (A) 1+x (B) 5x
© V2 ©) 7 | .
©)——— D) 1+{g(x)}
1+ {g(x)}

ANSWER KEYS

Single Option Correct Type

.LD) 2(C) 3. 4@ 5@® 6(A) 71.(A) 8 @B 9. 10. (B
11. (C) 12. (B) 13.(A) 14.(B) 15 (A) 16.(C) 17.(C) 18 (C) 19.(C)  20. (A)
21. (B) 22.(A) 23.(C) 24.(C) 25.(D) 26.(A) 27.(B) 28.(B) 29.(B) 30.(A)
31. (A)  32.(A) 33.(A) 34.(B) 35 (A) 36.(B) 37.(C) 38 (C) 39.(D) 40. (C)
41. (B) 42.(B) 43.(B) 44.(C) 45.(B) 46. (A) 47.(B) 48.(C) 49. (A) 50. (D)
51. (A) 52.(C) 53.(A) 54.(A) 55.(B) 56.(A) 57.(B) 58.(C) 59.(B) 60. (A)
61. (C) 62.(A) 63.(A) 64. (D) 65 (B) 66.(C) 67.(C) 68 (C) 69.(B) 70.(C)
71. (B)

More than One Option Correct Type

72. (B) and (C) 73. (A), (B)and (C)  74. (A)and (C) 75. (A) and (B) 76. (A) and (C)
77. (A), (B)and (C)  78. (A), (B)and (C)  79. (A)and (D) 80. (A) and (D) 81. (B)and (C)
82. (A), (C)and (D)  83. (C) and (D) 84. (A), (B)and (C)  85. (A), (B) and (C)

Passage Based Questions

86. (B) 87. (A) 88. (B) 89. (A) 90. (A)
91. (A) 92. (O) 93. (B) 94. (O) 95. (B)
96. (A) 97. (D) 98. (B) 99. (A) 100. (B)
Match the Column Type

101. I — (D), Il - (C), Il = (B), IV — (A)  102. I — (D), Il - (B), Ill - (A), IV — (B)

Assertion-Reason Type
103. (A) 104. (A) 105. (C)

Previous Year’s Questions
106. (A) 107. (B) 108. (D) 109. (A) 110. (C)

111. (C) 112. (C) 113. (B) 114. (C) 115. (A)
116. (A) 117. (A) 118. (C) 119. (D) 120. (D)



13.26 Chapter 13

HINTS AND SOLUTIONS

Single Option Correct Type

1. We have,
F)= N2 —10x+25 = \J(x=5)% =|x-5]
x—=5x2=5
- {5 -x,x< 5}
Clearly, f(x) is differentiable at all points on the interval
[0, 7] except at x = 5.

.. The derivative of f(x) on the interval [0, 7] does not exist.
The correct option is (D)

A0 0
2. Wehave, AA'=|0 A 0] =A°
0 0 A

N=N
The correct option is (C)

3. /" (x)=—2cosxsinx—2 cos (x+%)sin (x+§)

. 4 . 4
+ COS X sIn x+§ + SIn x cos x+§

. . 2r . T
=—sin 2x — sin 2x+7 + sin x+x+§
=—2sin 2x+E cos£+sin 2x+£

3 3 3
=—sin (2x+£)+sin (2x+£)=0.
3 3

= f(x) = constant for all x.

T
But,f(0)=00520+cos2§ +sin 0 - sin % = %

fx)= % for all x.

Thus, (gof) (x)=g[/W]=g (%) =3

The correct option is (C)

4 _ 2sinxcosxcos2xcos4xcos8x  sinl6x
- fo= 2sinx s sin
X
, 1 |sinx-cosl6x-16—sinl6x-cosx
= f ()C)Z 7|: ) ]
16 sin” x

! -1-16 ! -0

T e
(%)

The correct option is (C)

R Y

2 2 —2nx
d d°x —e _
Now, 2.&%_ 2w =—ne ™

" 2nmx

dx*  dy? n
The correct option is (D)
6. We have,
2
2 =—sin 6+ sect6/2 =—sin 6+ B
do 2tanf/2

2sin—cos—
2

1-sin%0 _ cos’ 6

=—sin 0+ — = - -
sin@ sin@ sin@

and % =cos 0
dy _ dy/df _ cos@sin@ —tan @
dx dx/d6 cos2 0
2 .
Also, di); =secze-@ = sm49
dx dx  cos" @
2
% =0=sinf8=0=0=nmne Z
X

The correct option is (A)

7. f0) = Jx—1+25+(x—1)—10Jx—1

= Jx =1+ fx-1)
= Jx-1+]5-Jx-1] =5

(v yJx—1 <5forl<x<26)
S f(x)=0
The correct option is (A)

8. We have,

_1[ 1-3logx _1[ 4+3logx
y=tan | —— |+tan | —————
1+3logx 1-12logx
=tan'l —tan ' (3 log x) + tan '4 + tan ' (3 log x)
1+4B

A+BJ
1- AB

. - - (A-B
Using tanlA—tanlB=tanl( )

and tan"' A+ tan”' B = tan_l(



10.

11.

12.

Differentiation 13.27

=tan 'l +tan ' (4)

2
. ? =0 and hence dJ =0.

X dx?
The correct option is (B)
We have,
3x2 cosx -—sinx
So=16 -1 0
p P
6x —sinx —cosx
f"x=16 -1 0
p P
6 —cosx sinx
and /" (x)= |6 -1 0
p P P
6 -1 0
f7@0=(6 -1 0|=0
p P

("~ R, and R, are identical)
The correct option is (D)
Differentiating the given equation with respect to x, we get

1
xy+y-1-—3y=0
y
= xyy’—y’+y2=0i.e.(xy— 1)y’+y2=0

Differentiating again with respect to x, we get
Co=Dy"+y ' +y-D+2p=0

N x (yy// +y/ 2) 7y// + 3yyl =0
k=3
The correct option is (B)
We have,
dx
— =cost
dt
d
and & =2 (a+b) 2
dt
dy _dvldt _ 3a+p)e? _ N2y
dx  dx/dt cost 1-x*
2
= (1 —xz) (ﬂ) :2y2
dx
Differentiating with respect to x, we get
(1-2%) 2y =20 (/) =4y’
= (1-x))y -x/=2 (dividing by 2y")

k=2
The correct option is (C)

XZ—X

2+ 2x

Clearly, /(0) and f(— 2) are not defined.

We have, f(x) =

So domain of /= R\{0, — 2}.
Then, in this domain, we have

y=f(x)= x—_1:>yx+2y:x71
x+2

or x= Zy+l ,i,e,,ffl(x)z 2x 1
1-y 1-x
df'(x)  2(1-x)+2x+1 3
d  (1-x  (1-x)>
The correct option is (B)
13. We have,

Fx)=1(x) g (x)h(x)
= logF (x) =log f(x) + log g (x) + log & (x)
Differentiating both the sides with respect to x, we get

Fx) _ ), g, hix)

F(x)  f(x) gk) hx)
Flg) _ S, g6) | hix)
F(xy) f(xo) g(xp) h(xo)

= 21=4-T+k= k=24

The correct option is (A)
14. Clearly, f(x) must be of the form
J@) = ay [+ (k=) +ay [+ (k=0
+..ta, [x+(k—x)]+a,
It may be noted that » must be even for otherwise f(x) will
become a polynomial of degree n — 1.
Clearly, f” (x) is a polynomial of degree n — 1.
The correct option is (B)

15. We have,
Sx)=x-1 (wx>2)
SL@I=fc-D=[Gx-1)-1[=][x-2]
=(x-2) (x>2)

g =/{f1/0)]} =f(x-2)
=[(x=2)-1|=|x-3]
_x-3, ifx23
C|ex+3,if2<x<3
s oL ifx 23
0= {—1,if2£x<3}
The correct option is (A)
16. f()=[(x—=4) (x=5)|
(x—4)(x-5) if(x-4)(x-520
—(x-4H(x=-5if (x—4)(x-5)<0
_ JA?-9x+20  ifx<dorx25
~(x2=9x+20)if4<x<5
s ]2x=9 ifx<4orx2=5
! (x)_{—2x+9if4<x<5 }

The correct option is (C)
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17. 2 f(sinx) +f(cos x) =x

Replace x by g —-x

2 f(cos x) + f(sin x) = g— X

Solving we get, 3f(sin x) = §+ 3x

. d
s f)= %+sm 'x o af(x) = >

1-x
The correct option is (C)
18. f(x)=|x—al|=x—a (ifx>a)
flfl=f(x—a)=|x—2a|=x-2a (ifx>2a)
SO =f(lx-2a])=|x—3a|
=x—3a (ifx > 3a)
= g@=1,V a>3a.
The correct option is (C)
19. 90 =f" ()= x=/[9(x)]
= 1= {{Tp@]} ¢’

s 1
= 0O )

1
1+ [p()T

Now f(x) = 1+1x5 = /[0()] =

’ 1 5
= — =1
9'(x) 0] +[o)]

The correct option is (C)

1 d
20 y= 1@ __1
X dx x2

1+i xt+1
Y+t T 2 1
No y Vx4

" \/l+x4 _\/1+x4 _\/x4+1 X dx

Writing in the form of differentials, we have
dx dy

dx _ dy + -0
\/l+x4 \/1+y4:>\/1+x4

I+ y4 o
The correct option is (A)

& _ 910

dx ¢2

&Py (S0~ [0 ~ (SO~ f6)20¢

dx? ¢4

L Ly S-S AL )
v dx’ 1o 0%

S92
I Je

The correct option is (B)

21.

(¢

(M

2

22. Given thatg ' (x) = f(x)
= x=g[f]or g[fM]f (x)=1

, 1 . oy — )

= glf]= 70 = g[S xf"(x) L (0F
., _ "™

= g'[f&]= L @F

The correct option is (A)
23, f(0)=x"=f'(x)=nx""!
fla+b)=f"(a)+/"(b)
= na+b)" '=nd" '+ nb" !
= (a+b)" '=a" 4!
Which is true for n =2 and false forn=1and n =4.
Also, forn=0, f(x) =1,
So, f'(x)=0;f"(a+b)=0
So, f"(a+b)=f"(a)+/"(b)
Hence, there are two values of n.
The correct option is (C)
24. f'(x)=(1/2)5""" (log 5)(2) = log 5 - (5***)
Also, g'(x)=5"log 5 + 4 log 5
So {x:f"(x) >g'(x)}
= {x:log 5% 5% >log 55 +4log 5}
={x: 5% > 51 4y
={(t=5:5F—1-4>0}
={t=5":5t+4)(t-1)>0}
={t=5":t>1ort<—4/5}
={t=5":1t>1}=(0, ).
The correct option is (C)
!
dx" !
= [,=m-D'+nl, =1 —nl,_ | =m-1)L
The correct option is (D)

25. I, =

n (x" '+ nx" " ogx)

du
26, d _ S(0)3x°  cosx®3x
Cdv v g(x?)-2x sinx®2x
dx
du _ 3 3 2
— = Zxcosx’-cosecx
dv 2

The correct option is (A)
27. Putx=y=1,wegetf(1)=0
Puty= 1 , we get f(x) + f(l) =f(1)=0
x X
1
S+ f (;) =0
The correct option is (B)
28. Puttingx =0,y =0, we get
2(0) + A0 =1=/(0)= 2 -1
Putting y = x, 2/(x) + [f(x)* = 1

[ /(x)>0]



29.

Differentiating with respect to x, we get
2/ +2f(x) - f'(x) = 0 or f7(x) [1 +/(x)] =0
= f’(x)=0, because f(x) >0

The correct option is (B)

3fuo—2f(§):

Putx= l,then Sf(lj -2f(x) = 1
X x X

Solving (1) and (2), we get

5f(x)=3x+g:>f’(x)=§—i
X 5 5x2
: 3.2 _1
D=5

30.

31.

32.

The correct option is (B)

Given: \Jx+y+y—-x =¢

Oty -r-x) _
Jx+y—y—x
2x
= Jytx—4y- Z?
By adding Eq. (1) and (2), we get

452
2fy+x = c+2—x:4(y+x)= c2+%+4x
C C

NP
dx  ¢?
Ldly _ 2
W
The correct option is (A)
We have

dx _dfdx) _df 1
a*  dy\ady dy\ dyldx

_d( 1 )&
dx\ dyldx dy
1

:_((z) a2

/_\

f)

1 d’y -3
= (@) = (@) (dzyj
(l) d- dx2
dx

The correct option is (A)
X2 coty—1=0
Nowx=1,
1-2coty—1=0
T
= coty=0=>y= Py

Now differentiating eq., (1) with respect to ‘x’

Differentiation 13.29

(M

2

(M

33.

34.

d
x* (1+log x) — Q[x"(coseczy)d—y + cot yx*(1+ log x)] =
x

Now at (1,5)
2
o e[
2(1+1log1) 2(1( 1)(dx)(|,’27)+0] =0

= 2”(31)(1;) =0= (z)(h;’) =-1

The correct option is (A)

We have, A= /y* + z*

2
de\A) dx\ A
dl__»y |, 4|_=
Y \/yz+z2 dx \/yz+z2

e
yz+zzﬂ_yyd)67dx
dx 2+ 22

y2+z2

V422

22( dy+ dZ)
5 5 dz dx dx
Wy +z )2de_72
+

y2+22

1 @
= +z
(y2+zz)3/2|: —(+2) - y( dx )
dZ 2 2 dy d
+2z—(y* +z°)— - 4z
de(y Z)Z(yd dﬂ
1 2 2dZ:|
R — +2z7)—
2+ 2P [Z (" +z )dx
_ .z dz_zd
[y? + 2% dx Adx’

The correct option is (A)

a(r"=1)
r—1
= (r-DS,=ar"-a

We have, S, =

Differentiating both sides with respect to r, we get

(*1)

" +S =nar" "' 0

-1
n —
=nar"” -8,

= (r—l)

=n [nth term of G.P] - S,
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=n (Snisnfl)isn
=(n-1)S,-nS,_;.

The correct option is (B)

35. Differentiating the given equation with respect to x;, we get
lf,(x] +x, +..+xn) _ ()

n n n

dx; ~0
X

[Since all x/s are independent to each other, ..

dx.
ifijand —L=1 if(i =)]
dxj

On putting x; =x,=...=x, ;=0

and x, = x, we get f” (f) =f(0)=a.
n

On integrating, we get nf (i) =ax+c
n
Since f(0) = b, we have ¢ = nb
nf (i) =ax + nb =nf(x) = nax + nb
n

= f(x)=ax+b.
f'x)=a, VxeR
The correct option is (A)
36. We have,

¥ =P (1)
= Y _p @
dx
2
YA P e
dx dx do?
2
dy 2
= 2y2(dx) +2y3~fl—f =V’P" (x)
X
d’y dy)z
33—~ _ 2pnr 21 —
=27 2 =V -2 (dx

=P (1) - % [P (@)

2
=2 i y3 dJ
dx dx?

=Y P+ P () — L 2P () P ()
dx 2

[from (2)]

=P (x) P (x)+y’P” (x) - P (x) P” (x)

oW _
l: 2 ya =P (x):|
=P ()
=P (x) P (x)
The correct option is (B)
37. We have, [ f(x)]" =f(nx)
Differentiating with respect to x, we get

n[fEO " f @) =f (nx) - n

[ =P )]

38.

A=

39.

40.

41.

= @IS @=1 )= [0 @ =1 ()
Jx)

[Multiplying both sides by f(x)]

= flm)-f" () =f" (nx) - f(x) [~ /@] =f(n)]

The correct option is (C)

We have,
f g h
X'+ f xg'+g xh +h
XA 42 xPg” +4xg +2g  XPH +4Axh +2h
A g h
= xf’ xg’ xh’

xzf” + 4xf’ ng" +4xg’ X2h” + 4xh’

[Applying R, = R, — R, and R; — R; — 2R|]
;Soog h

’

=| xf" xg xh’ [Applying Ry — Ry — 4R,]

x2f” ng” xzh”
f g h i g h
— x3 f’ g, h, _ f/ g/ h/
f” g” n’ x]f// x3g~ x3h//
f g h
LN = I g n
@y (@) (Y
The correct option is (C)
Ax)  B(x) C(x)
LetA(x)=| A(e) B(ex) C(a)|,then
Aoy B'(a) C'(@)
A'(x) B'(x) C'(x)
AN(x)=| Ao) B(a) C(a)

A'(e) Bla) Cla)

So, A (&) =0=A’ (@), therefore ¢ is a repeated root of A (x)
and o is a repeated root of the quadratic equation f(x) =0, so
A is divisible by f(x).

The correct option is (D)

A0 O
We have, AN'= |0 A 0] =A’
0 0 A
A=A
The correct option is (C)
2
We have, f(x)= ~ —*
x2+2x

Clearly, /(0) and f(— 2) are not defined.
So, domain of /= R\{0, — 2}



42.

43.

44.

45.

46.

Differentiation 13.31

Then, in this domain, we have

y=f(x)= x—_1:>yx+2y=x—1
x+2

or, x= 2F i fiy= 2]
1-y I-x

Cdf'(x)  2(-x)+2x+1 3

Codx (1-x)? (1-x)?

The correct option is (B)
Clearly, f(x) must be of the form
f) =ag W+ (k—x)"+a, [¥" '+ (k—x)""']
+..ta,_ | [x+(k-x)]+a,
It may be noted that » must be even for otherwise f(x) will
become a polynomial of degree n — 1.
Clearly, / (x) is a polynomial of degree n — 1.
The correct option is (B)

& fo- 10
dx ¢2

&y (9= f9)8 ~ (S0~ f6)20¢"

dx? ¢4
Ly S-S 2S99

v dx? 1o 0%
S 200 o
7 et e W

The correct option is (B)

[/ =(1/2)5"*" (log 5)(2) = log 5 - (5™ *")
Also, g'(x)=5"log 5 + 4 log 5

So, {x: f'(x) > g'(x)}

= {x:1log 5 x 5% "> log 5 5" + 4 log 5}

={x: 55" s 5 1 4y
={(t=5:5—t—-4>0}
={1=5(5t+4)(t—1)>0}
={t=5":t>1ort<—4/5}
={t=5"1>1)=(0, ).

The correct option is (C)

Putting x =0, y =0, we get

2O+ {0} =1=/(0)= V2 -1
Putting y =x, 2/(x) + {/(x)}* = 1
Differentiating with respect to x, we get
2/ +2f(x) x f'(x) =0 or f'(x) {1 +/(x)} =0
= f"(x) =0, because f(x) > 0

The correct option is (B)

GiVCnZ.lx+y+,ly—x=C (1)
W+ -(y-x _ 2x

R P

(/(x)>0)

47.

48.

49.

50.

= Jprx-{mr =2 @)

By adding (1) and (2) we get

2 2
2y+x = c+ = =4y +x)= c2+4%+4x
c

P

dx cz
@y _ 2
ax* 2

The correct option is (A)

flx)= ﬁ (cos(2k —1)x +isin(2k —1)x)
k=1

= cosZ(Zk—l)x+isinZ(2k—1)x
k=1 k=1

= cos n’x + i sin n’x
(Using De Moivre’s Theorem)
o (Re f(x))” =— n'cos n’x
and, (Imf(x))” =— n* sin n*x. Thus,
(Re f(x))” + i(Imf(x))” = — n* [cos n’x + i sin n’x]

= n'f(x).
The correct option is (B)
2 f(sin x) + f(cos x) =x (1)
Replace x by % —-x
2f(cos x) + f(sin x) = % —-x (2)

Solving we get, 3f(sin x) = g+ 3y

o f(x) = %+sin_1x % f(x) =

1
J1-x*

The correct option is (C)
S0 = Jx=14 25+ (x-1)—-10x -1
= Jx-1+y5-x-1y
= Jx-T+[5-x-1| =5
[ Jx—1 <5forl<x<26]

S f(x)=0
The correct option is (A)
We have,
fx)=2-x,x<2
=x—-2,x22
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51.

52.

Thus, we have,

gu)=f ()} =2-1/f<2

=f-2,f22

e g(x)=2-(2-x), 2—x<2}x<2
=2-x)-2, 2-x22
=2-(x-2), x—2<2}x>2
=(x-2)-2, x-222

ie., gx)=x,0<x<2
=-x,x<0
=4-—x,2<x<4
=x—4,4<x

ie., gx)=—x,x<0
=x,0<x<2
=4-x,2<x<4
=x—-4,4<x

Hence, we have for x > 2
g)=-1,2<x<4
=1,4<x
The derivative of g(x) does not exist at x = 4.
The correct option is (D)
We have,
x=2—|t),y=>£+7"|t|
= x=3t,y=0whent<0
x=t,y=2t3whent20
Eliminating the parameter ¢, we get
{ 0, x<0
Yoz 3
2x7, x=20
Differentiating with respect to x, we get
dy 0, x<0
dr {6x2, x20
Hence, the function is differentiable everywhere and its
derivative at x =0 (+=0) is 0
The correct option is (A)

Since function f(x) leaves remainder 15 when divided by
x — 3, therefore f(x)can be written as

Jx)=(x=3)I(x)+15 Q)
Also, f(x) leaves remainder 2x + 1 when divided by

(x— 1)2. Thus, f(x) can also be written as

Fx) = (= 1’m (x)+2x + 1 )

It R(x) be the remainder when f(x) is divided by

(x —3) (x — 1)% then we may write

S®)=(r=3) (x= 1’n(x) + R(x) 3

Since (x — 3) (x — 1)2 is a polynomial of degree three, the
remainder has to be a polynomial of degree less than or
equal to two. Thus, let

R(x)= ax® + bx+ ¢

53.

54.

From equations (1) and (3), we have
f(3)=15=R(3)
ie., 9a+3b+c=15
From equations (2) and (3), we have
f()=3=R()
ie,a+b+c=3
From equations (2) and (3), we have
f(M=2=R()
e, 2a+b=2
Solving equations (4), (5) and (6), we get
a=2,b=-2,c=3
The correct option is (C)
We have,
af(x) + bf (l) 1 5
X X
Substituting 1 in place of x, we have
X

af(l) +bf(x)=x-5
X

Eliminating f (l) from equations (1) and (2), we have
x

(@ - f(x)=a (1—5] —b(x—5)
X

1
= fln= T [%—bx+ S(b—a)]

re= L)
b"—a’ [ x
The correct option is (A)
We have, x = cos’ 6 and y =sinf@
Differentiating with respect to 6, we get
dx

=7 cos®@sind

dy

and, — =cos 6
de

Thus, we have,

é =-7 cos 0 sind
dy

d’x _ d (dx d (dx) de
and, — = —|—|=—|—|—
d?  dy\dy) de\dy) dy

=(35 cos*@sin’6— 7c0s66) !

cos@
=35 cos’ 0 sin*6— Tcos’ 0
=35 cos39(1 - 00529) —7 cos’0
=35 cos’0—42 cos’0

dx  d(d*x d (d?x) do
and, =5+
dy dy \ dy do\ dy” | dy

“)

3

(6)

(M

@



5S.

56.

57.

Differentiation 13.33

1

=(-105 cos’0sinf+210 cos4qsn 0)
cos6

=105 singcos6 (2 cos’0— 1)
105 . .
= - sin 2gcos 20 = % sin 460

The correct option is (A)
We have,

-1 x+l +sin™! xl
y=sec | x -1 x+1

-1 x-1 +sin™! oz
=cos | x+1 x+1) 2

However, the above function is defined only for values of x,
given by

<X
x+1
-1 -1
e, T — +1>0and =— —1<0
x+1 x+1
ie., >0and LZO
x+1 x+1
ie, x<-lor>0andx>-1
ie, x>0
Hence, we have,
T
=—,x20
7 2
d
and, L 0,x>0
dx
The correct option is (B)
We have,
xlox 1-x2
flx)= cos”! P cos! 14 52
and,
-1 (14 x) (=2x) = (1-x*)(2x)
r@w=[ (1_2Y (1427’
1_
1+ x?

_ 1 A 2x
CJa? (A3 x| (1427
which is an odd function, since
(=) =~"(x)
The correct option is (A)
We have,
fe)=(1-x"
f)y=-n1-x""
@ = nn - 1) (12"

58.

59.

60.

f'0)=1)"n!
Thus, £(0) = 1, f/(0) = —n, f"(0) =n (n— 1), ...,
S10) =)'t

Hence, £(0)+£7(0) + / 2 ('0) ARC)

n!
S A Clnd)) +...+(—1)"n—!
2! n!
="Cy-"Ci+"Cy+ ...+ (-1)"C,
=0 [Putting x = 1 in the expansion of (1 —x)"]
The correct option is (B)
We have,
X =x7" -1
y=cot™ (2] = cot ! (ZXXJ
2x*
=—tan! [1 _xsz
=2tan" (x")
’ _2 X
and, Y= l+x2x.x (1+1Inx)
Hence, y'(1)= ——1=-1
1+1
The correct option is (C)
We have,

1 2 2
y= +cos26 _ cos“ 0 :|C()t9|
1—cos260 sin2@

In the neighbourhood of 6= 7/4, we have

y=cot 0
2 T o
and, )’ =—cosec’ 0= )’ ) —cosec”| 4 |=-2

In the neighbourhood of 6= % , we have
y=-cot 0
and, V= cosec’6

2

,(37:) (3::)
= V| — |=cosec2 | —
4 4
/4 3r
Hence, y'| = |V |=|=-4
y(4jy(4)

The correct option is (B)

Let f(x) = ax® + bx+ ¢

Then, /’(x) =2ax + b

Also, /(1) =f(=1)
=Satb+c=a-b+c=2b=0=b=0

s f () =2ax

o f(a)) =2aay, f’(a,) = 2aa, and f’(a;) = 3aa,
As ay, a,, a; are in A.P, we have
@), f @),/ (ay) are in A. P

The correct option is (A)
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61.

62.

63.

We have, 5f(x) + 3f (l) =x+2
X
Putx = ! , we get
X
1 1
Sf(f) +3f(x)=— +2
X X
Solving (1) and (2), we get

16f(x) =5x — E+4
X

y=xf(x)
1 3 1
=Sy=x-—1{5x——+4p = —|5x> —3+4
Y 16{ X } 16[ * x]
or, Q ! —[10x + 4]
dx 16
Therefore, (Q) = 10-‘_4:z
dx atx=1 16 8

The correct option is (C)
Let, fx)= ax’ + bx+ ¢
Then,  g(0)=/() +/ () +/"(x)
= (ax’ + bx+ ¢) + Qax + b) + 2a
=ax’ + (b+2a)x+ (c+b+2a)

As f(x) >0 V x, we have
a>0andD<0
i.e,a>0and b’ —4dac<0
Now, D=(b+2a)—4a(c+b+2a)

=b*+4a’ + 4ab — dac — 4ab - 84°

= b’ —4d® — dac

= b’ —4ac — 4d*

= (b* — 4ac) — (4d°),
where b% — 4ac < 0 from (2)

D =—ve as b* — 4ac —(4a*) < 0
Hence, g(x) is a quadratic in which ¢ > 0 and D < 0
= gx)>0forallx
The correct option is (A)
We have,
S +y)=f)+f(y) + 2xy - 1

Put x=y=0=/(0)=2/(0)-1=f(0)=1

Also, f'(x)= ;l_r)% w

i L+ SO0+ 2xh =1 = f(x)

h—0 h

et i SO
h—0 h
=2x+/7(0)=2x +sinf
Integrating, we get f(x) = ¥ +xsinf+c

fO)=1=1=c

(M

2

3)

(M

2

64.

65.

S f(x)=x*+xsin@+1>0VxeR

[~-D=sin’6—4<0]

The correct option is (A)
f(X) (D) +xf7Q2)+f7(3)
. f'x)= 32 +2x (1) +"(2)
= f7(x)=6x+2f"(1)
= S7x)=6
Now, =3+2f"(H+1"(2)
= Q)+ (H+3=0
Again, f7(2)=12+21"(1)
=  f")-2f"(1)-12=0
Again, f7(3)=6
From (1) and (2)
2"2)+/"(2)-6=0="(2)=2
S (Dgives f/(1)+2+3=0
= f'(1)=-5
f)=x"—5"+2x+6
~ fl0)=6,
f(H=1-5+2+6=4
f(2)=8-20+4+6=-2
f(3)=27-45+6+6=-6
SO +/(2)=6-2=/(1)
o (a)is true
f0)+/3)=6-6=0
fH+f3)=1-5+2+6)-6
=-2=/(2)

J)+/3)=-2#(0) [

<o (d) is false
The correct option is (D)
Putting y = 0 in the given functional equation,

SO+/0) _1

we get, f(x/2) = 2 = 5 1+ f(x)]

= f)=2x2)-1
Since f7(0) = -1, we get lim
h—0

o lim M1
h—0 h

Now,

P = tim LD =)
h—0 h

S@2x)+ f(2h)

" lim 2
h—0 h

- f(x)

—hm [ 2f(x)-1+2f(h)—1} - f(x)}

SO+ -fO) _
h

(M

@
3)

“)

®)

J(0)=6]

(w0 =1)

(M

[using (1)]
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Jim [ -1+ £ - /)] = Jim SO = = =L in20-@-1)0
Thus, f’(x)=-1,s0wegetf(x)=—x+c dy _ d%e _ (a—b)cos20—(a—b)
But £(0) =1, therefore, 1 =f(0)=-0+c¢ dx d)/ (b—a)sin20
do
= c=1
Thus, f(x)=1-x :l_'cﬂ:tanez a-x
f@)=1-2=-1 sin26 x—b
The correct option is (B) The correct option is (B)
70. We have
, LSt = f(x) i
66. = lim ———— S _y=
Sx hl_r;z) i V' —y=2x
Differentiating both sides with respect to x, we get
i SO -1
= lm 2 dy dy 2
hs0 h G- = =2= = M
dx dx  3y° -1
— e SO AL+ Ag(h) — 1} o o . .
= ;{m(l) P Again, differentiating both sides with respect to x, we get
5
dy
= }Ei_r)r(l)f(x)g(h) =logaf(x) @ _ -2 6ya

Therefore, 1"(x) = (log a)" f(x), so k= (log a)"
The correct option is (C)

Sx+h) - /()
h

i LSO+ xh = £ ()

h—0 h

67. We have, f’(x) = lim
h—0

1
= lim — f(h)+
lim - /() + x
=3+x
2
Integrating, we get f(x) =3x+ X_ +¢
2

Putting x =y = 0 in the given equation,
we get, f(0)=0=c¢=0

Sx)=3x+ Lz
2

The correct option is (C)
68. We have,
f(x)=x+tanx
= U oD=/") +tan/T )
= y=g(y)+tan g(y) or x = g(x) + tan g(x)
On differentiating, we get 1 = g’(x) + sec? g(x) g'(x)
1
1+ sec? 2(x)
B 1
2+ [g(x) - T
The correct option is (C)
69. Let

= gw=

x=a cos’0+ b sin*0
a-x=a—acos’0—bsin’0=(a—b) sin’0
and, x—b=acos’6+bsin*0—b= (a-b) cos’6
y=(a—b)sin gcos 86— (a—b) tan ! tan 6

71.

2 2
dx (32 -1)
using (1), we get
&y Ay

= 3 2
d? (357 -1) @
Now,
(xz _ L) d’y  xdy
27) dx*  dx
()2 )
27 3By =17 ) By -
[From (1) and (2)]
_(Yof-n 1) =24y ), »0’-D
4 27 )\ 3y* -1)° 337 -1
(y —y=2x)
27507 -4} (24y) |, (0’ -1
= 3 2
_ v S0 -1 +8 . 9(y* - 1)
9 3y* -1y 3y? -1
_ v 20+0) (-2 +8 RECEY)
9 o’ o
where o= .’Jy2 -1
=7
9
The correct option is (C)

We have,

A+x+3) A -x+x)=(1 -2 -*=1+x>+x*
Now, (1 +x+x3) (1 —x+x%) (1 - x> +x

=1+ +xH (1 -2 +xh

=1+x"+5°
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More than One Option Correct Type

72.

73.

74.

Continuing in this way, we have
A+x+) 1 -x+xD) A - +xH) Q1 =x"+x5

B ——

=(1+x% +x
(10 )

Now, forx <1, x~ =0.

Taking limits as n — oo in (1), we get

A+x+) 1 -x+xDH Q- +xhHa—x*+x5 .. =1

Taking logarithm of both sides, we get

=In(l +x+x2)+ln (1 —x+x2)+ln (1 —x2+x4)
+In(1-x*+x+..=0

Differentiating both sides with respect to x, we get

We have, /" (a+ ) =1" (&) +1" (P)

1+2x —142x  2x+4x°
= +
T+x+x> l—x+x> l1-x?+x*
453 +8x7
+478+.=0
1—x"+x
0 1-2x  2x-4x°  4x’-8x
ence,
I—x+x> 1-x?+x* 1-x*+i8
_ 1+2x
Tl x4 a2
The correct option is (B)
75. We have,
J&) + /() +f(2) +1(x) X () Xf(2) = 14 (D

— (a+ﬂ)m—1:am—l+bm—1
Since, for m > 2, the above equality is not valid
~. we must have m = 2.

Also, form=0, f” (x) =0 for all x. So the equality is trivially
true.

The correct option is (B) and (C)
Since f{(x) is a polynomial of degree 3,
f(x)=x3 +ax’ +bx+c

Comparing with the given equation, we have

a=f(1,b=f"2),c=1"(3)
Now, f’(x)=3x>+2ax+b

f7(x)=6x+2a
J7x)=6

a=f'(1)=3+2a+b

b=f"(2)=12+2a

c=f"(3)=6
Solving the above system of equations
3+a+b=0andb=12+2a

a=-55b=2

Now, fx)=x> =58+ 2x +6
Thus, f(0)=6,/(1)=4,f2)=-2,f(3)=—6.
The correct option is (A), (B) and (C)
Since f(x — y), f(x) - f(v) and f(x + y) are in A.P.
= [+ +f(x—)=2()-f(y) ()
Putting x =0, y=01n (1), we get
£(0)+(0) = 2/(0)- (0) = f(0) = 1
Putting x =0, y =x in (1), we get
F)+£(2)=2£(0) - f(x) = f(2) =£(-2), f3) = /(-3)
Differentiating f(x) = f(—x) with respect to x,
S @)+ (=x)=0
QA =0, ) +f(-3)=0
The correct option is (A) and (C)

[ f(0)#0]

76.

77.

forallx,y,zeR
Putting x =y =z =0, we get
3O+ /O =14 = [f(O)F +3£(0)-14=0
= f(0)=2
Now, putting y =z =x in (1), we get
3@+ /@I =14
Differentiating with respect to x, we get
3@ +3@F xS (0)=0
= 3 W+ {@=0
= f’(x)=0, for all x.
The correct option is (A) and (B)
Since f(x — y), f(x) - f(v) and f(x + y) are in A.P.
= flx+y) +f(x—y)=2f(x)-f(y) (1
Putting x =0, y=01n (1), we get
J(0) +£(0) = 2/(0)- /(0) =/(0) = 1{" /(0) # 0}
Putting x =0, y =x in (1), we get
J&) + (=) = 2/(0)- f(x) = f(2) = f(=2), f(3) =(-3)
Differentiating f(x) = f(—x) with respect to x, we have
S+ (=x)=0
S+ =0,/BG)+f(=3)=0
The correct option is (A) and (C)

We have,
Sy =201 (;] (1)
Putting x = 1 in equation (1), we get
2 =) - i
S (i) [£(1) = 0; given] @)

NOW, f’(x) _ }}11;% f(x + h; - f(x)



78.

79.

Differentiation 13.37
I Putting x = 0 in equation (1), we have
_ f{X(HX }—f(X) S +1) =2/0) +/(») = 2/(y)
lim . = f9)=10) @)
= fiseven
f(l + LA 71 f(l + iz) + (%) Differentiating equation (2) with respect to y, we get
= lim 2\ X L x D=1
B0 X h x? e = f"is odd.
. * The correct option is (A) and (D)
[using (2)] 80. Letg’(l)=aand g'(2)=0 (1)
Then, f(X)=x’+ax+b,f(1)=1+a+b
_2 1 f,(l) () =2x+a,f"(x)=2
x o2 \x gx)=(1+a+bx*+Qx+a) x+2
) o ) =xX*G+a+b)+ax+2
Differentiating (2) with respect to y, we get - Z@) =2 +a+b)+a
o) =1" (1) L Hence, g/(1)=2(3+a+b)+a 2)
y)y Z(2)=43+a+b)+a 3)
0= 2 () deflw) = 1 From (1), (2) and (3), we have,
X X a=23+a+b)+aandb=23+a+b)
1 ie,3+a+b=0andb+2a+6=0
= 4= X dx Hence, b=0anda=-3
On integrating, we get So flx)= x* = 3xand gx)=-3x+2
f(x) =Inx + ¢, where c is a constant The correct option is (A) and (D)
Since, f(1) = 0 =c¢ = 0. Thus, we have 81. LetS=1+x+x+x +x*+ .. +x"
f(x) =Inx which is a geometric progression utl
The correct option is (A) , (B) and (C) S=l+x+x+X+ .. +x'= (1=x7)
We have, On differentiating both sides, we get, B
F@) =+ (D) +x"Q) + 7 (3) 1) 0+ 1+2x+3x+4x3 + . +mx" !
Diﬁ”erentiatingzwith respect to x, we have (=X [~(n+1)x"] - (1 _ x"+1)~(—1)
110 =38+ 26(1) +/7(2) @) = =
Differentiating with respect to x, we get
F7(x) = 6x +2f7(1) 3) irx’*l _ 1 (= (D " e
Differentiating with respect to x, we get r=1 (I-x)
7(x)=6 4
Puttijrzg Ec )= 3 is equation (4), we get v Thos, a=~(n+1)and 5=n
The correct option is (B) and (C)
/73)=6
82. From the graph it is clear that f(x) is non-differentiable at

Putting x = 1 in equation (2) and in equation (3), we get
SW)=3+21" () +f"(2)
ie, f/(H)+f"(2)=-3 %)
and, f7(2) = 12+ 2f"(1) ©6)
Solving equation (5) and equation (6), we have
f'(H)==5andf"(2)=2
The correct option is (A), (B) and (C)
We have,
S =) +fx+»)=2f(x) () (1)
Putting y = 0 in equation (1), we have
J) {f(0)-1}=0
= f(0)=1

x=0,-1
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Also, £7(100) = 0

[onx axis, y = 0:>d— 0= f'(x)= 0]

dx

10 -1 0 10
Jreae = [ poode+ [ ) de+ [ f(x)dx
-3 -3 -1 0

= jzdx+j( 2x)dx+j0dx
-3 -1

D S B
|2x|73+| X |71
=(2-(-6)+(-0+ (71)2) =4+1=
The correct option is (A), (C) and (D)

n! sm(x+n—) cos(x+n77)
83. /") =|n! sin (%) cos (n%)

a az (13

R CACA

~f0)=|n! sin (”%) cos (””2)

n! sin(”%) 0

5

(wn=(2m+1))

The correct option is (C) and (D)

84. We have,
gfx) =x=g'(f() f'(x)=1=g'(fx) =
Now, f(x) =2 = x> +3x*~33x—33=2
= X +3x-33x-35=0
= X5 +8% —40x+Tx—35=0
= (x-5E+8x+7)=0

Passage Based Questions

1
(f(x)

= x-5C+DHEx+7)=0

Lox=-7,-1,5

Thus, we have,

k=f"(-1)=3(-1* +6(-1) -33=3 -6 -33=-36
k=f"(=7)=3(=7)" + 6(~7) =33 = 147 — 63 — 33 = 51
k=1"(5)=3(57+6(5)-33=75+30-33="72
The correct option is (A), (B) and (C)

. Given F(x) =f(x) - g(x) (1)

Differentiating both sides with respect to x,we get

F(x) =f"(x) gx) + &'(x) f(x)

NACI RN {€))
F
= F')=/"(x)gx) [f( ) g(x)}

= F’'= c|:f, + g/:| = (a) is correct
foog
Again, differentiating both sides w.r.t, x we get
F7(x) =f"(x) - gx) + g"(x) - f(x) + 2f"(x) - g'(x)
= F'0)=/"(x) gx)+g"(x) f(x)+2c 2)
Dividing both sides by F'(x) =f(x) - g(x)
{~f' () gx) =c}
Then, F/0) _ [0 g7 2
F(x) Sx)  gx)  f(x)g(x)
F’/ _ f’/ + g/’ + E
F o f g fg
= (b) is correct
Again, given f'(x) g'(x) = ¢
Differentiating both sides with respect to x, we get
S g ®)+g @) fx)=0 (3)
From (2), F"(x) =f"(x) + g(x) + g”(x) f(x) + 2¢
Differentiating both sides with respect to x, we get
F7(x)=f"(x) g (x) +f"(x) gx) + g"(x) f'(x) + &"(x) f(x) + 0
=f"(x) gx) + &7 (x) f(x) + 0 [from (3)]
Now, dividing both sides by F'(x) =f(x) g(x), we get
F'() _ [, g7 (x)
F(x) f(x)  gx)
LW _ fl// + g///
F f
The correct option is (A), (B) and (C)

or,

or, = (c¢) is correct

86. We have,

)+ =f (1= 3% + yf1-x%)

Putting y = — x in equation (1), we have

FE) +fx)= f(x1=x> —x1-x%)cos™

=/(0)

(M

Putting x = 0 and y = 0 in equation (1), we get

J(0) +/(0) =£(0)

ie., f(0)=0

So, by (1)

S +f=x) =0 (@)



87.

88.

89.

Differentiation 13.39

Therefore, the function f(x) is odd.
The correct option is (B)

We have,
S x+h)—-f(x)
h

S'(¥)= lim
h—0

i LGRS (=)

[using (2)]
h—0 h
f{(x+h)\/1—x2 —x\/l—(x+h)2}

~ lim

h—0 h
[using (1)]

i L) Gt J1-x7 —x 1= (x +h)

y=0 h—0 h

[Putting(x+h)\/l—x2 —x\/l—(x+h)2 =y]

Now, we have,

lim 79 =y S =SO
y

=0y

=fO=1 [+ /f(0)=0]

y—0

. Gt my1=22 = x 1= (x + h)?
h—0 h

= J1-2 +1im x(\/l_xz _\/1_(“}1)2)

h—0 h

m+lim x(1=x=1+(x+h)?)

h_’oh(\/l—xz +J1—(x+h)2)

and,

Hence, f'(x) = P 3)
X

The correct option is (A)

Integrating (3), we get

flx)= sin”'x + C, where C'is a contant.
Since £(0) =0, we get ¢ = 0.

o f(x)=sin"'x

The correct option is (B)

x+y) _S@HfW

k k

Given: f (
We have,

h
- f(x+%)—f(X)
m-———
hlk

_ f(’“”’)—f(x)
lim——————

h—0

k
hlk

h—0

90.

91.

i LU0+ L (D =k S () 2
h—0 h

[using (1)]

Putting kx in place x and 0 in place of y in equation (1), we

get

f(/oH—O) _ [ (k) + f(0)
: k) k
S(kx) = kf(x) = f(0)

Putting the above result in equation (2), we get

S (h) ; IO _ 0

ie.,

J'()= lim
ie, f/x)=m [/7(0) = m (given)]
The correct option is (A)

We have, f'(x) =m

i.e., f(x) =mx + ¢, where c is a constant 3)
Putting x = 0 and y = 0 in equation (1), we get

2 1(0)
k

J0)=

= f(O)(l—%J =00r/f(0)=0

Therefore, from (3), we get c =0
Hence, we have,

f(x)=mx

The correct option is (A)

Given:
SOy) =) ) —fx) = () + 2 (D
Therefore,
0= tim LN =S
R
lim al
h—0 h
_ f(x)f[Hﬁ)—ﬂx)—f(l+ﬁ)+z—f(x)
lim ad ol
h—0 h
[using (1)]
h
I+—|-2
=1imf( +x) .f(x)—l )
h—0 ﬁ X
X

Putting x = 1 and y = 2 in equation (1), we have
J@Q)=fM+@)-/()-f(2)+2
= 5=5/(D)-f(1)-5+2
[/(2)=5; given]
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92.

93.

94.

ie.,

Jy=2

Equation (2), thus reduces to

f(1+ =/

- lim
h—0

fry = L1
’ X

==
==\ ,

S ) 3)

The correct option is (A)

_S-1
X

From (3), we have,
L, dx
il

On integrating, we get
In(f—1)=f’(1) Inx + C, where C is a constant
On using the condition /(1) = 2, we get
mh2-1)='1)Inl1+C
= C=0
Using the condition f(2) = 5, we get
In(5-1)=f'(1)In2

In4

= f'(1)=ﬂ =2

Hence, we have,
In[ f(x)— 1]=2Inx=Inx*
f) =1+
The correct option is (C)
. X+
Given /(x) +/(y) = f(yJ (M
1—xy
Putting y = —x in equation (1), we get
S&) +f(=x) =1(0)
Putting x = 0 and y = 0 in equation (1), we get
S10) +/(0) =£(0)
= f(0)=0
Thus, we have,
f&)+f=x)=0
which proves that f(x) is an odd function.
The correct option is (B)
We have,

f’(x) = lim
h—0

i LGNS )

S x+h) = f(x)
h

[fis odd]
h—0 h
_h
A [using equation (1)]
lim ———————=
h—0 h
h
— |- f(0
B ()
= lim : 3
h=0 h 1+ x"+xh

1+x*+xh

[/(0)=0]

9s.

96.

97.

lim f(6)-f(0) _ /(0
1+ x% 60 ) 1+ x2
2

=112 [/7(0) = 2; given]

The correct option is (C)
2
1+ x2

= df:[ 2 2]dx
1+x

On integrating, we get
flx) =2 tan 'x + C, where C is a constant.

We have, f'(x) =

Now, using the condition f(0) = 0, we get C =0.
Hence, we have,

f(x) =2 tan'x
The correct option is (B)
We have
du ! A ! (;y)
Bx_\/l—(x/y)2 y {1+(y/x)2} x?
du X Xy
au_ - 1
xax \/yz—xz 2y (1)
Now, 1 (—x} 1 1
oW, — = T———|— e ——
W ady ﬂl—xz/y2 y {1""()/2/)(2)} X
du —X Xy
o oy— = + 2
yay \/yz—xz x2+y2 (2

Adding (1) and (2), we get

The correct option is (A)
Let U=sinxand V' =x*so thaty = UV

We have, U, = sin (x + %)

dn
R A sin(x+%)-x2+ "C, sin[x+(n—1)§:|.2x

xn

+C, sin|:x+(n—1)§:|42

2. nrw R nr
= x“sin| x+—|—2nxsin|——| x +—
( 2) [2 ( 2)]

—n(n—l)sin[n—(x+

&l

= (x2—n2+n)sin(x+%)—2nxcos(x+%)
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cok=-2nx
The correct option is (D)

98. Step 1: We have cos™! (%) =n (log x — log n)

= y=bcos [n (logx—logn)] (1)
Differentiating, we get

Y= —bsin [n(logx - logn)]-ﬁ
X

Squaring both sides, we get
xzyl2 = nzbzsinz[n (log x —log n)]
=n?b* [1 - cos® {n(log x — log n)}]

Using (1), we obtain

2= P — iy
Differentiating again, we get

2y + 2y, == 2y
Cancelling out 2y,, we get xzy2 +xy, + nzy =0 ?2)
Step 2 : Differentiating (2) » times by the theorem, we get
Vs + "Cyyy - 26+ "Cop,.. 2]

Match the Column Type

99.

+ [t +"Cyy 11+ 0%, =0

OF, X* Y0 + 20 X Yy + (= 1) 3, + Xy + 1y, + 07y, =0
or, X2 Y,y + 20 +1) Xy, + 207 y, = 0 k=20

The correct option is (B)

Apply the theorem to f(x) cosx = sin x.

The correct option is (A)

100. We have,

I,= %:1 {% (x" log x)}

n—1

I = n—1 n—1
nT oo {nx log x + x }

o o
N {x log x}+ PR (x"7)
wl=nl, +(n-1)!

v k=m-1)!

The correct option is (B)

n

101. 1. Lety=f(tanx)and u = g (sec x)

= b f’ (tan x) sec’x
and du_ g’ (sec x) - sec x tan x
dx
dy _dy [du _  f'(tanx) sec? x
du  dx/ dx  g’(secx)secx tanx
| tan
dy _ f (tan 4)
dul..z ’ secE sinE
4 g 4 4
AN Jz w2 _ 1
1 "%
"2y —=
g'V2) \/5

The correct option is (D)

11 Wehave,y=x378x+7:@ =3x"-8
X

It is given that when =0, x =3
- When =0, % =3.32-8=19

X
Also, b _ dyjdi 1)
dx  dx/dt
Since, when ¢ =0, D guma Y - =2,
dx dt
o from (1), 19 = 2 :ﬂ -2

dx/dt dt 19
The correct option is (C)

II. We have, (fh) (x) =f(x) - h (x) =sinx cos x
[go (W] () =g[(fh) (D)]=g[f(x)-h(x)]
= g (sin x cos x) = 2sin x cos x = sin 2x
ie., @(x) = sin 2x
= ¢’ (x)=2cos2xand ¢” (x) =—4 sin 2x

T b
9" | =|=-4sin— =-4
¢ (4) 2

The correct option is (B)

IV. /7 (x) =—2 cos x sin x — 2 cos (x+§) sin (x+§)

. T . T
+cosxsin | x+— |+sinxcos | x+=
( 3) ( 3)
. . 2r . Vg
=—sin2x—sin | 2x+— | +sin | x + x +—
3 3
=-2sin (2x+£)cos £+sin 2x+£
3 3 3
=—sin (2x+£)+sin 2x+E =0
3 3

= f(x) = constant for all x.
) 5 . 5
But, /(0) = cos” 0+ cos” 3 +sin 0 - sin 3 = 2
. 5
sf) = " for all x.
5
Thus, (gof) () =g [/(x)] =g (Z) =3

The correct option is (A)
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102. I. Differentiating the given equation with respect to x, we III. We have,
get 1 F ) =/(x) g (x) h (x)
W +y1-——y=0 = log F(x) = log f(x) + log g (x) + log & (x)
y

Differentiating both the sides with respect to x, we get

’ ’ 2_n: _ ’ 2=
=x) -y +y =0ie,y—-1)) +y" =0 Fix) _ f,(x)+g,(x)+h,(x)

Dlﬁ”erenn,z/ttlng/ aga/m with respec/t to x, we get F(x) f(x) g(x) h(x)
y=D)Y"+y (' +y-D)+2'=0 . ) ) :
Sx( 4y 2) V3 =0 () _ (%) L8 (xp) 4 "(xy)
k=3 F(x,) S(xg)  glxg)  hxgy)
=21=4-T7+k=k=24

The correct option is (D)

II. We have, The correct option is (A?
dx ; IV. f(x) =x"=f'(x)=nx""
— =cos ) ) )
@ '@+ b)=f"(a)+["(b)
an¢7);=\/5 (a+b) 2 =na+b) '=nd" ' +nb""

=S@+b)" '=a" !
Which is true for n =2 and false forn=1and n=4.
Also, forn =0, f(x) =1,
o (=) (dy)z _oy S0,/(x) = 0: f(a+b) = 0
i S0, /(@ +b)=1"(@)+"(b)

](Dllij’e;:)n;;a’t;rig_\?;h(;?;[;ezcz;())/x, we get Hence, there are two values of n.
= (1 -x%) )" —xy’ = 2y [dividing by 2" ]
Sk=2

The correct option is (B)

Assertion-Reason Type

Cdy  dy/dt 2@a+be? 2y
T dx  dx/dt cost N

The correct option is (B)

103. Since f{(x) is a polynomial function satisfying

. Q] -1
f0-f (i) =) +f (1) , ] g
x x ) The correct option is (A)
@) =x"+Torfx)=-x"+1 105. f(x) = (cosx + i sin x) (cos 2x + i sin 2x)

If f(x)=—x"+1,then f(4)=—4"+1#65
So, f(x)=x"+1
Since f(4)=65 . 4"+ 1=65=n=3

(cos 3x + i sin 3x) ... (cosnx+ i sin nx)
=cos (x+2x+3x+...+nx)+isin (x+2x+3x+..+nx)

FE) =x+1 =7 (x) =3x = cosn(n;r 1)x+isinn(n;r D,
[1) =381 ()= 305, f (1) = 305
Since /;, L, Iy are in G.P, = f(x)= n(n2+ ) [—sin ”(”2+ Do icosn(n2+ 1) x:l
S D, f" (L), f” (1) are also in G.P.
ion 1 2
o &e:;r;ect option is (A) = ()= _(n(n2+ 1)) (cos n(n2+ 1) . isin@x)
y=(1+x)1+x) (1 +xY .. 1+ x¥) ,
1
_ (=) +x)A+xD)(1+x*)..(1+x7) == (@) S(x)
1-x
_ 1_x2"" - f// (1):_ (n(n+1))2f(l) - (n(n+1))2
S 2 2 ’

dy _(-x): ol (2 (1- xzw) The correct option is (C)

dx (1-x)*
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Previous Year's Questions

106. Given y:(x+«/1+x2)” = a+b+c=a-b+calso2b=a+c
.. On differentiating with respect to x, we get S 0= Zazx +b=2ax
fla)=2a
——n(x+\/1+x )"1[1+ 2] S’ (b) =2ab
291+ x 7 (¢)=2ac
n(x+\1+x2)" So they are in AP.
- [+ 2 The correct option is (A)
) 110. We have
2 (dy ) 2.2
= (1+x)—| =n 70N —
( ) T y f(x)=1
On differentiating again with respect to x, we get (=0
And all other derivatives are 0.
(1+x )2dy dy+2 dy =n*2y & So the expression=1 -1+0+0+0+ ...
dx dx dx -0
2 Lo
=1+ x2)%+ x;’l =nly The correct option is (C)
X x . e i
The correct option is (A) 1L Given that . _ pr+e Sx=e"
107. Since, sin y =x sin (a + y) we have that dy 1—x
- S>h-x=y=-—= ,_127
__smy dx  x X
sin(a + y) The correct option is (C)

On differentiating with respect to y, we get

f (a+ h) S
dx _ sin(a+ y)cosy —sinycos(a+y) 112. The value of f’(1) = lim —————=

2
dy sin“(a+y) As function is differentiable so it is continuous as it is given
_sin(a+y-y) . f(l+h)
sin’(a+ y) that ;1,15(1)7 =5 and hence f(1)=0
d .
ﬂl:% Hence f’(l):limMZS
dy sin“(a+y) S0 h
The correct option is (B) The correct option is (C)
108. -~ x'=e""
f (x+ h) S(x) ~
Taking log on both sides, we obtain 3. f(x)= ——————— implies
ylog x =(x—y)log.e
. N ACEL (G ()
= -0 h—0
1+logx

= [/'(x) £0=f"(x) =0 = f(x) = constant

On differentiating with respect to x, we get
As f(0) = 0 we have f(1) = 0.

1 . . .
(I+logx)-1-x-— This correct option is (B)
dy x
dx - (1+log x)? 114. Representing the given function as
= sz L $<0 ﬁ’ x<0
1+1 1- , -X
d ( 10gX) f={7" = [(x)=
Y ogx —, x20 —

> —=— s = 5

dx  (1+logx)* 1+x (14 x)?
The correct option is (D) - f”(x) exist at everywhere.

5 The correct option is (C)
109. f(x)=ax"+bx+c

So that, f(H)=a+b+c
And, f)=a-b+c

m+n

115. Given equation x"y" = (x + y)
= mlnx + nlny = (m +n) In (x +y)
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116.

117.

m ndy m+n(l+ﬂj

T ydx x+y dx

m_m+n m+n_£dl
X+y x+y y)dx

my—mx:(my—mx)dyzdy_y

x(x+y) \y(x+y))dx dx T x
The correct option is (A)
Given equation x> — 2x"coty — 1 = 0
Nowatx=1,

1—200ty—1z0:>coty:0:>y—£

Now, differentiating eq. (1) with respect to ‘x’, we get

2x7( 1 +logx ) -2

(M

[xx(—coseczy)% + cot yx*(1+ logx)] =
x

Now at (I,E) R
2

2(1+logl) -2 1(—1)(31) +0(=0
X

The correct option is (A)

@) =2(f2f(x)+ 2))(%0(2]‘(90 + 2)))
=2f2f()+2) [ (2f(x)+2)-(21"(x))

= g'(0)=2/(2/(0)+2) . /"(2f(0) + 2) . 2(/"(0)
=4/(0)/"(0)
=41 (1)=—4

The correct option is (A)

1
d(dx) i? 1 d(dy)
DT 2 |
dy\dy ) dy (dx) (QJ dy\ dx
dx
2 -3
%) el -(2E)
dx (ﬂ) dx \ dx dx* )\ dx
dx
The correct option is (C)

. Given, y=sgec(tan™' x)

. dy_ -1 -1

A E— sec(tan x)tan(tan x)~1+x2
—| =2 XIX—=—F.

dx | 2 2

The correct option is (D)

- flg)=x

f g g m=1
g (0=1+w0)
The correct option is (D)
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