CHAPTER Coordinates
and Straight Lines

N

Chapter Highlights

Distance Formula, Section Formulae, Area of a Triangle, Condition for Collinearity of Three Points, Stair Method
for Finding the Area, Area of a Quadrilateral, Area of a Polygon, Stair method, Locus, Translation of Axes,
Rotation of Axes, Reflection (Image) of a Point, General Equation of a Straight Line, Slope of a Line, Intercept of
a Line on the Axes, Equation of a Straight Line in Various Forms, Reduction of the General Equation to Different
Standard Forms, Angle between Two Intersecting Lines, Condition for Two Lines to be Coincident, Parallel,
Perpendicular or Intersecting, Equation of a Line Parallel to a Given line, Equation of a Line Perpendicular to
a Given line, Point of Intersection of Two Given Lines, Concurrent Lines, Position of Two Points Relative to
a Line, Length of Perpendicular from a Point on a Line, Distance between Two Parallel Lines, Equations of
Straight Lines Passing Through a Given Point and Making a Given Angle with a Given Line, Reflection on the
Surface, Image of a Point with Respect to a Line, Equations of the Bisectors of the Angles between Two Lines,
Equations of Lines Passing Through the Point of Intersection of Two Given Lines, Standard Points of a Triangle,
Orthocentre, Coordinates of Nine Point Circle.

DI

STANCE FORMULA SOLVED EXAMPLES

The distance between two points P(x,, y,) and Q(x,, y,) is

given by
a point on the line 4x + 3y + 9 = 0. Coordinates of the
Q0 (xy »,) point P such that |P4 — PB| is maximum, are
84 13 12 17
A =222 B) |-—=,—
P(x, ) ()( 5’5) ()( 5 sj
Fig. 181 ©) (—g,gj (D) none of these

2 2 5
PO =\J(x, =%,)" +(3,~ ) Solution: (A)

We have, |PA — PB | < AB.

Distance is always positive. Therefore, we often write PQ P
instead of |PQ].

Distance MN between two points M(x,, 0) and N(x,, O) on
the x-axis is |x, — x, |. Similarly, the distance between two B(2,0)
points M(x,, y,) and x(x,, y,), (which lie on a line parallel to 0

x-axis) is [x, = x, 1. \
Distance AB between two points A(0, y,) and B(0, y,) on \

the y-axis is |y, —y, |. Similarly, the distance between two
points A(x,, y,) and B(x,, y,), (which lie on a line parallel

to y-axis) is ly, =y, 1. Thus, for |P4A — PB| to be maximum, point 4, B and P

Distance between the origin O(0O, O) and the point

must be collinear. The equation of line 4B is
P(x, y) is OP = \x* + y. q

x+2y=2

1. Consider the point 4 = (0, 1) and B = (2, 0). Let P be
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Solving it with the given line, we get P = (—%,%J
. Aladder of length ‘a’ rests against the floor and a wall
of a room. If the ladder begins to slide on the floor,
then the locus of its middle point is

(A) ¥4y =a (B) 202 +)) =a’

(©C) ¥*+)y*=2a° (D) 4(x*+)Y) =d?

Solution: (D)

Let AB be the ladder. Let the cross section of the floor
and wall be taken as the coordinates axes. Let P(x, y)
be the mid-point of 4B whose locus is required. Then
the coordinates of 4 and B are (2x, 0) and (0, 2y)
respectively.

Given, AB=a

= Jx—0Y+(0-2y) =a = 4x*+4y’=d’

or 4(x*+y?) =a? which is the required locus.

YA
B
P(x )
16) A X

. The point (22 + 2t +4, £+t + 1) lies on the line x + 2y
=1 for

(A) all real values of ¢

(B) some real values of ¢

(©) 4V

8
(D) none of these

Solution: (D)
The point (22 + 2t + 4, £ + ¢t + 1) lies on the line x + 2y
=1ifQRA+2t+4)+2(F+t+1)=1
ie., 424+ 4t+5=0
Here, discriminent =16 -4 x4 x 5=-64 <0.
No real value of # is possible.
Hence, the given point cannot lie on the line.

. If the sum of the distances of a point from two perpen-
dicular lines in a plane is 1, then its locus is

(B) circle

(D) two intersecting lines

(A) square

(C) straight line
Solution: (A)

If oz and f are the lengths of perpendiculars, then

| + || =1 (given), whose graph is a square.

. The condition to be imposed on S so that (0, ) lies on
or inside the triangle having sides y + 3x +2 =0, 3y —
2x—5=0and4y+x—-14=01s

(A)0</3<§ (B) O<ﬂ<%
©) %g B g% (D) none of these

Solution: (C)

Clearly point (0, B) lies on y-axis.
Drawing the graph of the three straight lines, we see

that O = (0, %) and P= (0, gj

Y

0(0,7/2)

Therefore, the point (0, f) lies on or inside A4BC,

when
5 7
Z<p<L
3 p 2

. A straight line L with negative slope passes through

the point (8, 2) and intersects the positive coordinate
axes at points P and Q. As L varies the absolute mini-
mum value of OP + OQ is (O is origin).

(A) 12 (B) 14

(C) 18 (D) 20

Solution: (C)

The equation of the line is
-2)=m(x—-8),m<0

The coordinates of P and Q are P(S - E,OJ and
0(0, 2 — 8m). m

Therefore, OP + OQ =8 — 2 +2-8m
m

— 10+ -2 4 8(-m)
—m

>10+2 /ixs(—m)zls
—m

Thus, absolute minimum value of OP + OQ = 18.

. If the point (2 cos#, 2 sin6) does not fall in that angle

between the lines y = |x — 2| in which the origin lies
then @ belongs to

(A) (%37”) (B) (—%%)
(©) (0, m (D) none of these
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Solution: (B)

Clearly the point (2 cos6, 2 sin6) lies on the circle
Y

0,2)
P (2 cos 6, o

2 sin 0) ﬂ//
'{‘/

0 2,0 ¥

Ea
X
A
A

0.-2) v

xX*+)y =4
The two lines represented by the equation y = |x — 2|
arey=x—-2andy=2—ux.

From the figure, 6 can be vary from —% to %

. On the portion of the straight line x + y = 2 which is
intercepted between the axes, a square is constructed
away from the origin, with this portion as one of its
side. If p denotes the perpendicular distance of a side
of this square from the origin, then the maximum
value of p is

A 2

© 32
Solution: (C)
p=0ON=0M+ MN = L distance from

(B) 242
(D) 42

Y 4 C
W7 2"3
0,2)B D
o3 2
o A4(2,0) X
O to the line AB + AD

=%+2\E:\E+2\E:3ﬁ

3 2
, ;=3
. If the points PI( 4 4

! j, i=1,2,3 are collinear

a-1"a -1
and a,, a, and a, are distinct real numbers, then
(A) aaa,—Zaa,~3%a, =0
(B) aa,a,+%aa,—3%a, =0
(C) aaa,—-Zaa,+3%a, =0
(D) —aaa,+Zaa,~2%a, =0
Solution: (C)

Let the given points lie on the line Ix + my +n =0

3 2
I P 3 +n=0
a -1 a -1

2

10.

11.

12.

= lai3+mal.2+nal. -3m-n=0

m n 3m+n
Zal 2—7,2511612 =7 and q,a,a, =

a,a,a; + 32 a, — Zotla2 =0
Let ax + by + ¢ = 0 be a variable straight line, where a,
b and c are first, third and seventh terms of an increas-
ing A.P. Then, the variable straight line always passes
through a fixed point which lies on
(A)x*+y*=4 (B) x*+)*=13
(C) y»=2x (D) 2x+3y=9
Solution: (B)
Let d be the common difference of A.P., then
b=a+2dandc=a+ 6d. Clearly,(b—a)*3=c—a
= 2a-3b+c=0

Thus, the straight line ax + by + ¢ = 0 passes through
the point (2, —3) which also satisfies x* +)? = 13.

If a, b, ¢ form a G.P, then twice the sum of the ordi-
nates of the points of intersection of the line ax + by +
¢ =0 and the curve x +2y> =0 is

b <
(A); B) 7
o 4 D) ©
()C D) 3

Solution: (A)

Let a, b, ¢ be in G.P. with common ratio 7.

Then, b=ar and c=ar.

So, the equation of the lineisax + by + ¢ =0

= axtarytarr=0 = x+ry+rr=0

This line cuts the curve x +2)?=0

Eliminating x, we get 2> —ry + 2 =0

If the roots of the quadratic equation are y, and y,, then
c

r b
+y,=— = 2y + =r=—=—.
UARC 2 i+ a b

If a, b, c are in A.P,, then the straight line ax + by + ¢ =
0 will always pass through a fixed point whose coordi-
nates are

A) -1,-2)
© (-1,2)
Solution: (D)
Since a, b, care inA.P, .. 2b=a +c¢

or a-2b+c=0

= The line ax + by + ¢ = 0 passes through the point
1,-2).

B) (1,2)
D) 1,-2)

SECTION FORMULAE

1. The coordinates of the point P(x, y) dividing the line seg-

ment joining the two points A(x,, y,) and B(x,, y,) inter-
nally in the ratio m, : m,, are given by
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AP _ ™ m

= = _— 2
BP m n, B (x5, ¥,)
1
P(x,»)

A(xy, yyp)
Fig. 18.2

_mx, +m,x, _my, +m,y,

m, +m, m, +m,

@NOTE

= To remember the formula it is helpful to note that m, is
multiplied by the coordinate ‘away from it and similarly
is m, and the sum is then divided by m, + m,. Thus the
above result can be remembered with the help of the
figure given below.

P R 0
(xph) (x,y) (x2, J/2)
Fig. 18.3

m The coordinates of the point P(x, y), dividing the line
segment joining the two points A(x,, y,) and B(x,, y,)
externally in the ratio m,:m,, are given by

= MXe ZMpXy _ MhYe = Mo,

m, —m,

-2 PxY)

1

m, —m,
A_P = ﬂ
BP mz -
B(xy, ¥,)
A(xy, py)
Fig. 18.4
m The coordinates of the mid-point of the line segment join-
ing the two points A(x,, y,) and B(x,, y,) are given by
X1 + XZ y1 + .yZ .

2 2

B (xz: »)
P(x, y)

X

A(xy, yy)

\_ Fig. 18.5
TRICK(S) FOR PROBLEM SOLVING

The coordinates of any point on a line joining the two points

A’XZ + X1 A’.yZ + .y1
A1 A+
divides the given line in the ratio A : 1. If 4 is positive, then
the point divides internally and if A is negative, then the

point divides externally.

A and B are given by ( j Such a point

SOLVED EXAMPLES

13. Ifatriangle has its orthocentre at (1, 1) and circumcen-

tre at [%, %j, then the coordinates of the centroid of

4 5 45
(A) (5"5) (B) [5’3)
4 5
(D) [—g,—gj
Solution: (B)

Since the centroid divides the line joining the ortho-
centre and circumcentre in the ratio 2 : 1 internally,
therefore, if the centroid is (x, y), then

3 3
1 = =
C(2 2)

the triangle are

2
G (x,»)
o,
2~é+1-1 2-§+1~1 5
T T R R B
2+1 3 2+1 6

.. Coordinates of centroid are (?, g)

14. A rectangle has two opposite vertices at the points (1,
2) and (5, 5). If the other vertices lie on the line x = 3,
then the coordinates of the other vertices are
(A) (35 _1)’ (39 _6) (B) (3’ 1)9 (3’ 5)
©) (3,2),63,6 D) 3, 1),(3,6)
Solution: (D)

Let4=(1,2)and C=(5,5). Since the vertices B and D lie
on the line x = 3, therefore, let B=(3, y,) and D=(3, y,).

Since AC and BD bisect each other, so they have
same middle point

D@3, )
(1,2)4
x[=3
C(5,5)

B3, y)

ie., Kty 245
2 2

or nty, =7 )
Also, BD?*=AC?
= 0, —y)=0-57+(2-57=25

or yl—y2::|:5 (2)
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Solving (1) and (2), we gety, =6,y,=1
or »=1y,=6
Thus, the other vertices of the rectangle are (3, 1)
and (3, 6).
15. If the centroid and a vertex of an equilateral triangle
are (2, 3) and (4, 3) respectively, then the other two
vertices of the triangle are

(A) (1,3£+3)
(©) (1,2+43)
Solution: (A)

G being the centroid, divides 4D in the ratio 2 : 1.

(B) (2,3++3)
(D) (2,2++3)

B
60°
1 2
vy=3 D G A(43)
L3 23
C
Since AG =2, GD=1,

Coordinates of D, using section formula, are
D(1, 3).

NowAD=1+2=3, . tan60°:% = BD=43.

B=(1,3+3) and C = (1,3-+/3).

The given figure is a

parallelogram if rectangle if

Fig. 18.6

(a) Opposite sides are
equal

(b) Diagonals are unequal

(c) Diagonals bisect each
other

(@) Opposite sides are
equal

(b) Diagonals are equal

(c) Diagonals bisect each
other.

rhombus if square if

Fig. 18.7
All four sides are equal
Diagonals are unequal
Diagonals bisect each

K other at right angles.

—
Q
Rad

(@) All four sides are equal

(b) Diagonals are equal

(c) Diagonals bisect each
other at right angles.

—
OIC

SOLVED EXAMPLE

16. The diagonals of a parallelogram PQORS are along the
lines x + 3y =4 and 6x — 2y = 7. Then PORS must be a
(A) rectangle
(C) cyclic quadrilateral

Solution: (D)

Since the product of slopes of the diagonals is —1,
therefore, the diagonals are at right angles. Hence,
PORS is a thombus.

(B) square
(D) rhombus

AREA OF A TRIANGLE
The area of AABC with vertices A(x,, y,), B(x,, y,) and C(x;,
y,) is given by:

1
A= E[XI(yz _y3)+xz(y3 _y1)+x3(y1 =)l

1
= 5[(x1y2 +X,); +x3y1)_(x2y1 +X;, +x1y3)]

lx] »n 1
:Exz y I
X3 s
A(xy, yy)
C(xs, »3)
B(xy, 1)

Fig. 18.8

TRICK(S) FOR PROBLEM SOLVING

m Area of a triangle is always taken as positive.

m If area of a triangle is given, then use * sign.

CONDITION FOR COLLINEARITY OF THREE
POINTS

The points A(x,, y,), B(x,, y,) and C(x,, y,) will be collinear
(i.e., will lie on a straight line) if the area of the triangle,
assumed to be formed by joining them is zero.

. 1

L€, E[(x1y2 _x2y1)+(x2y3 _x3y2)+(x3y1 _x1y3)] =0

or [(xlyz—xzyl)-i-(x2y3—x3y2)+(x3yl—x1y3)]=O,
which can also be written in the form

xl(y27y3)+x2(y37y1)+x3(y1 7y2)= 0
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Sign of an area: An area will be considered to be +ve,
if in going round the boundary, it always lies to the left
i.e., if the order of description of the boundary curve is
anti-clockwise. It will be regarded —ve otherwise.

A A

C B " C
Fig. 18.9

STAIR METHOD FOR FINDING THE AREA

*  Write the coordinates of the vertices taken in order in
two columns. At the end, repeat the coordinates of the
first vertex.

¢ Mark the arrow-heads as indicated. Each arrow-head
shows the product.

* The sign of the product remains the same for downward
arrows while it changes for an upward arrow.

* Divide the result by 2.

2
x1><Y1

Fig. 18.10

1
Thus, A= 5[(x1y2 =X, 1)+ (X%,p; —x30,) + (x50, — X, 15)]

TRICK(S) FOR PROBLEM SOLVING

= In an equilateral triangle
A(xy, y1)
(x2,2)B C(x3,3)
Fig. 18.11
(i) having sides a, area isﬁa2
4 2
(ii) having length of perpendicular as ‘p’, area is%.

m lfax+by+c =0ax+by+c,=0andax+by+
¢, = 0 are the equations of three sides of a triangle, then
the area of triangle is given by

a b ¢

a, b, ¢

A= a; by ¢
b, ¢l|lc, afla, b,
by ¢lles asflas by

2

m Area of the rhombus formed by ax = by * ¢=0'is

m Area of the parallelogram formed by the lines a x + b,y +
¢, =0ax+by+c,=0,ax+by+d =0ax+by
+d,=0is

(dw - 01)(d2 - Cz)
ab, —a,b,

SOLVED EXAMPLES

17. Through the point P(¢, B), where o3 > 0 the straight

.X . . .
line —+ Yo 1 is drawn so as to form with coordinate
a

axes a triangle of area S. If ab > 0, then the least value
of S'is

(A) o
(C) 4op

Solution: (B)
The equation of the given line is

(B) 208
(D) none of these

Xy
—+==1 €y
a b
Y/\
B (0, b)
S P (o, B)
0 7 N
(a, 0)

This line cuts x-axis and y-axis at A(a, 0) and B(0, b)
respectively.

Since area of AOAB=S (Given)

=Sorab=2S (- ab>0) 2)

lab
2




18.

19.
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Since the line (1) passes through the point P(¢, )

a f o af .

Ze 1 or 2422 [Using (2)]

a b a 28 ¢
or a*f—2aS+2aS=0.

Since a is real, .. 45> —80¢5S>0
or4S* >8afS or S > Zaﬁ['.' S =%ab >0asab> O)

Hence the least value of S =2af.

P(3, 1), O(6, 5) and R(x, y) are three points such that
the angle RPQ is a right angle and the area of ARPQ =
7, then the number of such points R is

(A)0 B) 1

©) 2 (D) 4

Solution: (C)

Since the angle RPQ is a right angle,
slope of RP x slope of PO =1

-y 5-1
X =-1=3x+4y=13 (H
3-x 6-3 d
Also, area of ARPQ =7
. x y 1
= —||13 1 1{|=7
2
6 5 1

= %[x (1-5)= y(3-6)+1(15-6)] =7

= —4x+3y+9=x14 =
and

—4x+3y=5 2)
—4x+3y=-23 (3)

Solving Eq. (1) and (2) and (1) and (3), we get two
different coordinates of the point R. So, there are two
such points R.

If two vertices of an equilateral triangle have integral
coordinates then the third vertex will have

(A) coordinates which are irrational

(B) atleast one coordinate which is irrational
(C) coordinates which are rational

(D) coordinates which are integers

Solution: (B)
Let the vertices of the equilateral triangle be (x,, y,),
(x,, y,) and (x,, y,). If none of x and y, (i =1, 2, 3) are
irrational, then
xoono 1
area of A = 5 X,
Xy 1
But the area of an equilateral triangle

V3

= T(side)2 = irrational

¥, 1] =retional.

Thus, the two statements are contradictory. Therefore,
both the coordinates of the third vertex cannot be
rational.

20.

21.

22.

Let P(2,—4) and O(3, 1) be two given points. Let R (x,
y)beapointsuch that(x—2) (x—3)+(y—-1)(y +4) =
0. If area of APOR is E, then the number of possible

positions of R are

(A)2 (B) 3

©) 4 (D) none of these
Solution: (A)

We have

(-2)(x=3)+(—1)(y+4)=0
(y_“*j{y_—lj__l
x—2 x-3)
= RPLRQ oréPRQz%

.. The point R lies on the circle whose diameter is PQ.
R (x, y)

Now, area of APOR = g

= 1 x /26 x (altitude) = B
2 2

= altitude = % = radius
= there are two possible positions of R.

The base of a triangle lies along the line x = @ and is of
length a. The area of the triangle is o, if the vertex lies
on the line
(A)x=0

(C) x=3a
Solution: (B, C)
Let / be the height of the triangle.
Since, the area of the triangle is a?

(B) x=—a
(D) x=-3a

2

Exaxhza = h=2a

Since the base lies along the line x = a, the vertex
lies on the line parallel to the base at a distance 2a
from it. So, the required lines are

x=azx2aie,x=—-a or x=3a
If a, c, b are three terms of a G.P,, then the line ax + by
+c=0
(A) has a fixed direction
(B) always passes through a fixed point
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(C) forms a triangle with the axes whose area is
constant

(D) always cuts intercepts on the axes such that their
sum is zero.

Solution: (C)

Since a, ¢, b are in G.P,
c=ab (1
The area of the triangle

YA
2
X
=3
X
N
o
> X
° N\
1 ¢ 1 .
=X =— [Using (1)]
2 ab 2
= constant

23. Ifx, x,,x, as well as y , y,, y, are in G.P. with the same
common ratio, then the points (x, y)), (x,, »,) and (x;,,
)
(A) lie on a straight line
(B) lie on an ellipse
(C) lie on a circle
(D) are vertices of a triangle

Solution: (A)

X, X
Let 2=5 —pand 2222
XX N 0

= x,=xrx,=x7%,y,=yrandy,=yr.
We have,

xon b fxyooy 1
A=|x, y, li=|xr yr 1
oy Aty
Xy 1
=0 0 1-r
0 0 1-r

(Applying R, > R,—rR,and R, > R, —rR )=0
(" R, and R, are identical)
Thus, (x, y)), (x,, »,), (x,, y,) lie on a straight line.

24. Two vertices of a triangle are (2, —1) and (3, 2) and
third vertex lies on the line x + y = 5. If the area of the
triangle is 4 units then third vertex is
(A) (0,5)0r(4,1) (B) (5,0)or(1,4)
(C) (5,0)or(4,1) (D) (0,5)0r(1,4)
Solution: (B)

Let4=(2,-1)and B=(3, 2).
Let the third vertex be C (e, B).

Then, o+ =5 (given) (1)
2 -1 1
Area of AUBC =l 3 2 1|=+4 (given)
2 a B 1
- B-3a=1 @)
or pf-3a=-15 3)

Solving (1) and (2), we get, x=1, =4
Solving (1) and (3), we get, «=5, B=0
Thus, the third vertex is either (5, 0) or (1, 4).

AREA OF A QUADRILATERAL

The area of a quadrilateral, whose vertices are A(x,, y)),
B(x,, y,), C(x;, y;) and D(x, v,), is

1] |x X X X
_1h N | Y2 4+ V3 L[ Vs
201, yo| x5y X | (X% o»
NOTE

The rule for writing down the area of a quadrilateral is the
same as that of a triangle.

Thus, area of quadrilateral with vertices (x,y),
r=1,2,3,41is

1
E[(XIyZ _x2y1)+(xzy3 _x3y2)+(x3y4 _x4y3)+(x4y1 _x1y4)]

AREA OF A POLYGON

e The area of a polygon of n sides with vertices 4,(x, y,),
AxpY,)s s A (X, ) 18

:l 'xl yl +X2 y2 Feeegt xnfl ynfl +xn yn
2l|x, »l x5y, Xy Y XN
STAIR METHOD

Repeat first coordinates one time in last. For down arrow
use positive sign and for up arrow use negative sign.
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X101
Y>§-\7 Now, areaof S, <1 = a’<l = £<1
SN ) " n -l
1 x3" =3 = 2">200>2" = n>7
.. Area of polygon = - n=8.9,10
n_ =Vn
N LOCUS

1
:5{[(7‘1)’2 FXY ;e x,0) = (DX, + )X, +"'+ynx1)]}

SOLVED EXAMPLES

25. The area of the region enclosed by 4 |x| + 5 [y| £ 20 is

(A) 10 (B) 20

(C) 40 (D) none of these

Solution: (C)

The four lines enclosing the given region are 4x + 5y

=20, 4x — 5y =20, — 4x + 5y =20 and — 4x — 5y = 20.
Clearly, the four lines form a rhombus having

diagonals of length 10 and 8.

Y
N
NG,
S NS
P %) 90
> > >X
N 0
% »
N 4 7
% )
[ s
90 e

.. Required area = %x 10x8 =40.

26. Let S, S,, ... be squares such that for each n > 1, the
length of a side of S, equals the length of a diagonal
of S .. If the length of a side of S, is 10 cm, then for
which of the following values of 7 is the area of S less

than 1 cm??
(A)7 (B) 8
©9 (D) 10

Solution: (B, C, D)
Let a be the side of the square, then diagonal d = a2,
Given: g = NEY

n+l1

a — an — anfl — anfl .= al
2 (2 2y 2y
a, a, 10

Ty T T A

The locus of a moving point is the path traced by it under
certain geometrical condition or conditions.

For example, if a point moves in a plane under the
geometrical condition that its distance from a fixed point O
in the plane is always equal to a constant quantity a, then
the curve traced by the moving point will be a circle with
centre O and radius a. Thus, locus of the point is a circle
with centre O and radius a.

WORKING RULE TO FIND THE LOCUS OF A POINT

m Let the coordinates of the moving point P be (h, k).

m Using the given geometrical conditions, find the relation
between h and k. This relation must contain only h, k and
known quantities.

m Express the given relation in h and k in the simplest form
and then put x for h and y for k. The relation, thus obtained,
will be the required equation of the locus of (h, k).

TRANSLATION OF AXES

Sometimes a problem with a given set of axes can be
solved more easily by translation of axes. The translation of
axes involves the shifting of the origin to a new point, the
new axes remaining parallel to the original axes.

Yy Y
A
P(x,y)
B 5
oy

I I

ol N v X
Fig. 18.12

Let OX, OY be the original axes and O be the new origin.
Let coodinates of O’ referred to original axes, i.e., OX, OY
be (4, k).

Let O’ X" and O" Y’ be drawn parallel to and in the same
direction as OX and OY respectively. Let P be any point in
the plane having coordinates (x, y) referred to old axes and
(X, Y) referred to new axes. Then,
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x=0OM=ON+NM=ON+O M

=h+X=X+h or X=x-h
and y=MP=MM +M P=NO +M P

=k+Y=Y+k or Y=y-—k

Thus, the point whose coordinates were (x, y) has now the
coordinates (x — &, y — k).

TRICK(S) FOR PROBLEM SOLVING

If origin is shifted to point (h, k) without rotation of axes,
then new equation of curve can be obtained by putting x +
h in place of x and y + k in place of y

ROTATION OF AXES

Rotation of Axes without Changing
the Origin

Let OX, OY be the original axes and OX’, OY’ be the new
axes obtained by rotating OX and OY through an angle 6
in the anticlockwise sense. Let P be any point in the plane
having coordinates (x, y) with respect to axes OX and OY
and (x’, y") with respect to axes OX” and OY’. Then,

Y
Y A
P(xy)
(x',y)
0
x!
7] 1 X
o\ ~* -
Fig. 18.13

x =x" cos@— )’ sinb; y =x" sinf+ )" cosO
and X' =xcos@+ysinf, ) =-xsinf+ycosd

The above relation between (x, ) and (x, y") can be
easily obtained with the help of following table

X'— cos6 sin@

y— —sinf cosé

Change of Origin and Rotation of Axes If origin is
changed to O’ (h, k) and axes are rotated about the new
origin O" by angle 6 in the anticlockwise sense such that
the new co-ordinates of P(x, y) become (x’, y’), then the
equations of transformation will be

Y v
N
P(x,y)
x',y)
0 X'
]
0 :
(h, 1) !
1
n N
5 >X
Fig. 18.14

x =h+x cos@—)  sinf
and y =p+x" sin@+ ) cosd

REFLECTION (IMAGE) OF A POINT

Let (x, y) be any point, then its image with respect to
(1) xaxisis (x, —y) (i) y-axis is (=x, y)
(i) origin is (—x, =) (iv) line y =xis (y, x)

TRICK(S) FOR PROBLEM SOLVING

m If area is a rational number. Then the triangle cannot be
equilateral.

= [f two opposite vertices of arectangle are (x,, y,) and (x,,
y,), then its areais | (v, —y,) (x, = x,) |.

= If two opposite vertices of a square are A(x,, y,) and
C(xz, yZ), then its area is

1 1
:EACZ :E[(Xz _Xw)z +(Y2 _Y1)2]

SOLVED EXAMPLES

27. The image of the point (3, —8) under the transforma-
tion (x, y) = (2x +y,3x —y) is
(A) (-2,17)
©) (-2,-17)
Solution: (A)
Let (x,, y,) be the image of the point (x, ) under the
given transformation.
Then, x=2x+y=2(3)-8=-2
and y,=3x-y=3(3)-(8)=17
Hence, the image is (-2, 17).

B) 2, 17)
(D) 2,-17)

28. Without changing the direction of coordinates axes,
origin is transferred to (¢, f) so that the linear terms in
the equation x> + )? + 2x — 4y + 6 = 0 are eliminated.
The point (¢, B) is



29.

30.
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®B) (1,-2)
D) 1,-2)

A) (-1,2)

© 1,2)

Solution: (A)

The given equation is
¥+yP+2x—4y+6=0 (1)

Puttingx =x"+ o, y=)"+ Bin (1), we get

X2y +XQa+2)+y(2p-4) + (a* + P+ 2a—4pB

+6)=0

To eliminate linear terms, we should have 2a+2 =0

and2-4=0

= oa=-land =2

(0!, ﬁ) = (71’ 2)

Let P be the image of the point (-3, 2) with respect
to x-axis. Keeping the origin as same, the coordinate
axes are rotated through an angle 60° in the clockwise
sense. The coordinates of point P with respect to the
new axes are

@) 2\/3—3’_(3\/§+2)J
2 2

®) 2@—3’3ﬁ+2j
2 2

- _(2\/32—3)’36;2}

(D) none of these

Solution: (A)

Since P is the image of the point (-3, 2) with respect

to x-axis, therefore, the coordinates of P are (-3, —2).
Let (x’, )" ) be the coordinates of P with respect to

new axes. Then,

X' =xcos o+ ysin o =-3 cos (—60°) -2 sin (—60°)

_ 3.5 23-3
2 2

y ' =—xsin o+ y cos =3 sin (-60°) — 2 cos (—60°)

)

2

Coordinates of P are { 5

23-3 _[3\/5+2H
. .

A ray of light travelling along the line x+3 y=5
is incident on the x-axis and after refraction it enters

the other side of the x-axis by turning T away from

the x-axis. The equation of the line along which the
refracted ray travels is

(A) x+3y-5V3=0
(B) x-\3y-5y3=0

31.

©) Br+y-5y3=0
(D) 3x—y-53=0

Solution: (C)

The refracted ray passes through the point (5, 0) and
makes an angle 120° with positive direction of x-axis

Ya
I
N *X \ |
‘G\J»%\\\ i
AN :
\
30° A4 (5,0
0 <s > X
30°T~

. The equation of the refracted ray is (y — 0) = tan
120° (x - 5)

= y :—\/g(x—S) or \/§x+y—5\/§ =0

A line L has intercepts a and b on the coordinate axes.
When the axes are rotated through an angle, keeping

the origin fixed, the same line L has intercepts p and g.
Then,

() 4 ps=—i s
b p° g
1 1 1 1
B _—— =
( ) 2 b2 p2 q2
©) LZ+L2:2[L2+L2J
a b P q

(D) none of these

Solution: (A)
Since the line L has intercepts @ and b on the coordi-
nate axes, therefore its equation is
X
—+ Z =1
a b

When the axes are rotated, its equation with respect to
the new axes and same origin will become

)

£+Z:1

P g

In both the cases, the length of the perpendicular from
the origin to the line will be same.

2)

1
1 1 1 1
R

1 1 1 1

or —2+—:—2+—2

which is the required relation.
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GENERAL EQUATION OF A STRAIGHT LINE

An equation of the form: ax + by + ¢ = 0, where a, b, ¢ are
any real numbers not all zero, always represents a straight
line.

Equation of a straight line is always of first degree in
x and y.

SLOPE OF A LINE
If a line makes an angle 6 (9 # %) with the positive direc-

tion of x-axis, the slope or gradient of that line is usually
denoted by m, i.e., tan 8= m.

TRICK(S) FOR PROBLEM SOLVING

m The slope of a line parallel to x-axis = O and perpendicular
to x-axis is undefined.

m [f three points A, B, C are collinear, then slope of AB =
slope of BC = slope of AC.

= If aline is equally inclined to the axes, then it will make an
angle of 45° or 135° with x-axis (i.e., positive direction
of x-axis) and hence its slope will be tan 45° or tan 135°
=+1.

= Slope of the line joining two points (x,, y,) and (x,, y,) is

given as
oY1 TYe YooYy Difference of ordinates
X,—X, x,—x, Difference of abscissae

u Slope of the line ax +by +c=0,b # O'is —%, e,

(Coefficient of x)

(Coefficient of y)

SOLVED EXAMPLES

32. The image of the point P(3, 5) with respect to the line
y =x is the point Q and the image of Q with respect to
the line y = 0 is the point R(a, b), then (a, b)
(A) (5,3)
B) (5,-3)
(©) (5,3)
(D) (5,-3)

Solution: (B)
Let (x,, y,) be the image of the point P(3, 5) with
respect to the line y = x. Then, x, =5,y =3.

Y
N
P(3,5)
y=x
0(5,3)
- > X

R (a, b)

0=(,3)

Since the image of the point Q(5, 3) w.r.t. the line
y=01is (a, b).
a=5and b=-3
(a, b) = (5’ _3)

INTERCEPT OF A LINE ON THE AXES

1. Intercept of a line on x-axis If a line cuts x-axis at a
point (a, 0), then « is called the intercept of the line on
x-axis. | a | is called the length of the intercept of the line
on x-axis. Intercept of a line on x-axis may be positive or
negative.

2. Intercept of a line on y-axis If a line cuts y-axis at a point
(0, b), then b is called the intercept of the line on y-axis
and | b | is called the length of the intercept of the line on
y-axis. Intercept of a line on y-axis may be positive or
negative.

Equations of Lines Parallel to Axes

Equation of x-axis The equation of x-axis is y = 0.
Equation of y-axis The equation of y-axis is x = 0.
Equation of a line parallel to y-axis The equation of

the straight line parallel to y-axis at a distance ‘a’ from it

on the positive side of x-axis is x = a.

If a line is parallel to y-axis, at a distance a from it and
is on the negative side of x-axis, then its equation is x =—a.
Equation of a line parallel to x-axis The equation of
the straight line parallel to x-axis at a distance b from it on

the positive side of y-axis is y = b.

If a line is parallel to x-axis, at a distance b from it and

is on the negative side of y-axis, then its equation is y = —b.

SOLVED EXAMPLES

33. A square is constructed on the portion of the line x +
v = 5 which is intercepted between the axes, on the
side of the line away from origin. The equations to the
diagonals of the square are
(A)x=5y=-5
B)x=5y=5



C)x=-5,y=5
D)x-y=5x-y=-5
Solution: (B)

Clearly, the equations of the two diagonals are x = 5
and y =5.

YA
D
0,5)B ¢
45° X
0 AN, 0) X

34. If a straight line cuts intercepts from the axes of coor-
dinates the sum of the reciprocals of which is a con-
stant k, then the line passes through the fixed point

11
(B) [z:;j

D) (&, k)

(A) (K, k)

(©) (k, k)
Solution: (B)
Let the equation of the line be

Xy
2422 (1)
a b
Its intercepts on x-axis and y-axis are a and b
respectively.
. 1 1
Given: —+—=k
a
1 1 Vk Vk

—+—=1 or —+—=1 (2)
ak bk a b

From (2) it follows that the line (1) passes through the

fixed point (l,lj
k k

EQUATION OF A STRAIGHT LINE IN
VARIOUS FORMS
Slope-Intercept Form

The equation of a straight line whose slope is m and which
cuts an intercept ¢ on the y-axis is given by

y=mx+c.

If the line passes through the origin, then ¢ = 0 and
hence the equation of the line will become y = mx.

Coordinates and Straight Lines 18.13
Y A
/ {
C
o b
o X
Fig. 18.15

Point-Slope Form
The equation of a straight line passing through the point
(x,, y,) and having slope m is given by

v =y)=mx -x).

Two-Point Form
The equation of a straight line passing through two points
(x,, y,) and (x,, y,) is given by
Yo =
(y=y)==""—(x-x).

Xy =%

SOLVED EXAMPLES

35. In the above problem, coordinates of the point P such
that |[P4 — PB| is minimum are
3 12
B) | —,—
® (5%

9 12
200 5
9 12
D) | -—,—
® (-57)
Solution: (A)
The minimum value of |PA — PB| is zero which is
attained if P4 = PB, i.e., P must lie on the perpendicu-
lar bisector of 4B.
The equation of perpendicular bisector of AB is

1 3
——==2(x-1) or y=2x-——
y=5=2x-1D y 5

Solving it with the given line, we get P = (—— , ——j

36. Given the system of straight line a(2x + y — 3) + b(3x
+ 2y — 5) =0, the line of the system farthest form the
point (4, —3) has the equation
(A)3x—4y+1=0
(C) Tx—y+4=0

(B) 4x+3y-5=0
(D) none of these
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Solution: (A)

The given system of lines pass through (1, 1)
So, the required line is the through (1, 1) and per-
pendicular to the join of (1, 1) and (4, -3).
. The equation of line is »-l = é, ie,3x—4y+1=0
x-1 4
37. The image of the point (—8, 12) with respect to the line
mirror 4x + 7y + 13 =0 s
(A) (16,-2)
(©) (16, 2)
Solution: (D)
Equation of the given line is
4x+Ty+13=0 (1)
Let O (¢, B) be the image of the point P(-8, 12) w.r.t.
line (1).
Then, PO 1 line (1) and PC = CQ.
Equation of the line PC is

(y—lZ)z%(x+8)

[PC is L to the line (1) and passes through (-8, 12)]
or Tx -4y +104=0 2)
Solving Eq. (1) and (2), we get

x=-12andy=5. .. C=(-12,5)

(B) (-16,2)
(D) (=16,-2)

P(-8,12)

Clax+7y+13=0

Q(a. b)

Since C is mid-point of PQ,
—12= a-8 and 5 = p+12
2
= o=-l6and f=-2
0= (-16,-2).

Intercept Form

The equation of a straight line which cuts off intercepts a
and b on x-axis and y-axis respectively is given by

£+X:]

a b

Fig. 18.16

SOLVED EXAMPLES

38. Through the point (1, 1), a straight line is drawn so as
to form with coordinate axes a triangle of area S. The
intercepts made by the line on the coordinate axes are
the roots of the equation
(A)x*— 1|8 x+21|8]=0
B) x>+ |S|x+2|5]=0
©C)x*=2|S|x+215=0
(D) none of these

Solution: (C)
If a, b are the intercepts made by the line, then the
equation of the line is LR §
a b -
Since it passes through (1, 1), .. —+ 3" 1
a

a+b
=1 (1)
ab

Also, area of the triangle made by the straight line
on the coordinate axes is S

%ab =S| i.e.,ab=2]S| (2)

So, by (1), atb=21 3)
From (2) and (3), the intercepts ¢ and b are the
roots of the equation x> — 2 |S| x + 2 |S] = 0.

39. A line passing through the point P(4, 2), meets the
x-axis and y-axis at 4 and B respectively. If O is the
origin, then locus of the centre of the circum circle of
AOAB is
A)xt+yt=2
©O)x'+2y'=1
Solution: (B)

Let the coordinates of 4 and B be (a, 0) and (0, b)
respectively.
Then, equation of line AB is

£+Z:1
a b

B) 2x'+y'=1
(D) 2x'+2y'=1
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Since, it passes through the point P(4, 2)
Y A
(0, b)B

Now, centre of the circumcircle of AOAB = (%,g}

So, Eq. (1) can be written in the formi+ 1 =1
al2  b/2

.. locus of circumcentre is £+l =lor2x'+y'=1
Xy

If the equal sides AB and AC (each equal to @) of a

right angled isosceles triangle ABC be produced to P

and Q so that BP x CQ = AB?, then the line PQ always

passes through the fixed point

(A) (a,0) B) (0,a)
(©) (a,a) (D) none of these
Solution: (C)

We take A as the origin and 4B and AC as x-axis and
y-axis respectively.

Let AP=h, AQ =k.
Equation of the line PQ is
Y N\
0 (0, k)
0,0)C
4 B P 1
(a,0) (h,0)
Xy
AR, )
h k

Given, BP x CQ = AB?
= (h-a)(k—a)=a?
= hk—ak—ah+a*=a> or ak+ha=hk
a a
or i + P 1 2)
From (2), it follows that line (1) i.e., PO passes
through the fixed point (a, @).

Normal Form (or Perpendicular Form)

The equation of a straight line upon which the length of the
perpendicular from the origin is p and the perpendicular
makes an angle o with the positive direction of x-axis is
given by

Y

Fig. 18.17
X cos o+ ysin a=p.

In normal form of equation of a straight line p is always
taken as positive and « is measured from positive direction
of x-axis in anti-clockwise direction between 0 and 2.

Parametric Form (or Symmetric Form)

The equation of a straight line passing through the point
(x,, »,) and making an angle 6 with the positive direction
of x-axis is given by

X4 _Y—h
cos@  sinf

where 7 is the distance of the point (x, y) from the point (x , ).
Y

P(x,y)

P(xy, y1)

Fig. 18.18

TRICK(S) FOR PROBLEM SOLVING

The coordinates (x, y) of any point P on the line at a distance
r from the point A(x,, y,) can be taken as

(x, + rcos, y, +rsin6)
or (x, —rcos6, y, —rsin6)

where the line is inclined at an angle 6 with x-axis

SOLVED EXAMPLES

41. A line joining two points A(2, 0) and B(3, 1) is rotated
about A4 in anticlockwise direction through an angle
15°. If B goes to C in the new position, then the coor-
dinates of C are
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o

(D) none of these

(A) (2\/%]
(©) (2+%\E]

Solution: (C)

V&
C
B(3,1)
15°
45° .
o 40,0 j6
Slope of line
AB :Ezlztan45°
2-3
ZBAX =45°.
Given LCAB = 15°.
ZLCAX = 60°.

. Slope of line AC = tan 60° =/3.
Now, line AC makes an angle of 60° with positive
direction of x-axis and

AC = AB=(3-2)> +(1-0)’ =2

.. Coordinates of C are (2 + \/E c0s60°,0 + \/5 sin 60°)

ie., (2+%\/§]

42. P is a point on either of the two lines y — NE) |x| =2 at
a distance of 5 units from their point of intersection.
The coordinates of the foot of the perpendicular from
P on the bisector of the angle between them are

(A) O,%(4+5\/§) or {0,%(4—5\5)} depend-

ing on which line the point P is taken

(B) _o,%(4+5ﬁ)

(©) _o,%(4—5J§)_
E ﬂ}

(D) _2’ 2

Solution: (B)
Equation, of two lines are

y:\/§x+2, if x>0
and y==3x+2, if x>0

Clearly y 2 2.
Y
N
J— Q___p
5 305
4(0,2)
2
0 > X

Also, y-axis is the bisector of the angle between
the two lines. P, P, are two points on these lines, at a
distance 5 units from 4. Q is the foot of the L from P,
and P, on the bisector (y-axis).

Then, the coordinates of O are (0,2 + 5 cos 30°)

:[o, 2+¥j :(O, %(4+5\/§)j

43. If the straight line drawn through the point P(\/g ,2)

and making an angle 7 with the x-axis meets the line

V3x—4y+8=0 at O, then the length of PQ is
(a) 4 (b) 5

(c) 6 (d) none of these
Solution: (C)

The given line is

P(J3,2)

0 Bx—4y+8=0
Br-4y+8=0 (1)

Let PO=r
Then, the coordinates of Q are

T . T \/g r
34+rcos—,2+rsin— 342242
[\/7 I"COS6 }"Sll’l6j or {\/7 > r 2]

Since the point Q lies on the given line,
3 \/§+£r —4l2+L]18=0
2 2
= 6+3r—-16-4r+16=00rr==6

Hence, PO=6

44. A line is drawn from the point P(e, f), making an
angle 6 with the positive direction of x-axis, to meet
the line ax + by + ¢ = 0 at Q. The length of PQ is
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(A) __aot+bB+c (B)

acosO +bsinf

aa+bf +c
Na* +b’

(D) none of these

aa+bp+c
acosO +bsin
Solution: (A)

Equation of a straight line passing through the point
P(c, p) and making an angle 6 with positive direction
of x-axis is

©

x—a y-p
= =r (sa
cosf sinf (say)

Coordinates of any point on this line are
(o +rcosf, B+ rsinb)

If it lies on the line ax + by + ¢ = 0, then
a(a+rcos) + b(f+rsinf) +c=0

aa+bf +c
= yr=—
acosO +bsinb
Thus, PO=r=- aa+bf+c

acos@ +bsin6

REDUCTION OF THE GENERAL EQUATION
TO DIFFERENT STANDARD FORMS

Slope-Intercept Form: The general form,
Ax + By + C =0, of the straight line can be reduced to the
form y = mx + ¢ by expressing y as

A4 C
y=——X—-——=mx+c
B B

C

where m:—éandc:——
B B

Thus, slope of the line Ax + By + C=0is
_ cofficientof x 4

m=—————=
cofficient of y B

Intercept Form

The equation Ax + By + C = 0 can be reduced to the form

XY by expressing it as
a b

Ax+ By=-C

or —éx—ﬁyzl, where C # 0
c cC

or i+L=—1, which is of the form £+X=1
¢ C a b
A B

C C . .
where a = 2 and b = 3 are intercepts on x-axis and

y-axis, respectively.

TRICK(S) FOR PROBLEM SOLVING

Intercept of a straight line on x-axis can be found by putting
y = 0 in the equation of the line and then finding the value
of x. Similarly intercept on y-axis can be found by putting x =
O in the equation of the line and then finding the value of y.

Normal Form
To reduce the equation Ax + By + C = 0 to the form x cos
o+ y sin o = p, first express it as
Ax+ By=-C (1)
CASE 1. If C <0 or —C > 0, then divide both sides of Eq. (1)
by V4> + B, we get
A B C

) A + B?

x+ y=
JA2+B A4 +B

which is of the form x cos a+ y sin = p,

where, cosa = A sina = B
' Ja2+B NA*+ B?
and ¢

P=——FT—
VA + B’
CASE 2. If C > 0 or —C < 0, then divide Eq. (1) by

—\A* + B*, we get

-4 B C

x— y=
Ja2+B JL2+BT A4+ B

which is of the form x cos a+ y sin = p,

where cosa =— 4 sina = — B
Ja42 4B JA*+ B?
and ¢

p=——
NA*+B?

ANGLE BETWEEN TWO INTERSECTING
LINES

The angle 6 between two lines y =mx +c and y = mx +
c, is given by
m, —m
tan =+ ——2=
1+ mm,
provided no line is perpendicular to x-axis and the acute
angle @ is given by

m —m
tan@ = |———2

I+mm,
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TRICK(S) FOR PROBLEM SOLVING

m [f both the lines are perpendicular to x-axis, then the
angle between them is 0°.

m If slope of one line is not defined (one of the lines is
perpendicular to x-axis and other makes an angle 6 with
the positive direction of x-axis), then angle between them
=r-0.

m The two lines are parallel if and only if m, =m,.

m The two lines are perpendicular if and only if m, x m, =-1.

SOLVED EXAMPLE

45. Number of equilateral triangles with y = NG} (x-D+2
and y = V3x as two of its sides, is

(A)O B) 1

)2 (D) none of these
Solution: (D)

The sides are,

y=~3(x-1)+2and y =—~3x

N

The two lines are at an angle of 60° to each other.
Now any line parallel to obtuse angle bisector will make
equilateral triangle with these lines as its two sides.

CONDITION FOR TWO LINES TO BE
COINCIDENT, PARALLEL, PERPENDICULAR
OR INTERSECTING

Two linesax + b,y +c,=0and ax + b,y +c,=0 are
.a b ¢
1. Coincident, if - =—"1=-1;
a, b, ¢
.a b ¢
2. Parallel, if +=—"1="1;
aZ 2 CZ

3. Perpendicular, ifaa,+bb,=0;

.a b . . .
4. Intersecting, if —~# b—l i.e., if they are neither coinci-

a b
dent nor parallel.

EQUATION OF A LINE PARALLELTO A
GIVEN LINE

The equation of a line parallel to a given line ax + by + ¢ =
0 is ax + by + k=0, where k is a constant.

= Keep the terms containing x and y unaltered.
m Change the constant.

m The constant k is determined from an additional condition
given in the problem.

Thus, the equation of any line parallel to 2x — 3y + 5=0
is 2x—3y + k=0.

SOLVED EXAMPLES

46. The vertices of a AOBC are O (0, 0), B(-3, —1) and
C(-1, =3). The equation of a line parallel to BC and
intersecting sides OB and OC whose distance from the

R
originis —, 1s

1
(A) x+y+L:0 (B) x+y—E=O

J2
1 1
(© x+y-2=0 (D) x+y+-=0

Solution: (A)
The equation of line BC is

x+ty+4=0
Equation of a line parallel to BC is
x+y+k=0

. . 1 .
This is at a distance 5 from the origin.

‘i‘_l
2 2
k==

ol

Since BC and the required line are on the same
side of the origin
1

5

Hence, the required line is x+y+—=0.
1 NG

k=

47. The distance of the point (2, 3) from the line 3x + 2y =
17, measured parallel to the line x —y =4 is
(A) 42 (B) 52
© 2 (D) none of these
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Solution: (C)

Coordinates of any point on the line through (2, 3) and
parallel to the line x — y = 4, at a distance r, are

(2 + rcosb, 3 +rsinf), where tan 6= 1.

A4(2,3)

3x+2y=17

If this point lies on the line 3x + 2y =17,
then 3(2+rcosf) +2(3 +rsinf)=17

= 6+3r-L+6+2r-L:17 = ir:5
V2

V2 V2
= r=12

EQUATION OF A LINE PERPENDICULAR TO
A GIVEN LINE

The equation of a line perpendicular to a given line
ax + by +c=01s bx —ay + k=0, where k is a constant.

m Interchange the coefficients of x and y and change the
sign of one of them.

m Change the constant.
m The value of k can be determined from an additional con-
dition given in the problem.

POINT OF INTERSECTION OF TWO

GIVEN LINES

Let the two given lines be
ax+by+c=0andax+b,y+c,=0.

Solving these two equations, the point of intersection
of the given two lines is given by

[blcz —be ca,—cq, j

albz _azbl ' albz _azbl

CONCURRENT LINES

The three given lines are concurrent if they meet in a point.

WORKING RULE TO PROVE CONCURRENCY

Following three methods can be used to prove that the three
lines are concurrent:

m Find the point of intersection of any two lines by solving
them simultaneously. If this point satisfies the third equa-
tion also, then the given lines are concurrent.

m The three lines

P=ax+by+c =0, Q=ax+b,y+c,=0,
R=ayxx + b,y + ¢, =0 are concurrent if

w

a, b, ¢
a, b, ¢,|=0
a, ¢ G

m The three lines P =0, Q = 0 and R = O are concurrent if
there exist constants /, m and n, not all zero at the same
time, such that

IP+ mQ + nR=0.

This method is particularly useful in theoretical results.

SOLVED EXAMPLE

48. If l,l,l are in A.P, then the straight line
abc
x y 1 .
_+Z+_:0 always passes through a fixed point,
a c
that point is
(A) (-1,-2) B) -1,2)
1
© (1,-2) (D) (1,—5)

Solution: (C)

Since l,l,l are in A.P.

a b c
- 1,1 2 (1)
a ¢ b
The given line is f+Z+l =0
a b c
= i+Z+[z—lj=0 [Using (1)]
a b a

= La-n+i(r+2)=0
a a

= The given line passes through the point of inter-
sectionof x —1=0and y +2=01i.e., (1, -2) which is
a fixed point.

POSITION OF TWO POINTS RELATIVETO A
LINE

Two points (x,, y,) and (x,, y,) are on the same side or on
opposite sides of the line ax + by + ¢ = 0 according as the
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expressions: ax, + by, + ¢ and ax, + by, + ¢ have same sign
or opposite signs.

SOLVED EXAMPLES

49. The point (1, f) lies on or inside the triangle formed by
the lines y = x, x-axis and x + y = &, if
(A)0<pB<1 (B) 0<p<1
(C)0<p<8 (D) none of these
Solution: (B)
The point (1, ) lies on the line x = 1, for all real £.
Clearly, from the figure, it will lic on or inside the tri-
angle formed by the given lines if 0 < f< 1.

YA

v

X-axis

50. Let P(2, 0) and Q(0, 2) be two points and O be the
origin. If A(x, y) is a point such that xy >0 and x + y <
2, then

(A) A cannot be inside the AOPQ

(B) A4 lies outside the AOPQ

(C) A4 lies either inside AOPQ or in the third quadrant
(D) none of these

Solution: (C)

Since xy > 0, therefore the point 4 lies either in the
first quadrant or in the third quadrant. Since x +y <2,
therefore the point A4 lies either inside the AOPQ or in
the third quadrant.

LENGTH OF PERPENDICULAR FROM A
POINT ON A LINE

The length of the perpendicular from the point (x, y,) to
the line ax + by + ¢ = 0 is given by

| ax, + by, +c|
pP= 1[ 2 : 2
a +b
Corollary The length of the perpendicular from the origin
(0, 0) on the line ax + by + ¢ =0 is

lax0+bx0+c|  |c|
\/0t2+b2 \/az+b2

WORKING RULE

m Make the R.H.S. of the equation of the line zero by trans-
posing every term to L.H.S.

= Onthe LH.S, replace x by x, and y by y..

= Divide by \/(coeff. of x)? + (coeff. of y)?.
m Take the modulus of the expression thus obtained. This
will give the length of the perpendicular.

SOLVED EXAMPLES

51. If P and Q are two points on the line 4x + 3y +30=0
such that OP = OQ = 10, where O is the origin, then
the area of the AOPQ is

(A) 48 (B) 16
(C) 32 (D) none of these
Solution: (A)
Let OR L PQ.
Then, OR = 20 +3(0)+30]_30 _ o

V16+9 5

010, 0)

10 10
4x+3y+30=0
P R 0

PR =\ OP?> —OR? =100-36 and

PQ=2PR=16

Area of AOPQ =%><PQ><OR
1
=—x16x6=48
2

52. On the portion of the straight line x + y = 2 which is
intercepted between the axes, a square is constructed
away from the origin, with this portion as one of its
side. If p denotes the perpendicular distance of a side
of this square from the origin, then the maximum
value of p is

A) 2

© 32
Solution: (C)
p=0N=0M+ MN = L distance from

(B) 242
D) 42
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YA c
5] 2";
0,2) B D
X YL S
0 A4(2,0) }

O to the line AB + AD

-2 i 202=\2+2V2=32
V2
DISTANCE BETWEEN TWO PARALLEL LINES

The distance between two parallel lines ax + by +¢, =0 and
ax + by + ¢, =0 is given by

|CI_CZ|

Ja? +b?

d:

E NOTE

The distance between two parallel lines can also be obtained
by taking a suitable point (take y = O and find x or take x =
0 and find y) on one straight line and then finding the length
of the perpendicular from this point to the second line.

TRICK(S) FOR PROBLEM SOLVING

m Area of a parallelogram or a rhombus, equations of whose
sides are given, can be obtained by using the following
formula

Area = %,

sin@

where p. = DL = distance between lines AB and CD,
p, = BM = distance between lines AD and BC,

6 = angle between adjacent sides AB and AD.

In the case of a rhombus, P, =P, Thus,

pZ
m Area of rhombus=—".
sinf
Also, area of rhombus = %ddz

where d, and d, are the lengths of two perpendicular diag-
onals of a rhombus.

Fig. 18.19

SOLVED EXAMPLE

53. The diagonals of the parallelogram whose sides are /x
+my+n=0,Ix+tmy+n =0, mx+Ily+n=0,mx+ly
+n” =0 include an angle

N
3

I’ —m?
(©) tan™
P +m?

Solution: (B)

Since the distance between the parallel lines Ix + my
+n=0and Ix + my + n" =0 is same as the distance
between the parallel lines mx + [y + n=0 and mx + Iy
+ n’ = 0. Therefore, the parallelogram is a rhombus.
Since the diagonals of a rhombus are at right angles,

T
(B) 7

2lm
D) tan™
D) (12 +m? j

therefore the required angle is %

EQUATIONS OF STRAIGHT LINES
PASSING THROUGH A GIVEN
POINT AND MAKING A GIVEN
ANGLE WITH A GIVEN LINE

The equations of the striaght lines which pass through a
given point (x,, y,) and make a given angle & with the given
straight line y = mx + ¢ are

m*tana
Y= =7 xX—x)
l¥Fmtana

REFLECTION ON THE SURFACE

Here, IP = Incident Ray
PN = Normal to the surface
PR = Reflected Ray

Then, ZIPN = ZNPR

Angle of incidence
= Angle of reflection
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Surface
Fig. 18.20

SOLVED EXAMPLE

54. A ray of light is sent along the line which passes
through the point (2, 3). The ray is reflected from the
point P on x-axis. If the reflected ray passes through
the point (6, 4), then the coordinates of P are

26 26
(3] ® [0F)
© (—?,Oj (D) none of these
Solution: (A)
Let P=(e, 0).

Let the reflected ray makes an angle 8 with +ve direc-
tion of x-axis, then the incident ray makes angle

(7— 6) with positive direction of x-axis.

The slope of the incident ray is

Y/\
(6,4)
(2,3)
6 0 <
(e, 0)
:Hztan(ﬂ—Q) i.e., tan0 _ 3 (1)
oa-2 o-2
The slope of the reflected ray is
= ﬂ =tan0 i.e., tanf = i (2)
6—a 6—a
From Eq. (1) and (2), we get
izi = 18-3a =4a-8
a-2 6-«a

= 7a=260ra:%

The coordiantes of 4 are (2—76,0].

IMAGE OF A POINT WITH
RESPECT TO A LINE

1. The image of a point with respect to the line mirror.
The image of 4(x,, y,) with respect to the line mirror ax +
by + ¢ =0 be B(h, k) given by,

h—x _k-y, —2(ax,+by +c)
a b a’ +b’
Alxy, y1)
\\ax+bx+c:0
B(h, k)

Fig. 18.21

2. The image of a point with respect to x-axis: Let P(x, y)
be any point and P’(x’, )) its image after reflection in the
x-axis, then
x'=xandy =—y, (" O is the mid point of PP’)

Y

A

P(x, y)
9

0 o
1

&
P(x',y")
Fig. 18.22

_r-""
y
S

3. The image of a point with respect to y-axis: P(x, y) be
any point and P’(x’, y’) its image after reflection in the
y-axis, then
x'=—xand )y’ =y (" O is the mid point of PP’)

Fig. 18.23
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4. The image of a point with respect to the origin: Let
P(x, y) be any point and P’(x’, ") be its image after reflec-
tion through the origin, then
X' =-xand )" =-y (" O is the mid-point of PP’)

Y
P(x, )
1
N O
X 0 X
P'(x',y")
Y!
Fig. 18.24

5. The image of a point with respect to the line y = x: Let
P(x, y) be any point and P’(x’, ") be its image after reflec-
tion in the line y = x, then,
x'=yandy =x (" O is the mid-point of PP’)

Y
Y oPay)

4

Y’
Fig. 18.25
6. The image of a point with respect to the line y =x tan0
: Let P(x, y) be any point and P’(x’, y) be its image after
reflection in the line y = x tan®, then,

Y
P(x, )

\0,
y=xtan9<' 7 P/(x/,yr)
e

Y/
Fig. 18.26

X' =xcos 260+ ysin20
y =xsin 20—y cos 26,
(" O is the mid-point of PP’)

EQUATIONS OF THE BISECTORS OF THE
ANGLES BETWEEN TWO LINES

The equations of the bisectors of the angles between the
linesax+by+c =0andax+b,y+c,=0 are given by

ax+by+c _+a2x+b2y+cz
Jai +b} Ja +b;
NOTE

Any point on a bisector is equidistant from the given lines.

Equation of the Bisector of the Acute and Obtuse Angle
between Two Lines Let the equations of the two lines be

ax+by+c =0 (1)
and ax+by+c,=0 2)

where ¢, > 0 and ¢, > 0.
Then the equation

ax+by+c _ a,x+by+c,

2 2 2 2
\a, +b \Ja, +b,

is the bisector of the acute or obtuse angle between the
lines (1) and (2) according as a,a, + b,b, <0 or > 0.
Similarly, the equation

__ax+by+c,

ax+by+c _
Jai +b} Ja; +b;

is the bisector of the acute or obtuse angle between the
lines (1) and (2) according as a,a, + b,b,> 0 or <0.

SOLVED EXAMPLE

55. The point (3, 2) is reflected in the y-axis and then
moved a distance 5 units towards the negative side of
y-axis. The coordinates of the point thus obtained are

A) (3,-3) (B) (-3,3)

© @3,3) D) (3,3

Solution: (D)

Reflection in the y-axis gives the new position as (-3, 2).

NY

03,2

P@3,2)

R
(3,.-3)

When it moves towards the negative side of y-axis
through 5 units, then the new position is (-3, 2 — 5)
ie., (-3,-3).
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TRICK(S) FOR PROBLEM SOLVING

If a,a, + b,b, > O, then the origin lies in obtuse angle and if
a,a, + b,b, <O, then the origin lies in acute angle.

EQUATIONS OF LINES PASSING THROUGH
THE POINT OF INTERSECTION OF TWO
GIVEN LINES

The equation of any line passing through the point of
intersection of the lines ax + b,y + ¢, =0 and ax + b,y
+c,=0is

(ax+by+c)t+k(ax+by+c)=0,
where k is a parameter. The value of & can be obtained by
using one more condition which the required line satisfies.

SOLVED EXAMPLES

56. If a, b, c are three terms of an A.P, then the line ax +

by+c=0

(A) has a fixed direction

(B) always passes through a fixed point

(C) always cuts intercepts on the axes such that their
sum is zero

(D) forms a triangle with the axes whose area is
constant.

Solution: (B)

Let a, b, ¢ be pth, gqth and rth terms of an A.P. whose

first term is 4 and common difference is d. The given

line is
ax+by+c=0

= [A+@E-Ddlx+t[A+@-Ddly+t[A+(@r-1)
dl=0

= Ax+ty+tD)+dlp-Dx+t(@g-Dy+r-1)=0

= The given line passes through the point of inter-

sectionof linesx+y+1=0and (p—1)x+(g— 1)y +

r—1 =0, which is a fixed point.

57. The line (p + 2¢q) x + (p — 3q)y = p — ¢ for different
values of p and ¢ passes through the fixed point

35 22
(A) (5’5] (B) (E,gj

33 23
© (5’3] ®) (E’Ej

Solution: (D)
The equation of the given line can be re-written as
pxty—-1+g2x-3y+1)=0
which, clearly, passes through the point of intersection
of the lines
x+y—-1=0 (1)
and 2x=3y+1=0 (2)

for different values of p and g.
Solving (1) and (2), we get the coordinates of the point

of intersection as z,g .
55

58. If o+ B+ y=0, the line 3ax + By + 2y = 0 passes
through the fixed point
2
B) | =,2
® (2]

2
(D) none of these

2
022

Solution: (B)
The given line is 3ox + By +2y=0
= 3ox+fy+2(-a-B=0(. a+f+y=0)
= aoaBx-2)+pEr-2)=0
= the given line passes through the point of inter-
section of the lines 3x—2=0and y—2=01.e., (E,ZJ,
for all values of o and S. 3
59. The number of integer values of m, for which the x-co-

ordinate of the point of intersection of the lines 3x + 4y
=9and y =mx + 1 is also an integer, is

(A)2 (B) 0
(€) 4 (D) 1
Solution: (A)
The given lines are
3x+4y=9 (1)
and y=mx+1 (2)

Solving (1) and (2), we get the x-coordinate of the
5

point of intersection as x = .
4m+3

Since x-coordinate is an integer,
4m+3=+5 or 4m+3==+1.
Solving these, only integer values of m are —1 and —2.
m=-1,-2

STANDARD POINTS OF A TRIANGLE

Centroid of a Triangle

The point of intersection of the medians of the triangle is
called the centroid of the triangle. The centroid divides the
medians in the ratio 2 : 1 (2 from the vertex and 1 from the
opposite side).

A (xy, y)

C (x3’ y3)
D
B (x5 )
Fig. 18.27
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The coordinates of the centroid of a triangle with vertices
(x;, ¥, (x,, »,) and (x,, y,) are

(x1+x2+x3 y1+y2+y3J

3 3

SOLVED EXAMPLE

60. If the vertices P, O, R of a APQOR are rational points,
which of the following points of the APOR is (are)
always rational point(s)?

(A) centroid (B) incentre
(C) circumcentre (D) orthocentre
(A rational point is a point both of whose coordinates
are rational numbers)
Solution: (A)
Let P=(x, ), Q= (x,, ,); R=(x,, ,), where x, y, (i
=1, 2, 3) are rational numbers.
Now, the centroid of APOR is

[xl+x2+x3 yl+y2+y3j

>

3 3

which is rational point. Incentre, circumcentre and
orthocentre depend on sides of the triangle which may
not be rational even if vertices are so. For example, for

P(0, 1) and O(1, 0); PO =+/2.

Incentre of a Triangle

The point of intersection of the internal bisectors of the
angles of a triangle is called the incentre of the triangle.
The coordinates of the incentre of a triangle with verti-

ces (x,, ), (x,, v,) and (x,, y,) are

/}A%xl\,yl)

s

B (xz) J/Z)
Fig. 18.28

ax, +bx, +cx, ay, +by, +cy,
a+b+c a+b+c

TRICK(S) FOR PROBLEM SOLVING
The incentre of the triangle formed by (O, 0), (a,

0) and
O, b) is

[ ab ab J
a+b+Ja? +b° a+b+a? +b

Ex-centres of a Triangle A circle touches one side outside
the triangle and the other two extended sides then circle is
known as excircle.

Let ABC be a triangle then there are three excircles,
with three excentres /, 1, I, opposite to vertices 4, B and C
respectively. If the vertices of triangle are 4 (x,, y)), B (x,,
y,) and C (x,, y,) then

[ =

1

—ax, +bx, +cx; —ay, +by, +cy,
—a+b+c —a+b+c

;[ —bx, +cx; ay, —by, +cy,
: a-b+c a-b+c

I ax, +bx, —cx, ay, +by, —cy,
’ a+b-c a+b-c

Circumcentre The circumcentre of a triangle is the point
of intersection of the perpendicular bisectors of the sides of
a triangle. It is the centre of the circle which passes through
the vertices of the triangle and so its distance from the ver-
tices of the triangle is same and this distance is known as
the circum-radius of the triangle.

Fig. 18.29

TRICK(S) FOR PROBLEM SOLVING
m The circumcentre of a right angled triangle is the mid
point of its hypotenuse.

= The circumcentre of the triangle formed by (O, 0), (x,, y,)
and (x,, y,) is

{yz(Xf+yf)—y1(X§+y§) Xz(Xf+yf)—X1(X§+y§)]
2(X1y2 _Xz)/1) Z(Xz)/1 _XWyZ)

WORKING RULE TO PROVE CONCURRENCY

m LetA(x,,y,), B(x, y,) and C(x;, y,) be the vertices of the
AABC and let circumcentre be P(x, y). Then (x, y) can be
found by solving

(OA)? = (0OB)2 = (0OC)?
or x=x)2+ (y-y)P=Kx=x)"+ (y-y,)°
=(x=x)*+ (y—y,)*

m Let D, E and F be the mid-points of the sides BC, CA and

AB of the AABC respectively.
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Then, OD L BC, OE 1 AC, OF L AB.

A (xy, yy)
Q OE
B D C (x5 3)
(%5, 1)
Fig. 18.30

slope of OD X slope of BC = -1

slope of OE X slope of AC =—1

slope of OF X slope of AB=—1

Solving any two of the above equations, we get the cir-

cumcentre (X, y).

m (a) If the equations of the three sides of the triangle are
given, first of all find the coordinates of the vertices
of the triangle by solving the equations of the sides
of the triangle taken two at a time.

(b) Find the coordinates of the middle points of two
sides of the triangle.

(c) Find the equations of the perpendicular bisectors of
these two sides and solve them. This will give the
coordinates of the circumcentre of the triangle.

m If angles A, B, Cand vertices A(x,, y,), B(x,, y,) and C(x;,

y;) of a AABC are given, then its circumcentre is given by

X,SiN2A + x, sin2B + x, sin2C
( sin2A + sin2B + sin2C
y,sin2A+ y,sin2B + y, sin2C
sin2A +sin2B + sin2C j

ORTHOCENTRE

The orthocentre of a triangle is the point of intersection of
altitudes.

TRICK(S) FOR PROBLEM SOLVING

m Let O be the orthocentre. Since AD L BC, BE 1. CA and CF
1 AB, then
OA 1L BC
OB L CA
and OC 1L AB
A
F E
0
B D C
Fig. 18.31

Solving any two of these, we can get coordinates of O.
m (@) Write down the equations of any two sides of the
triangle.
(b) Find the equations of the lines perpendicular to these
two sides and passing through the opposite vertices.
(c) Solve these equations to get the coordinates of the
orthocentre.
m If angles A, B and C and vertices A(x,, y,), B(x,, y,) and
C(x5 y,) of a AABC are given, then orthocentre of AABC
is given by

x,tanA + x, tanB + x; tanC
tanA+tanB +tanC

y,tanA+y,tanB + y, tanC)
tanA+tanB +tanC

TRICK(S) FOR PROBLEM SOLVING

= [f any two lines out of three lines, i.e., AB, BC and CA are
perpendicular, then orthocentre is the point of intersec-
tion of two perpendicular lines.

= The orthocentre of the triangle with vertices (O, O), (x,,
y,) and (x,, y,) is

XX, — X, X, +
(yl_y2)|: 1% y1y2:|,(xl—x2)|: 1% le2:| ]
XN — XY, XV, XN
m The orthocentre (O), centroid (G) and circum centre (C)
of any triangle lie in a straight line and G divides the join
of O and Cin the ratio 2 : 1.

= Inan equilateral triangle, orthocentre, centroid, circumcen-
tre and incentre coincide.

M

B D H C
Fig. 18.32

COORDINATES OF NINE POINT CIRCLE

If a circle passes through the feet of perpendiculars (i.e.,
D, E, F), midpoints of sides BC, CA, AB respectively (i.e.,
H, I, J) and the midpoints of the line joining the ortho-
centre O to the angular points 4, B, C (i.e., K, L, M), thus
the nine points D, E, E H, I, J, K, L, M, all lie on a circle.
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This circle is known as nine point circle and its centre is
called the nine-point centre.

IMPORTANT POINTS

The orthocentre (O). Nine point Centre (N), Centroid (G)
and Circumcentre (C) all lie in the same striaght line.

The Nine point centre bisects the join of Orthocentre (O)
and Circumcentre (C)

The radius of Nine Point Circle is half the radius of
Circumcirle.

SOLVED EXAMPLE

61. If the equations of the sides of a triangle are x + y = 2,
y =x and NG v+ x =0, then which of the following is
an exterior point of the triangle?

(A) orthocentre
(C) centroid

Solution: (A)

The lines y = x and NE) y+x =0, are inclined at 45°
and 150°, respectively, with the positive direction of
x-axis. So, the angle between the two lines is an obtuse
angle. Therefore, orthocentre lies outside the given
triangle, whereas incentre and centroid lie within the
triangle (In any triangle, the centroid and the incentre
lie within the triangle).

(B) incentre
(D) none of these

EXERCISES

Single Option Correct Type

1. If one of the diagonals of a square is along the line x =
y and one of its vertices is (3, 0), then its side through
this vertex nearer to the origin is given by the equation.
(A)y—-3x+9=0
B)3y+x-3=0
C)x-3y-3=0
D)3x+y-9=0

2. Through the point P(¢e, B), where a8 > 0 the straight

line £+ —1 is drawn so as to form with coordinate
a
axes a triangle of area S. If ab > 0, then the least value

of S'is
(A) of
(©) 4o

3. Aline joining two points 4 (2, 0) and B (3, 1) is rotated

about 4 in anti-clockwise direction through an angle
15°. If B goes to C in the new position, then the coor-

dinates of C are
3 3
bl
(D) none of these

1 3
©) (2+E’ \/;J

(B) 208
(D) none of these

4. Pisapoint on either of the two lines y — \/3 |x|=2 ata

distance of 5 units from their point of intersection. The
coordinates of the foot of the perpendicular from P on
the bisector of the angle between them are

o -
(A) 0,5(4+5\6) or [0,5(4—5\6)} depend-
ing on which line the point P is taken

(B) o,%(4+5\6)

© |o, %(4—5J§>_
D) |2, ﬂ}

22

5. A string of length 12 units is bent first into a square
PQORS and then into a right-angled APQT by keeping
the side PQ of the square fixed and other is one more
than its side. Then, the area of PORS equals

(A) ar (APQT)

(C) 2 -ar (APQT) (D) none of these

6. The condition to be imposed on f so that (0, B) lies
on or inside the triangle having sides y + 3x + 2 =0,
3y—-2x—-5=0and4y+x-14=0is

®) %-ar (APQT)
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10.

11.

12.

13.

5 7
A e B -
()O<ﬁ<3 ()O</3’<2

©) g <B< % (D) none of these

. The point (1, B) lies on or inside the triangle formed by

the lines y = x, x-axis and x + y = §, if
(A)0<pf<1 B) 0=<p<1
(C)0<p<8 (D) none of these

. A ray of light travelling along the line x++/3 y=5

is incident on the x-axis and after refraction it enters
. . . 4
the other side of the x-axis by turning — away from

the x-axis. The equation of the line along which the
refracted ray travels is

(A) x+By-5V3=0
(B) x—By-5V3=0
(©) 3x+y-5y3=0
D) Br-y-5y3=0

. A ray of light is sent along the line which passes

through the point (2, 3). The ray is reflected from the
point P on x-axis. If the reflected ray passes through
the point (6, 4), then the coordinates of P are

26 26
) (7,()} (B) [0,7]

©) (—é,OJ (D) none of these
7

A line passing through the point P (4, 2), meets the
x-axis and y-axis at 4 and B, respectively. If O is the
origin, then locus of the centre of the circum circle of
AOAB is
A)yx'+yt=2
C)xt+2y'=1

B) 2x'+y't=1
D) 2x'+2y'=1
( Y

If the point (2 cos6, 2 sinf) does not fall in that angle
between the lines y = |x — 2| in which the origin lies

then 6 belongs to
T
B) | -—,—
@ [-5.5)

n 3rm
»(3%)
(©) (0, @) (D) none of these

If the equations of the sides of a triangle are x + y =2,
y=xand NE) y+x =0, then which of the following is
an exterior point of the triangle?

(A) orthocentre
(C) centroid

(B) incentre
(D) none of these

A line is drawn from the point P(c, [5), making an
angle 0 with the positive direction of x-axis, to meet
the line ax + by + ¢ = 0 at Q. The length of PQ is

14.

15.

16.

17.

18.

19.

20.

21.

(A) — aa+bp+c (B) ao+bp +c
acosf +bsinf [+ b2
) ¢ thp+c (D) none of these

acos +bsin6O
If the equal sides AB and AC (each equal to a) of a
right-angled isosceles triangle ABC be produced to P
and Q so that BP - CQ = AB?, then the line PQ always
passes through the fixed point
(A) (a,0)

(©) (a,a)

Ifx,x, x,as well as y , y,, y, are in G. P. with the same
common ratio, then the points (x,, y,), (x,,y,) and (x,, y,)

(B) (0, a)
(D) none of these

(A) lie on a straight line

(B) lie on an ellipse

(C) lie on a circle

(D) are vertices of a triangle

Number of equilateral triangles with y = NG (x-1)+2

and y = —3x as two of its sides, is
(A)0 B) 1
©) 2 (D) none of these

If the distance of any point P(x, y) from the origin is
defined as d(x, y) = Max.{|x|, [y} and d(x, y) = k (non-
zero constant), then the locus of the point P is

(A) a straight line (B) acircle

(C) aparabola (D) none of these

If a, b, ¢ form an A. P. with common difference d (# 0)
and x, y, z form a G. P. with common ratio 7(# 1), then
the area of the triangle with vertices (a, x), (b, y) and
(¢, z) is independent of
(A) b
©) d

B) r
(D) x

A line of fixed length 2 units moves so that its ends are
on the positive x-axis and that part of the line x + y =
0 which lies in the second quadrant. The locus of the
mid-point of the line has the equation

(A) (e 2y 4y =1 (B) (x—2yy+y?=1
©C) (x+2y)—y*=1 (D) none of these

A straight line through the origin O meets the parallel
lines 4x + 2y =9 and 2x + y + 6 = 0 at points P and Q,
respectively. The point O divides the segment PQ in
the ratio

(A)1:2 (B) 3:4

©2:1 (D) 4:3

Let O be the origin and let 4(2, 0), B(0, 2) be two
points. If P(x, y) is a point such that xy > 0 and x + y <
2, then



22.

23.

24.

25.

26.

27.
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(A) P lies either inside the triangle OAB or in the third
quadrant

(B) P cannot be inside the triangle O4B

(C) P lies inside the triangle OAB

(D) none of these

Consider the equation y —y, = m(x — x,). In this equa-
tion, if m and x, are fixed and different lines are drawn
for different values of y', then,

(A) the lines will pass through a single point

(B) there will be one possible line only

(C) there will be a set of parallel lines

(D) none of these

D is a point on AC of the triangle with vertices A4(2,
3), B(1, =3), C(-4, —7) and BD divides ABC into two
triangles of equal area. The equation of the line drawn
through B at right angles to BD is

A)y—-2x+5=0 B) 2y—x+5=0
©C)y+2x-5=0 (D) 2y +x-5=0

If two points A(a, 0) and B(-a, 0) are stationary and if
ZA— ZB = 01in AABC, the locus of C'is

(A) x* +y* + 2xy tan 0= a?

(B) x* =)+ 2xy tan 0= a?

(C) x> +y*+2xycot 0=a?

(D) x* —y*+ 2xy cot 0= a?

The straight line y = x — 2 rotates about a point where
it cuts the x-axis and becomes perpendicular to the
straight line ax + by + ¢ = 0. Then, its equation is
(A)ax +by+2a=0

B)ax—by—-2a=0

C) by +ay-2b=0

D)ay—-bx+2b=0

If the point P(d?, a) lies in the region corresponding to
the acute angle between the lines 2y = x and 4y = x, then
(A)ae (2,06) (B) ae (4,6)

©C)ae (2,4) (D) none of these

The point (4, 1) undergoes the following three succes-
sive transformations

(A) Reflection about the line y =x— 1
(B) Translation through a distance 1 unit along the
positive x-axis

. T c e
(C) Rotation through an angle n about the origin in

the anti-clockwise direction.
Then, the coordinates of the final point are

77
(B) (5’ Ej

D) (3. 4)

(A) (4,3)

(©) (0,32)

28.

29.

30.

31.

32.

33.

34.

A light ray emerging from the point source placed at
P(2, 3) is reflected at point ‘6 on the y-axis and then
passes through the point R(5, 10). Coordinates of ‘Q’
are

(A) (0, 3)
(© (0,5)

The distance between two parallel lines is unity. A
point P lies between the lines at a distance a from one
of them. The length of a side of an equilateral trian-
gle POR, vertex O of which lies on one of the parallel
lines and vertex R lies on the other line, is

(A) %-\/a2+a+l (B) %\/az—a+1

7 7
©) L\/az+a+1 Vat —a+1

1
D) —
5 O F
Two points 4 and B are given. P is a moving point on
one side of the line 4B such that ZPAB — ZPBA is a
positive constant 26. The locus of the point P is
(A) x* +)*+ 2xy cot 20=a’
(B) x* +)*—2xy cot 260 = >
(C) x> +)*+ 2xytan 20=a’
(D) x? —* + 2xy cot 20 = a*

(B) (0,2)
(D) none of these

The four points A(p, 0), B(g, 0), C(r, 0) and D(s, 0) are
such that p, g are the roots of the equation ax® + 2/x +
b=0and r, s are those of equation a’x* + 2/'x + b’ = 0.
If the sum of the ratios in which C and D divide 4B is
zero, then

(A) ab” +da" b=2hi
(C) ab” —a’b=2hi’

(B) ab’ +a’b=hl'
(D) none of these

The coordinates of a point P on the line 3x + 2y + 10
= 0 such that | P4 — PB| is maximum where 4 is (4, 2)
and B is (2, 4), are
(A) (22, 28)

(C) (-22,28)

(B) (22,-28)
(D) (-22,-28)

A line through A(-5, —4) meets the linesx + 3y +2 =0,
2x+y+4=0andx—y—5=0atthe point B, Cand D,

2 2 2
respectively. If 1 + 10 = 6 , the equa-
AB AC AD

tion of the line is
(A)2x+3y+22=0
(C)3x+2y+22=0

(B) 2x—3y+22=0
(D) 3x—2y+22=0

A(0,0), B(2, 1) and C(3, 0) are the vertices of a AABC
and BD is its altitude. If the line through D parallel
to the side 4B intersects the side BC at a point X,
then the product of the areas of the triangles ABC and
BDK is
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35.

36.

37.

38.

39.

(A)1

1
C) —
()4

A line cuts the x-axis at 4 (7, 0) and y-axis at B (0, —5).
A variable line PQ is drawn L to 4B cutting the x-axis
in P and the y-axis in Q. If AQ and BP intersect at R,
then the locus of R is

(A)x(x=T)+y(y+5)=0

B)x(x=7)—y(y+5)=0

©) x(x+7) +y(y-5)=0

(D) none of these

1
B) -
2
(D) none of these

The point (2, 3) undergoes the following three trans-
formations successively
(1) reflection about the line y = x

(i1) translation through a distance 2 units along the
positive direction of y-axis

(iii) rotation through an angle of 45° about the origin
in the anti-clockwise direction.

The final coordinates of the point are

“* )(I J‘j ® [%%j

©) ( ok \/7] (D) none of these

Lines L, =ax+by+c=0and L,=Ix +my +n=0
intersect at the point P and make an angle 6 with each
other. The equation of line L different from L, which
passes through P and makes the same angle 6 with L
is

(A) 2 (al + bm) (ax + by + ¢) — (&> + b?) (Ix + my + n)

=0

(B) 2 (al + bm) (ax + by + ¢) + (a® + b?) (Ix + my + n)
=0

(C) 2 (@*+ b*) (ax + by + ¢) — (al + bm) (Ix + my + n)
=0

(D) none of these

The equations of the perpendicular bisector of the
sides AB and AC ofa A ABC are x —y +5=0and x +
2y = 0, respectively. If the point 4 is (1, —2) then the
equation of the line BC is
(A) 14x + 23y =40
(C) 23x+ 14y =40

(B) 14x — 23y =40
(D) 23x — 14y =40

The equation of a family of lines is given by (2 + 3¢)
x+ (1 —2t) y +4 =0, where ¢ is the parameter. The
equation of a straight line, belonging to this family, at
the maximum distance from the point (2, 3) is

(A) 21x+ 14y=0 (B) 2lx—-14y=0

(C) 14x-21y=0 (D) none of these

40.

41.

42.

43.

44.

ABCD is a square whose vertices 4, B, C and D are
(0,0),(2,0),(2,2)and (0, 2), respectively. This square
is rotated in the X-Y plane with an angle of 30° in
anti-clockwise direction about an axis passing through
the vertex 4. The equation of the diagonal BD of this
rotated square is

(A) BBx+(1-3)y=+3
(B) 1+3)x—(1-+2)=2
©) 2-Bx+y=23-1)
(D) none of these

The equations of the straight lines passing through
(-2, —7) and cutting an intercept of length three units
between the straight lines 4x + 3y = 12 and 4x + 3y =
3 are

7

A) x+2=0,y+7=—(x+2

(A) x y 24(x )
7

B) x-2=0,y+7=——(x+2

(B) x y 24(x )

© x+2:o,y+7:—l(x+2)
24

(D) x+2=0,y+7=—%(x+2)

The coordinates of the point which is at unit distance
from the lines L, =3x -4y +1=0and L, =8x + 6y +
1 =0 and lies below L, and above L, are

@ (2] ()[——%]
© (5 5) ®) (_ _éj

The vertices of a triangle are 4(x, x, tan @), B(x,, x,
tan f3) and C(x,, x, tan 7). If the circumcentre of trian-
gle ABC coincides with the origin and H(a, b) be its

a
orthocentre then Z =

cosa +cos B +cosy

(A)

cosa -cos f3-cosy

sina +sin ff +siny

(B)

sina -sin f -siny

tana +tan § +tany

©

tano -tan B - tany

COSo +COS b +CoS
D) B 14

sina +sin f +siny

OX and OY are two coordinate axes. On OY is taken a
fixed point P and on OX any point Q. On PQ an equi-
lateral triangle is described, its vertex R being on the
side of PQ away from O, then the locus of R will be



45.

46.

47.

More than One Option Correct Type

49.

50.

51.

52.
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(A) straight line
(C) ellipse

(B) circle
(D) parabola

If the vertices of a variable triangle are (3, 4), (5 cos
0, 5 sinf) and (5 sinf, —5 cos6), then the locus of its
orthocentre is

(A) (x+y— 1Y+ (x—y— 71 =100

(B) (x+y 77+ (x—y+1)*=100

(©) (@+y—T +@—y—1)=100

(D) (x+y+7)+ (x +y — 1) = 100

If a right-angled isosceles triangle right-angled at ori-
gin has 3x + 4y = 6 as its base, then the area of the
triangle is

11

(A7 B) 25
36 12
© oY D) Y

The line x + y = 1 meets x-axis at 4 and y-axis at B. P is
the mid-point of 4B . P, is the foot of the perpendicular
from P to O4; M, is that from P to OP; P, is that from

48.

M, to OA4 and so on. If P denotes the foot of the nth
perpendicular on O4 from M, , then OP  is equal to

1 1
©) 2372 (D) none of these

The line x + y = a meets x-axis at 4. 4 triangle AMN is
inscribed in the triangle OAB, O being the origin with
right angle at N; M and N lie respectively on OB and

AB. If area of AAMN is % of the area of triangle OAB,

then AN is equal to
BN

(A)3 B)

(C) 2 (D)

Wi W=

Let S, S,, ... be squares such that for each n = 1, the
length of a side of S, equals the length of a diagonal
of S . If the length of a side of S, is 10 cm, then for
which of the following values of 7 is the area of S less
than 1 square cm?
A7 (B) 8
©) 9 (D) 10
A line which makes an acute angle 6 with the positive
direction of x-axis is drawn through the point P(3, 4)
to meet the line x = 6 at R and y = § at S, then
(A) PR=3secH
(B) PS=4cosec©
2(3sin6 +4cos0)

sin 260

(C) PR+PS =

o 16
D) (PR (PS).

Straight lines 3x + 4y =5 and 4x — 3y = 15 intersect at
A. Points B and C are choosen on these lines such that
AB = AC. The equation of the line BC passing through
the point (1, 2) is
A)x+T7y+13=0
(C)7x+y-9=0

The equation of the straight line passing through the
point (4, 5) and making equal angles with the two
straight lines given by the equations 3x —4y — 7 =0
and 12x—-5y+6=0,is

B) x-7y+13=0
(D) none of these

53.

54.

55.

56.

(A)9x-Ty—-1=0
B)Yx+7y—-1=0
C) Tx+9y-73=0
D) 7x+9y+73=0

Let the algebraic sum of the perpendicular distances
from the points 4(2, 0), B(0, 2), C(1, 1) to a variable
line be zero. Then, all such lines

(A) are concurrent

(B) pass through the fixed point (1, 1)

(C) touch some fixed circle

(D) pass through the centroid of AABC

The equation of the line passing through the point (2,
3) and making intercept of length 2 units between the
linesy+2x=3andy+2x=35,1s

(A)x=2 (B) 3x+4y=18

(C) 4x +3y =18 (D) none of these

Two sides of a rhombus ABCD are parallel to the lines
y=x+2andy="7x+ 3. If the diagonals of the rhom-
bus intersect at the point (1, 2) and the vertex A4 is on
the y-axis, then the possible coordinates of A4 are

5
(A) (0,0) (B) (0, Ej
©) (0, —%j (D) none of these

The equations of two equal sides 4B and AC of an
isosceles triangle ABC are x + y = 5 and 7x — y = 3,
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respectively. The equation of the side BC, if the area of
AABC is 5 units, is
(A)3x+y-2=0
(C)x-3y+1=0

(B) 3x+y—-12=0
(D) x-3y+21=0

57. If the equation of the mirror be 2x + y — 6 =0 and a
ray passing through (3, 10) after being reflected by the
mirror passes through (7, 2), then the equations of the
incident ray and the reflected ray are
(A)x+3y—-13=0 (B) 3x—-y+1=0
(C)x-3y+13=0 (D) 3x+y—-1=0

Passage Based Questions

58.

Line x + 2y = 4 is translated by 3 units closer to the
origin and then rotated by 30° in the clockwise sence
about the point where the shifted line cuts the x-axis. If
the equation of the line in the new position is y = m(x
+ ¢), then

2+\/§
1-243

(D) c:4—3\/§

2+\/§
2431

(©) ¢=3J5-4

(A) m= (B) m=

Passage 1

In oblique coordinates, the equation y = mx + ¢ represents a
straight line which is inclined at an angle

o ( msinw )
ta S —
1+ mcosw
to the x-axis, where w is the angle between the axes.
If &be the angle between two lines y=m x + ¢ and y =mx
+ c,, w be the angle between the axes, then

m, —m,)sinw
tan6 = (m, —m,)

1+ (m, +m,)cosw +mm,

The two given lines are parallel if m =m,.
The two lines are perpendicular if 1 + (m, + m,) cos w +
mm,=0.

59. If the straight lines y = m x + ¢, and y = m_x + ¢, make
equal angles with the axis of x and be not parallel to
one another, then m +m, +km m,cos w=0 where k=

61.

62.

33+2
J3-6

(D) none of these

33-2

J3-6
33-2
\/§+6

117 197
If y=xtan—— and y=xtan—— represent two
24 24

(A) (B)

©

straight lines at right angles, then the angle between
the axes is

(A) (B)

ORI TN

© (D)

wla oy

The axes being inclined at an angle of 120°, the tan-
gent of the angle between the two straight lines 8x + 7y
=1and 28x — 73y =101 is tan"'6, where 6=

(a) 303 30[ 15\f

A1 B) 2 (B)
©) -1 D) -2
60. The axes being inclined at an angle of 30°, the slope of (©) ﬂ (D) none of these
the line which passes through the point (-2, 3) and is 37
perpendicular to the straight line y + 3x =6 is
Match the Column Type
63. II. The line x + y = 2 turns about the point P
Column-I Column-II on it, whose ordinate is equal to abscissa, (B) I

I. The diagonals of the parallelogram 5
. A
whose sides are Ix + my + n =0, Ix + I
my+n=0,mx+ly+tn=0,mx+1Ily+
n’ =0 include an angle

through an angle 6 in the clockwise
direction so that its equation becomes y
=2x— 1. Then, the value of the angle 81s



III.

Coordinates and Straight Lines 18.33

The larger of the two angles made
with the x-axis of a straight line drawn ©
through (1, 2) so that it intersects x + y

=4 at a point distant ﬁ from (1, 2) is
(D) tan™'3

64.

C

olumn-I Column-II

Previous Year's Questions

65

66.

67.

68.

69.

I. Ifthe points A(x, y,z), B(v,z+x)and (A) H.P.
C(z, x + y) are such that AB = BC,
then x, y, z are in

IL.

III.

IV.

If a line through the variable point (B) G.P.
A(k + 1, 2k) meets the lines 7x +y —
16=0,5x—y—-8=0, x—5y+8=0

at B, C and D, respectively, then AC,

AB and AD are in

The length of the perpendiculars
from the points (m?, 2m), (mn, m + n)

and (72, 2n) to the ling x cos@+ysinf
sin

(C) AGP

=p, where p=— , forma

cos6
If the lines ax + 12y + 1 =0, bx +
13y+1=0andcx+ 14y +1=0are
concurrent, then a, b, ¢ are in

(D) AP

. A triangle with vertices (4, 0), (-1,-1), (3, 5) is:
(A) isosceles and right angled
(B) isosceles but not right angled
(C) right angled but not isosceles
(D) neither right angled nor isosceles

[2002]

The equation of the directrix of the parabola y?+ 4y +
4x+2=0is: [2002]
(A)x=-1 (B) x=1
3 3
C =— — D = —
(©) x > (D) x >

The incentre of the triangle with vertices (1, NE) ), (0,

0) and (2, 0) is: [2002]
3 (E L)

@ 1) ® |35

C %ﬁj D (1,ij

© (3, : ) (14

Three straight lines 2x + 11y —5=0, 24x + 7y — 20 =

Oand4x-3y—-2=0: [2002]

(A) form a triangle

(B) are only concurrent

(C) are concurrent with one line bisecting the angle
between the other two

(D) none of the above

A straight line through the point (2, 2) intersects the
lines \/3x + y=0and Brx— y =0 at the points 4 and
B. The equation to the line AB so that the triangle O4B
is equilateral, is: [2002]
(A)x-2=0

C)x+ty-4=0

B) y-2=0
(D) none of these

70.

71.

72.

73.

If the equation of the locus of a point equidistant from
the points (a,, b,) and (a,, b,) is (a,— a,)x + (b, — b,)y
+ ¢ =0, then the value of ‘¢’ is [2003]

1
(A) @2+ b= = b))

(B)

2 2 2 2
a+a,— b — b,

1
©) E(a12+ a—b—b)

D) Jal+ b}~ &’ b?

Locus of centroid of the triangle whose vertices are (a
cos t,a sint), (b sint, —b cos t) and (1, 0), where ¢ is a
parameter, is [2003]
(A) Gx =17+ Qyy=a’- b

(B) Bx— 1+ By)’=a*+ b

(©) Gx+ 1)+ @Byy=a’+p?

D) Gx+ 1)+ Byy=a’- b’

Let A(2,-3) and B(-2, 1) be vertices of a triangle ABC.
If the centroid of this triangle moves on the line 2x +
3y =1, then the locus of the vertex C is the line[2004]
(A)2x+3y=9 B) 2x-3y=7
(C)3x+2y=5 (D) 3x-2y=3
The equation of the straight line passing through the

point (4, 3) and making intercepts on the co-ordinate
axes whose sum is —1 is [2004]

(A) Z+2L = tand 42 =1
23 21

=-1 andi+%:—1

B)

hd
3

N | =
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74.

75.

76.

77.

78.

79.

80.

(©) —land 2+ =1
21

+

W |<

*

2

[10) JEE A Y B
2 3 - 1

If the sum of the slopes of the lines given by x> —
2c¢xy —Ty*= 0 is four times their product, then ¢ has the

value [2004]
(A) 1 (B) -1
©) 2 (D) -2

If one of the lines given by 6x?— xy + 4¢y*=0is 3x +

4y =0, then c equals [2004]
(A) 1 B) -1
(€) 3 (D) 3

Let P be the point (1, 0) and Q a point on the locus )?
= 8x. The locus of mid-point of PQ is [2005]
(A)y*—4x+2=0 (B) y*+4x+2=0
(C) x*+4y+2=0 (D) ¥*~4y+2=0

The line parallel to the x-axis and passing through the
intersection of the lines ax + 2by + 3b =0 and bx — 2ay
—3a =0, where (a, b) # (0, 0) is [2005]

(A) below the x-axis at a distance of % from it
(B) below the x-axis at a distance of % from it
(C) above the x-axis at a distance of % from it

(D) above the x-axis at a distance of % from it

If a vertex of a triangle is (1, 1) and the mid-points of
two sides through this vertex are (-1, 2) and (3, 2) then
the centroid of the triangle is [2005]
-17
3°3

7
A)|-1.2
()(LJ

7 17
O 1.2 D) |1 L
( )(1’3) ® (3’3)

A straight line through the point 4(3, 4) is such that its
intercept between the axes is bisected at A. Its equation
is [2006]
A)x+y=17 (B) 3x—4y+7=0
(C) 4x+3y=24 (D) 3x+4y=25

The locus of the vertices of the family of parabolas
SCESCE RSN
R

[2006]

81.

82.

83.

84.

85.

86.

105 3

(A = B) xy= =

) Xy o (B) xy 4
35 64
C = D = —
©) xy v D) x 103

If (a, ¢®) falls inside the angle made by the lines y = %,

x> 0andy=3x, x>0, then a belongs to [2006]

(A) (o, %) (B) (3:)

1 1
© (5’3) ®) (‘*5)

Let A(h, k), B(1, 1) and C(2, 1) be the vertices of a
right angled triangle with AC as its hypotenuse. If the
area of the triangle is 1, then the set of values which ‘&’

can take is given by [2007]
(A) {1, 3} (B) {0,2}
(©) {-1,3} D) {-3,-2}

Let P = (-1, 0), 0= (0, 0) and R= (3,3v/3) be three
points. The equation of the bisector of the angle POR
[2007]

(A) Bx+y=0 (B) x+73y=0

© gwy:o (D) x+3y=0

If one of the lines of my?+ (1 — m*)xy — mx*=0is a
bisector of the angle between the lines x =0 and y =0,

then m is [2007]
*) -3 (B) -2
©1 (D) 2

The perpendicular bisector of the line segment joining
P(1, 4) and Q(k, 3) has y-intercept —4. Then a possible

value of k is [2008]
(A) 1 (B) 2
(C) -2 (D) 4

The line L given by ? +% =1 passes through the point
(13, 32) and the line K which is parallel to L has the

equation T ro Then, the distance between L and

K is ¢ [2010]
17
A V7 (B) NT
23 23
) =2 D) ——
© 5 ©) 75



87.

88.

89.

90.

91.

The lines L: y —x =0 and L,: 2x + y = 0 intersect the
line L;: y +2 =0 at two respective points P and Q. The
bisector of the acute angle between L, and L, intersect
L,atR. [2011]

Statement - 1 : The ratio PR : RQ equals 22 5.

Statement - 2 : In any triangle, bisector of an angle

divides the triangle into two similar triangles.

(A) Statement - 1 is true, Statement-2 is true; Statement
- 2 is not a correct explanation for Statement -1

(B) Statement - 1 is true, Statement- 2 is false.

(C) Statement - 1 is false, Statement- 2 is true.

(D) Statement- 1 is true, Statement - 2 is true; Statement
- 2 is a correct explanation for Statement -1

Equation of the ellipse which passes through the point

(- 3, 1), whose axes are the coordinate axes and has
eccentricity % is [2011]

(A) 5x°+3)°— 48 =0
(C) 5x°+3)°~32=0

(B) 3x*+572-15=0
(D) 3x*+57-32=0
If the line 2x + y = k passes through the point which
divides the line segment joining the points (1, 1) and

(2, 4) in the ratio 3 : 2, then £ equals [2012]
29
A) — (B) 5
5
11
© 6 (D) =

A line is drawn through the point (1, 2) to meet the
coordinate axes at points P and Q respectively such
that it forms a triangle OPQ, where O is the origin. If
the area of the triangle OPQ is least, then the slope of

the line PQ is [2012]
*) - (B) 4
(©) 2 o) _1

2

A ray of light along x + \/5 =3 gets reflected upon
reaching x-axis, the equation of the reflected ray is
[2013]

92.

93.

94.

95.

96.

97.

Coordinates and Straight Lines 18.35
(A) BBy=x-13 (B) y=3x-+3
©) Sy =x-1 (D) y=x+3

The abscissa of the incentre of the triangle that has the
coordinates of mid points of its sides as (0, 1) (1, 1)

and (1, 0) is [2013]
(A) 2-2 (B) 1++2
©) 1-42 (D) 2+2

Let a, b, ¢ and d be non-zero numbers. If the point of
intersection of the line 4ax + 2ay + ¢ = 0 with the line
Shx + 2by + d = 0 lies in the fourth quadrant and is
equidistant from the two axes then [2014]
(A) 2bc—3ad=0 (B) 2bc +3ad=0

(C) 3bc—2ad=0 (D) 3bc+2ad=0

Let PS be the median of the triangle with vertices P
(2, 2), O(6, —1) and R(7, 3). The equation of the line
passing through (1, —1) and parallel to PSis  [2014]
(A)4x—Ty—-11=0 (B) 2x+9y+7=0
(C)dx+T7y+3=0 (D) 2x-9y-11=0
The number of points, having both co-ordinates as
integers, which lie in the interior of the triangle with

vertices (0, 0), (0, 41) and (41, 0), is: [2015]
(A) 861 (B) 820
(C) 780 (D) 901

Locus of the image of the point (2, 3) in the line (2x —
3y+4)+k(x—-2y+3)=0,ke R,isa: [2015]
(A) straight line parallel to y-axis.

(B) circle of radius 2.

(C) circle of radius 3.

(D) straight line parallel to x-axis.

Two sides of a rhombus are along the lines, x —y + 1
=0and 7x —y—5=0. If its diagonals intersect at (-1,
—2), then which one of the following is a vertex of this
rhombus? [2016]

B) 3,-9)

1 8
©) (=3,-8) (D) (5,—5)
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HINTS AND SOLUTIONS

Single Option Correct Type

1. The point (3, 0) does not lie on the diagonal x = 2y. Let the
equation of a side through the vertex (3, 0) be
y—0=m(x-3)

Since the angle between a side and a diagonal of a square is

2, weh
1’ we have

Vs m—1/2 2m—1
ttan— =

4 1+m1/2) 2+m
= m=3,-1/3
Thus, the equation of a side through (3, 0) is y = 3(x — 3) or

y= (—é}(x —3) and the one nearer to the origin is

3y+x-3=0
2. The equation of the given line is
£+X:1 (1)
a b
YA
B
Py
[9) 4 X

This line cuts x-axis and y-axis at 4 (a, 0) and B (0, b)
respectively.

Since area of AOAB =S (Given)

=Sorab=2S8(:ab>0) )

lab
2

Since the line (1) passes through the point P (e, B)

CeB o By Using )]
a b a 28

or, a*f—2aS+2aS=0.
Since a is real, ... 45> -85S =0

or, 48> 8aBSorS> 2a[3’['.‘ S:%ab >0 as ab > Oj

Hence, the least value of S = 2of3.

. Slope of line

AB:F:l:tan45°

ZBAX =45°.
Given, ZCAB =15°.
ZCAX = 60°.



Coordinates and Straight Lines  18.37

Y
C
B3, 1)
15°
45°
o 4(2,0) ¥

. Slope of line AC =tan60° =+/3.

Now, line AC makes an angle of 60° with positive direction
of x-axis and

AC=AB=y(3-2) +(1-0) =2

Coordinates of C are (2+ V2 cos 60°,0 + V2 sin 60°)

ie, |2+ L \/E
R \/5 s 2
. Equation of two lines are

y=\3x+2, ifx>0

and, y=—3x+2, ifx<0
Clearly, y = 2.

Y
J—— Q___p,
s\ [30/5
4(0,2)
2
5 X

Also, y-axis is the bisector of the angle between the two
lines. P,, P, are two points on these lines, at a distance 5
units from 4. Q is the foot of the L from P, and P, on the
bisector (y-axis).

Then, the coordinates of Q are (0, 2 + 5 cos 30°)

- [0,2 + 5\26} = [0,%(4 + Sx/g)j

. Side of square = 3 unit

= ar (PORS) =(3)* =9 square unit

One side of APQT is the side PQ of the square i.e., 3 units
The other is one more than its side, i.e., (3 + 1) =4 units
= ar (APQT)= %(3)(4) = 6 square unit

ar (PORS) = %{ar(APQT)}

. Clearly, point (0, ) lies on y-axis.
Drawing the graph of the three straight lines, we see that

0= (0,%) and P= (0,%).

Therefore, the point (0, f) lies on or inside AABC, when

5 7
Z<B< =
3 P 2

Y

7. The point (1, ) lies on the line x = 1, for all real . Clearly,

from the figure, it will lie on or inside the triangle formed by
the given lines if 0 < < 1.

Y 1

v

[ y=0 X-axis

8. The refracted ray passes through the point (5, 0) and makes

an angle 120° with positive direction of x-axis

Y /
~ o+

|
|
|
N
|
|
|

\111(510) \X

300

\~

.. The equation of the refracted ray is
(y—0)=tan 120° (x - 5)
= y:—\/E(X—S) or \/§X+y—5\/§=0

. LetP=(c, 0).

Let the reflected ray makes an angle 6 with positive direction
of x-axis, then the incident ray makes angle (7— 6) with pos-
itive direction of x-axis.

The slope of the incident ray is

Y/\
(6,4)
(2,3)
0 0 R
0 P v
(e, 0)
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10.

11.

_0=3 tan(z —0), i.e.,tan0 = 3 (1)
a-2 oa—2

The slope of the reflected ray is

_4=0_ tan0,i.e., tan0 4 ()
6—a 6—a

From (1) and (2), we get

i—i = 18-3a=40-8

a-2 6-a

= 7a=260ra:?

.. The coordiantes of P are (2—76,0}

Let the coordinates of 4 and B be (a, 0) and (0, b),
respectively.
Then, equation of line 4B is

1 + X =1.
a b
Y N
(0,b)B
0 A(a, 0)
Since, it passes through the point P (4, 2)
4 2
—+—=1 1
PR Q)

Now, centre of the circumcircle of AOAB :(

:
52 .

[NSHIEY

So, equation (1) can be written in the form
2 1

—+—=1

al2 b/2

.. locus of circumcentre is

E+l=1 or 2x'+yT=1.
Xy
Clearly, the point (2 cosé, 2 sin6) lie on the circle
Y 4
0,2)
P (2cos 6,
. 7
2 sin ) 3
<
0 S
o (2,0 X
s
X
A
N
©0,-2) <

12.

13.

14.

15.

xXt+yr=4,
The two lines represented by the equation y = |x — 2| are y =
x—2andy=2-x.

From the figure, 6 can be vary from —% to %

The lines y =x and \/gy + x =0 are inclined at 45° and 150°,
respectively, with the positive direction of x-axis. So, the
angle between the two lines is an obtuse angle. Therefore,
orthocentre lies outside the given triangle, whereas incentre
and centroid lie within the triangle (In any triangle, the cen-
troid and the incentre lie within the triangle).

Equation of a straight line passing through the point P (¢, )
and making an angle 6 with positive direction of x-axis is

x-o _y-p
cosf  sin6

=r (say)

Coordinates of any point on this line are
(o +rcosB, B+ rsinb)

If it lies on the line ax + by + ¢ = 0, then
a(a+trcosO)+b(B+rsinf)+c=0

ao+bp +c
= r=—" "
acos6 + bsinf
Thus, PO =r =— ao+bf +c

acosO + bsinO

We take A as the origin and 4B and AC as x-axis and y-axis,
respectively.

LetAP=h, AQ =k.

Yn
0(0,k)
0,a)C
A B P >
(a,0)  (h,0)
Equation of the line PQ is
X,y
4+ =1 1
P ()
Given, BP -CQ =AB?
= (h—-a)(k—a)=d*
= hk—ak—ah+a*=ad*
or, ak+ ha=hk
a a
Ora —+—= 1 (2)
h k

From (2), it follows that line (1), i.e., PQ passes through the
fixed point (a, a).

ﬁ=ﬁ=r and &=&=r
X X% o N

— — 2 — —
= x,=x7,x,=x7,y,=yrandy, =y

Let



16.

17.

18.

19.
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We have,
SR A
A=lx, y, lI|=[xr yr 1=/0 0 1-r
Xy U x oyt ] |00 1-7

[Applying R, - R, —rR,and R, - R, —rR,]
=0 (R,and R, are identical)
Thus, (x,, y,), (x,, ¥,), (x5, ¥,) lie on a straight line.

The sides are,

y=B(x-1)+2 and y=-3x

The two lines are at an angle of 60° to each other. Now, any
line parallel to obtuse angle bisector will make equilateral
triangle with these lines as its two sides.

We have, d(x,y) = Max. {|x|, [y|} =k

If [x| > |y|, then k= |x| = x =k

If [y| > x|, then k= |y| = y = +k

Hence, the locus represents a straight line.

Area of the triangle

la x 1 . a X 1
:Eb v lzib—a y=x 0
c z 1 c-b z—y O

[Applying R, - R,— R and R, > R, — R]

:%[(b—a)(z—y)—(c—b)(y—x)]
=%d(z—2y+x) [b—a=c-b=d]

=%d(xr2 =2xr+x) [ y=xrandz=xr

= %dx(;ﬂ —1)?, which is independent of b.

Let ZBAO = o

Then, BC =2 sin o¢= CO and CA = 2 cosc. Therefore, the
coordinates of 4 and B are

20.

21.

22.

B
| 2
1
i
' 2
1
m| 45° o -
C O A X
R
N

A=(2coso—2sin a, 0)

and, B = (-2 sin ¢, 2 sina).

If P(x, y) is the mid point of 4B, then

2x=2cos a—4sin oand 2y =2 sin

= x=cos¢—2sin xand y=sin

= coso=x+2yandsin a=y

Squaring and adding, we get (x + 2y)? + y* = 1, which is the
required locus.

It is clear that the lines lie on opposite sides of the

origin O. Let the equation of any line through O be

* _ Y 1forP=r
cosf sinf

, and OQ = r, then the coordi-

nates of P are (r, cos6, r, sin6) and that of Q are (-, cos6,
—r,sin6).
Since P lies on 4x + 2y =9, 2r (2 cos6 + sinf) = 9 and
O lies on 2x + y + 6 = 0, — r,(2 cosf + sin6) = —6 so that
n 9 3 i .
— =—=— and the required ratio is thus 3 : 4.
n 12 4
Since, xy > 0, therefore P lies either in the first quadrant or
in the third quadrant. The inequality x + y <2 represents all
the points below the line x + y = 2. Therefore, xy > 0 and x
+ y <2 imply that P lies either inside AOAB or in the third
quadrant.

Y
A
\ B(0,2)
xy>0
x+y<2
<0Ffxp>0
WEUEY ), 42, 0)
0 \
W>Oé% x<0
x+y<2

Since, y —y, = m(x - x,), where m and x, are fixed.

Therefore, the system represents a set of parallel lines of
slope m.
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Since all these parallel lines have fixed x coordinate = M-k +2hkcot 0=a>
(abscissa) - locus is x* — y* + 2xy cot 6= a?

there will only be one possible line. o b
25. Slope of the line in the new position is —, since it is L to the

23. Since the line BD divides the triangle into two parts of a
equal area, BD is a median and D is (-1, —2). Slope of line ax + by + ¢ = 0 and it cuts the x-axis at (2, 0). Hence,
BD = _1 the required line passes through (2, 0) and its slope is b .
Therefore, its equation is ‘
\ y
42, 3) ax+by+c=0
- 570 ¢

%

// X
of  74@,0)
C=4,-7)
y=0= é(x -2)
So, the required line is y +3 =2(x — 1) = “ P
:>y*2x+5:0 o - ay—bx+2b=0
. - 2 2
24. Slope of line AC=m,. = = =tana 26. We have, aﬁ% > 0and a7%< 0
Slope of line BC =m,. = k=0 =tanf} rt
" h+a
y=x/2
Since, LA=1—0o {from figure}
2
tan 4 =tan (1 — &) =—tan o= hk @))] Pa®, a)
—a
y=x/4
Y
C(h, k) o X
//Q\
= 0<a<d4,ae (~o,0)U(2,)
N = ae(2,4)
—o < - X 27. If (o, B) be the image of (4, 1) wrt. y = x — 1 then
B(-a, 0) A(a, 0) (e, B) = (2, 3), say point Q.
Similarly, ZB = ’;
AL R “~<._ R
tan B=tan = hta ?2) 2,30~ (3.3)
Also,A—B=6 {given} A
. tan(4-B)=tan 0
N tan A —tan B —tand 450 \\\
1+tan Atan B Ji50 NP4, 1)
X
o) i) S
= Ah-a) \h+a) _ tan 0 {using (1) and (2)} After translation through a distance 1 unit along the positive
1+( —k j[ k ] x-axis of the point.
h-a)\h+a The coordinates of the final point are (0,3\/5 ).
= tanf = —k(h+a)—k(h—a) _  —2hk 28. If P, be the reflection of P in y-axis then P = (-2, 3)

B =a )+ (k> KW -k-da° Equation of line PR is



29.

30.

0_3(x+2)

1
—3)=
(r=3) 5+2

Y

A

(O, 2’) (//R(S, 10)

O~
\\
~P(2,3)

o

= y=x+5. It meets y-axis at (0, 5) = 0= (0, 5)
Let PQ=QR=RP=r

and, £ POX = 6, then
ZROX = % +0.
Given, PL=a,RN=1.
Now, a=PL=rsin 0
Y
R
P
o r
60 A
Ql N L X

and, 1 =RN=rsin(%+9]

= 1= r[sin%cos@ + cos%sin@]

or rz_az_(Z—a)2_4+a2—4a
3 3
N 2_4+a;74a a2:4+4c;274a

r=i a—a+1

7 :

Let P (x, y) be the moving point whose locus is required. Let

A= (a,0)and B (- a, 0).

Coordinates and Straight Lines

18.41

Y P(x, y)

<

o i

B ﬁ
(-a 0)

QS
=

Let LZPAB= ¢ and £ZPBA=p.

In APCA, tan o= P—C S
CA

and in APBC, tan = PC__y
BC a+x

Given, ZPAB — ZPBA =20 (constant)

= o-B=260= tan (- B)=tan 20

tana —tan
fana—tanf 0
1+tano tan 8

oy

= x*—)?+2xycot20=ad?
which is the required locus.

. Since p, g are the roots of the equation

ax* +2hx+b=0

2h b
p+q=——and pg=—
a a

Also, r, s are the roots of the equation
ax*+2hx+b =0
r r

—and rs =—
a

Fes=-—

Let C divides AB in the ratio «r: 1.
Then,rzaq+p = a:p—r
a+1 r—gq

Let D divides AB in the ratio §: 1.

(M

@

Then s=ﬁq+p ﬂ:E
’ +1 s—q

Given, o+ =0
p—r p-s

= +—=0=>@+tq (r+s)—2pg—2rs=0
r—q s—q

(—%][—%J 2 2’),’ =0 (Using (1) and (2))
a a a

a
= ab’+a'b=2hl.
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32.

33.

Let P=(x,y,) and ZAPB= 0
P(x.y)
0

A4,2) B(2,4)

2 2 2
Then, cosO = (PA) +(PB)” —(4B)
2PA-PB

Since cos 8< 1
(PA) +(PB)' ~(4B)’ _|
2PA-PB
(PAY + (PBY — (ABY <2 PA - PB
(PA - PBY < (ABy
|PA—PB|<|AB|= \(4-2) +(2-4)
|PA-PB|< 242 .
—  Maximum value of | P4 — PB | is 2Y2 when 8=0

i.e., P lies on the line 4B as well as on the given line.

L

equation of 4B is

-2
-2= x—4)orx+y=06 1
y 4 (x—4) y 1)
and given lineis 3x+2y+10=0 2)

Solving (1) and (2), we get P = (22, 28).
Suppose, the required line has slope tan@. Its equation is
x+5 _r+ 4 p )

cosf  sinf
Any point on this line has coordinates

(-5+rcos 6,—4 +rsin 0)

Its distance from (=5, —4) is r.
Coordinates of points B, C and D are
B=(-5+AB cos6,—4 + AB sin6)
C=(-5+AC cosb,—4 + AC sin6)
D=(-5+A4D cosf, -4 + AD sin6)
Points B, C, D lie on the lines

x+3y+2=0 2)
2x+y+4=0 3)
x—y—-5=0 4)
respectively.

—5+ABcos@+3(—4+A4Bsinf)+2=0
= E:cos0+3sin9
AB
and, 2(— 5+ AC cosf) + (—4 + AC sinf) + 4 =0
£=20059+Sin9
and, (- 5+ AD cos@) — (-4 + AD sinf) - 5=0

= 6 =cosf —sinf
AD

si 15 ) (10 P (6 Y
mee | — | 4| — | =| — | , we get
AB AC AD

34.

35.

(cos@+ 3 sinb)* + (2 cosf + sin6)?

= (cos@— sin6)>

= 4 cos’0+9sin*6+ 12 sinf cosO=0

= (2cos6+3sinf’=0=2cosf=-3sind

= tanf = 22 .
3
From (1), the equation of line is
y+4= —%(x +5)

or 2x+3y+22=0.
Area of AABC = Area of AABD + Area of ABDC

1 1 3
= 5(2) H+5H M=

. slope of AB = slope of DK :% ,

. equation of DK is y — 0 = % (x—2)or2y=x-2 (1)
Equationof BCisy—0=—-1(x-3)ory=—x+3 2)

Y
B2, 1)

K

(0, 0) A| D C >
2,0) (3,0)

Solving (1) and (2), we get coordinates of & as (§ lj .
2 11

Area of ABDK:1| 2 0

2 8 1

33

oG

Hence, area of AABC x area of ABDK =

1|

1

X

Equation of the line 4B is
XLy

7 =5
= 5x-T7y-35=0.

The equation of the variable line PQ perpendicular to 4B is
Tx+5y+k=0.

= Coordinates of P are (7?0) and that of Q are (0,—%).

Now, equation of the line 4Q is ; + Lk =1 (1)

5

and, equation of the line BP is Lk +2 - 2)

7
Now, locus of R, the point of intersection of AQ and BP can
be obtained from (1) and (2) by eliminating £ from their
equations. Equation (1) can be rewritten as
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b x_T-x S (43)- L
_k 7007 L\55) 2
: Hence, the coordinates of S are (—L lj
I S 2NN kz_s[ 7yj 3) V2’2
5 T-x T-x 37. The equation of the line L passing through the intersection of
and, equation (2) can be rewritten as I N 3ty Lyand L, is
_k 5 5 (ax+by+c)+ A(Ix+my+n)=0 (@)
7 By the given condition, L, is the bisector of the angle
N _k_ 5x o 30X ) between L and L,. Let O (o, f3) be any pointon L.
T S5+y 5+y - Length of perpendicular from Q (¢, f) on L, and L must
35y 35y be equal, thus
From(3)and(4)=Weget—7_x=—5+y lo+mB+n_ (ao+bB+c)+2A(la+mpB+n) @
= y5+y)=x(T-x) P +m? J@+ A1y +(b+imy’
= x(x—7)+y (y+5)=0isthe locus of R. Since Q (o, B) lieson L, . ax+bf+c=0 3)
36. Let QO be the position of the point P (2, 3) after first trans- From (2) and (3), we get
formation. Then, O = (3, 2). Let R be the position of Q after 1 B A
second transformation. Then, R = (3, 4). JP+m? e \/(a + AL +(b+Am)
Let S be the new position of R after third transformation. Let = (@t AR+ (bt AmP =2 (B +m)
S= (xl, yl). 2
+ b2 +21al +2 =
If OR makes an angle o with x-axis, then = @tb 2/1 alz Abm=0
a +b
_4 = A=- “)
tanao -3 2(al + bm)
VA Substituting the value of A from (4) in (1), we get
2 2
ax+by+c)————(Ix+my+n)=0
red) (@t by+ &)= oy )
™ = 2(al+bm)(ax+by+c)—(a*+b*) (Ix+my+n)=0,
RN which is the required equation of the line L.
*Q3,2) 38. Let the coordinates of B be (¢, ). Since coordinates of A are
(1,-2),
> X
O]
Y Y S(x,»)
R(3,4) [N
N
I N
1 AN
I
: IR(3’4) the slope of AB:ﬁ+2 )
Q@3,2) 45° I [ . o . .
- :_| :1 The equation of the perpendicular bisector of AB is
[6) X O S, X xyraso B+2 ©
(i) (i) From (1) and (2), we have (ﬁj 1H=-1
= sina=gandcosa=§.A150,0R=5:0S. = at+pB+1=0 (3)

5
Now, x, =08, =5 cos (a + 45°) = ﬁ (cos &

—sin @)

B 5(3 4)_ 1

V2\5 5) 2

and, y, =SS, =5 sin (a +45°)

5 .
=——(sina +cosa)

N

Also, the mid point of 4B lies on (2),

(5252
2 2 B
= a-B+13=0 (4)

Solving (3) and (4), we get ¢=—-7 and B=6.
So, the coordinates of B are (-7, 6).

Similarly, the coordinates of C are (7 7}
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39.

40.

The equation of the line BC is

2.6
y—6=2>—(x+7)

11

EL

5

- y—6=—% (x+7) = 23(/—6) + 14(x + 7) =0

= 14x +23y=40.

Hence, the equation of the line BC is 14x + 23y = 40.

We have,

Q2+3H)x+(1-20y+4=0

= x+y+4)+t(3x-2y)=0

= Every member of the given family of lines passes
through the point of intersection of the lines

XP(2,3)

A
(—_8 -12
777
2x+y+4=0 (1)
and, 3x—2y=0 2)

Solving (1) and (2), we get

8 12
x=——and y=——.
7 7 7

. . .. 8
So, the point of intersection is (—;, - 7)

The required line passes through the point [—g - Ej and
is L to the line joining (2, 3) and (—;, ——j.

Slope of the line joining (2, 3) and [—% —Ej is

3+Q 3

2

w

N | W

2+§
7

Slope of required line = _§ .

Equation of the required line is

B3
T 3077
or, l4x+2ly+52=0.

Coordinates of vertices B, C and D are
(2 cos 30°, 2 sin 30°),

(\/§COS75°,\/§Sin75°)
and, (— 2 cos 60°, 2 sin 60°), respectively.

41.

42.

Y4
C
2
D 2
90° B
2
45° 72
30° R
0,0) A >X

ie, B=(\3,1),C=(B-1,3+1)and D=(-1,3).
NES (B3 -1)

Slope of BD = = J3-2.

- —(BADGB-Y

.. Equation of diagonal BD is
y-1=(3-2)(x—3)
= 2-Vx+y=2B-1).

. . . 9
The normal to the given parallel lines cuts an intercept = 5

4x+3y-12=0

If O be the angle that the required line makes with the nor-
mal, then

tan@ = —.

cos6’—E
5

OSSR N

Let @be the angle that the required line makes with the nor-

mal whose slope is E Then, we have

Therefore, the equations of the required lines are

=7
x+2=0andy+7=— (x+2).
y 24( )

If (x, y) be the coordinates of the required point, then we
have

[Bx—d4y+1]_, (1)
5
and, Wﬂ 2)



43.

44.

Coordinates and Straight Lines  18.45
Since (x, ) lies below L, therefore _c (1 + oot 9) ©)
3x—4y+1 . 2
— <0, ie,3x-4y+1>0
-4 Eliminating cot 8 from (1) and (2), we get k = Bh-c
and since it lies above L,, therefore The required locus is y =+/3 x —c a straight line.
8x+6y+1 e 8r+6r+1>0 . . .
6 >0, 1.e., 8x+ 0y 45. Circurmcentre of the triangle is (0, 0) and
Removing the mod sign from equations (1) and (2), we have centroid = (3 +5cosf +5sinf 4+ 5sinf —Scos6O j
+(Gr—4y+1)=5 3 ’ 3
and, + (8x + 6y + 1) =10 " Centroid divides the join of orthocentre and circumcentre
Solving, we get the coordinates of the required point as in the ratio, 2 : 1
6 -1 . h=3+5cos 8+ 5sin fand
[g’ﬁj k =4+ 5sin @~ 5 cos 6, where (h, k) represents the
Let R be the radius of the circumcircle and O be the origin, orthocentre D kT Bkl
then 40 = (/x> +x, tan’ & =  sinf=————and cos0 = 0
:>RR=x1 sec &= x, =R cos ¢. Similarly, x, = R cos S and — (h+k—TP+(h—k+ 17 =100
x, =R cos
3 4 . i . Locus of orthocentre is (x + y — 7)> + (x — y + 1)?
So, the coordinates of vertices are A(R cos ¢, R sin &), B(R —100
cos B, R sin ), C(R cos y, R smzy)l.eHence, ;l; . 46. Let OAB be the right-angled isosceles triangle. Then,
coordinates of centroid G are ( cosa , ;m * ) LOAB = /OBA :%
Since Fhe orthocen.tre H(a, b), circumeentre C(0, 0) and the The perpendicular distance of the line 3x + 4y = 6 from the
centroid G are collinear, therefore origin i
gin is
Slope of OH = Slope of OG v
b _ R(sina +sinf +siny)
a R(coso +cosf +cosy) B
Let P be (0, ¢), ¢ is a constant > 4
From the figure, 7= OL = OQ + QL e
=ccot 6+ QR cos (180 — 60— 6)
=c cot 8+ PQ {cos 120 cos@+ sin 120 sin6} 0 X
Y
R (h Kk
R G oy 6 6
! J3r+4* S
0,0) P i T 6
i Since, ZOAM = e therefore AM =OM = 5
i . 36
! Hence, area of AOABis A=0OM x AM = 55
: X 47. P, is mid-point of O4, therefore OF, = 1
0 L 2
NE) P is mid-point of OP , therefore OP, = 1 X L
:ccotG—Qcos9+—3PQSin9 ? v P22 2
2 2 .
=cc0t971c cosec 6 c059+£c cosecO sind | -+ sinh =—— 0.1)B
2 2 P ©.1)
:E(cot9+x/§) (1)
2 \\/\
Again, k= RL = RQ sin (180 — 60 — 6) o
=PQ sin@.l + cos@.ﬁ
2 2 W
Y
1.
=ccosec0{sm9+\/§cos9} Y
2 2 ol pr, P, P(1/2,0) A(1,0)
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Proceeding like this, we have
1

OP, =—.
2)’1

48. Let AN =1
BN
Y

(0,a) B

o (a, 0)4

[putting x = 0 in equation (1)]

Then,NE( a s al]
1+4 1+4

Slope of AB=—1

slope of MN =+ 1
Equation of MN is given by

al a
_ —y—— 1
7 1+ 1+ 4 M
Hence, ME(O,Q(;L_I)]
A+1

[putting x = 0 in equation (1)]
Area of AAMN =%>< AN x MN

\/Ea), " \/Ea

1+4 1+24

1
2

B a’l
1+ 1)

Area of AABC:%XOAXOB:%GZ

a’k 31,
==-X—a

(1+27 8 2

= 164=3(1 + A

= 3A2-10A+3=0 = A=

Given,

,3

W | —

1 . .
For /lzg, M lies outside segment OB, hence the only

acceptable value for A= 3.

More than One Option Correct Type

49. Let a be the side of the square, then diagonal ¢ = /2.
Given, a, = \/Eam

a — an _ anfl _ anfz — — al
= 4u= == = ==
L2 G G Wy
a, =8 = g =—1 _10
" Wy RCEIE
1
Now,area of s, <1 = a’<l = %d
= 2">200>2" = n>7
n=38,9,10.
50. The equation of the line in parametric form is
x-3 y-4

cos® sin®
Any point on this line is (3 + 7 cos 6, 4 + r sin 6)
Itliesonx=6if3 +rcos =6 =r=3sec 0
.. PR=3sec O
Again, the point lies on y =8 if 4 + 7 sin =8
.~ r=4cosec Qor PS=4 cosec 6
51. Let the equations of the lines 4B and AC be
3x+4y=35 (€))
and, 4x-3y=15 2)

P(1,2) B C

(1) and (2) intersect at 4 = (3, — 1).

[obtained by solving (1) and (2)]

Equation of the line BC, passing through P (1, 2) is

y-2=mx-—1)ory=m(x—-1)+2 3)
21-3m 8+11m

4-3m’ 4-3m j

Solving (2) and (3), we get C E(

4m=-3 6+2mj

. B= .
Solving (1) and (3), we get [4’" 3 dm s

Since AC=A4B = AC* = AB?
2 2
o (21-3m L) (8+lm
4—-3m 4-3m
4m-3 Y (6+2m Y
= -3 + +1
4m+3 4m+3
(9 +6m)* + (12 + 8m)*
(4-3m)?




52.

53.

Coordinates and Straight Lines  18.47

(=8m—12)> + (6m+9)’
B (4m +3)
= (100m2 + 300m + 225) (4m + 3)?
= (100m2 + 300m + 225) (4 — 3m)’
= 25Qm+3) [(4m+ 37— (4 —3m)]=0
= 25Q@m+3P(m+7) (Tm-1)=0
3

R I}
2 7

When m = —% , equation (3) becomes y—2 = —%(x -1)

or, 3x+2y—7=0 which passes through A(3,—1) and hence
it cannot be line BC.

When m =—-7, equation of BCisy=—7(x—1) +2

o, Ix+y-9=0

and when m=%, equation of BC is y=%(x7 )+2or
x—Ty+13=0

Hence, equation of BCisx—7y+13=0o0r7x+y—-9=0.

The equation of the bisectors of the angles between the given
lines are

3x—-4y-7 4 12x-5x+6
JF+(4 Ja2y +(-57
= (39— 52y 91) == (60x — 25y + 30).

Taking the negative sign,

we get 99x - 77y —-61=0 (1)
Taking the positive sign,
we get 21x+27y+121=0 2)

The required lines are the lines through (4, 5) and parallel to
the bisectors of the angles between the given lines.

The equation of a line parallel to (1), is
99x 77y +k, =0 3)
This passes through (4, 5),
9715 +k=0=k =-11.
Putting k, =—11 in (3), we get
99x -77y—-11=0 or 9x-Ty—-1=0.
This is one of the required lines.
The equation of a line parallel to (2), is
21x+ 27y +k,=0 “)
This passes through (4, 5),
84+ 135+k,=0= k,=-219.
Putting k, =219 in (4), we get
21x+27y-219=0 or7x+9y—-73=0,

which is the other required line.
Let the variable line be ax + by + ¢ =0 (1)
[Qa+c)+(2b+c)+(a+b+c)] o

\/a2 +b°+¢*

Given,

54.

55.

= 3a+3b+3c=00ra+tb+c=0.

So, the equation of the line becomes

ax+by—a-b=0

o, a(x—1)+b(y-1)=0.

= the line passes through the point of intersection of lines
x—1=0andy—-1=0,1i.e., the fixed point (1, 1).

So, all such lines are concurrent. Also, (1, 1) is the centroid
of the AABC.

The given lines are

Y4

xP(2,3)
/ / 0 X
)
6]

2x+y=3 (D
and, 2x+y=5 2)
Equation of any line through P (2, 3) is
x-2_y-3_, 3)
cosf sinf

Since line (3) makes an intercept of length 2 units
between parallel lines (1) and (2), thus we shall have two
values of » as » and » + 2 and thus the two correspond-
ing points (2 + r cosf, 3 + r sinf) and (2 + (r + 2) cos6,
3+ (r+ 2) sinf) will lie on (1) and (2), respectively.

2[2+(r+2)cosl] +[3+(r+2)sind] =5 “
and, 2[2+rcosf]+[3+rsinf] =3 )
Subtracting (5) from (4), we get
4 cos +2sinf=2= 2 cosf+sinf=1 (6)

= 2cosf=(1-sinf) = 4 cos’0= (1 —sinf)>
= 4 (1-sin’0) = (1 —sinH)?

= (5sinf+3)(1-sinf)=0

= 5sinf+3=0 or 1-sinf=0
= sinf :—g or sinf=1

. . . 4
Putting sin0 = —% in (6), we get cosO = 3

Putting sinf=1 in (6), we get cos@=0
Substituting the values in (3), we get
x=2 -3 x=2 -3
R t 3 and 0 z I
5 s
= 3x+4y=18andx=2.
Let the coordinates of 4 be (0, ¢). Since (1, 2) is the mid-
point of diagonal AC.
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56.

.. The coordinates of C are (2, 4 — ¢). Let AD be parallel to
v =x+ 2, therefore, its equationis y =x + c. (1)

D C

N
LN

A(0,¢) B
Let DC be parallel to y = 7x + 3, then its equation is
y=Tx+k 2)
Since the point C (2, 4 — ¢) lies on (2)
4—c=7x2+k=k=-10-c¢ 3)
Equation of DC willbe y=7x—-10—¢ 4)

Solving (1) and (4), the coordinates of D are

[5+c 5+4cj
37 3

It is given that ABCD is a thombus.
AD=DC = AD*=DC*

2 2
- (5+c_0j +[5+4C_CJ
3
2 2
:(S-O—C_Zj +[5+4c_4+cj
3 3

S+e)P+S+e)P=(c-1y +(Tc-77
2(c+57=50(c—1y

262+ 20¢ + 50 = 50¢2 — 100¢ + 50
48¢2=120c = ¢ =0 or %

L

Hence, the possible coordinates of 4 are (0, 0) or (0, gj

The equations of equal sides are
Tx—y=3 (D
and, x+y=5 2)

I
I
I
- |
I
i
I
l @
___________ : L ___ <
I
i
I
©) : @
I
®
Solving (1) and (2), we get
A=(1,4).
The equations of bisectors of angles of (1) and (2) are
Tx—-y-3 x+y-=5

=

52 2

o, 7x—y—-3=%(5x+5y-25)

or, x—-3y+11=0 3)
and,3x +y—-7=0 4)
Clearly the third side BC is L to (3) or (4).

Let o be the angle between (3) and (2), then

l+1
tana = 3 =2.
1
-
3

Then, base =2 p tan =4 p.
Area of AABC:4p-§:50rp2 :g.

Any line L to (3)is3x+y+ A=0.

1 distance from A (1, 4) s | 2| — 5
Jio |2

= A+7=+50rA=-2,-12.
Equation of side BC may be 3x+y—-2=0
or, 3x+y—12=0.
Suppose, S may be the angle between (4) and (2), then
—3+1 1|1
1+3] | 2| 2

Then, the base = 2p” tan B=p’.

tan =

1
Area of AABC = 5 p' xp'=5orp?=10.

Any line L to (4)isx—3y +u=0.

1-12+p
i is | ———|=+10
1 distance from 4 (1, 4) is o .

= pu—-11=x100rpu=21,1.

Equation of BC may be x —3y +21 =0
o, x—3y+1=0.
Hence, all possible equations of BC are
3x+y—-2=0,3x+y-12=0,
x—=3y+1=0,x-3y+21=0.

. Equation of a straight line passing through the point (7, 2) be

y=2=m(x—-17) (1)
and that of a straight line passing through the point (3, 10) be
y=10=m’(x-3) ()

((\'\(‘0‘ normal

(+1/2)

-2 (m)

(7,2




58.

59.

60.

Coordinates and Straight Lines  18.49

Since the angle made by the incident and the reflected rays
with the mirror must be same, therefore we have

—2-m'" m—(=2)

1-2m'  1-2m
ie, 3m+3m' +4mm’ —4=0 3)
Also, since the lines (1), (2) and the mirror will be concur-
rent, therefore we have

m -1 2-Tm

m -1 10-3m'|=0

2 1 -6
ie., 18m—2m' +4mm’+16=0 “
Subtracting equation (4) from equation (3), we get
m' =3m+4 %)

Now, solving equations (3), (5) we have
m=-2, —é andm’' =-2,3

Since m = m’ = -2 is not acceptable, therefore equations of
the required lines are

y—2:—%(x—7) andy —10=3(x-3).

Y

N

rotated by
30°
X

translated by
3 units

Since the distance between the shifted and the original line is
given to be 3 units, therefore we have

At 3 iec=t4135

J5

The given line x + 2y = 4 lies above the origin at a distance

4
ﬁ units, therefore the line obtained by shifting the given

line by 3 units will lie below the origin. Hence, ¢ must be
positive.
Thus, the required value of ¢ is 3x/§ -4

The shifted line given by equation (1) cuts the x-axis at
(= ¢, 0). If m be the slope of the rotated line, then we have
1
———-m

2 " 243

Let equation of the shifted line be tan30° = _—
-m 231
x+2y+c=0 (1) 2
Passage Based Questions

If two lines make equal angles with x-axis and are not par- Applying the condition

allel, then only possibility is that angles are supplementary, T 19 T 19
i.e., if one line makes the angle 6 with x-axis, the other will 1+ (tan—n + tan —nj COS® + tan — tan —— =0
make —6. 24 24 24 24

o msinw . m,sinw x99z . 197 1x
tan ——=—-tan ——— sin——tan——+SIn——CO0S——
1+ m, cosw 1+ m,cosm or 24 24 24 | osm
i ; , cosM coslg—”
or m, sin® mysinw 4 4
I+m,cosw 1+m,cosw
L 117z 197z . 197 . 1ln

or, m +m,+2mm,cos =0 (" sinw#0). COSHCOST#— SstmT
k=2 cosll—ﬂ cosw—ﬂ

Any line through the point (— 2, 3) is 4 4

_ 3= +

e m(x N i or. sin(ﬂ-#lg—nj cosa)*—cos[lg—ﬂ—ll—nj
As the line is perpendicular to the y + 3x = 6, we have > 4 oa 4 a4

61.

332

1+ (m—3)cos30°—3m=0o0r m= .
J3-6

The equation are given as y = x tan % (1)

197
an =Xx tan — 2
d, y 4 (2)

If two lines are perpendicular to each other and the axes
be inclined at an angle of @, the condition is 1 + (m + m")
cos @+ mm’ =0

or, sin| — [COS®W =—COoS| —
4 3

T

or, =
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62. Lines are given as 3043
8x+7y=1 1) = 7 .
and, 28x — 73y =101. 2)
8 28 S~ fO=tan”’ 730\/3 .
m = 7 m, =5 and @ = 120° (given) = 37

(—% —%) sin120°
5B ()

tan6 =

63. 1. Since the distance between the parallel lines Ix + my + n II. The given lines are
=0 and Ix + my + n’ =0 is same as the distance between the Tx+y—-16=0 (1)
parallel lines mx + Iy + n =0 and mx + Iy + n” = 0. Therefore, Sx—y-8=0 )

the parallelogram is a rthombus. Since the diagonals of a and x— 5y + 8 =0 3)

rhombus are at right angles, therefore the required angle is Equation of the line passing through the point

T
5 A (k+ 1, 2k) and making an angle 6 with the positive direc-
541 tion of x-axis is
II. tanf=|——|=3 = OHO=tan'3 x—(k+1) y-2k
1-2 — =
cosf sin6@
1L APzrzﬁ =r,ry 1y (ifAB=r,AC=r, AD=r,)
B=[(k+1)+r cos 6, 2k+r sinb]
Equationto AP : Xl = y'—2 =r C=[(k+1)+r,cos 6,2k +r, sind]
b C‘;Sg+ sinf D=[(k+1)+7, cos 6, 2k +r, sinf]
o = . reos e rsin 6) Since the points B, C and D lie on the lines (1), (2) and (3),
P’ will satisfy x + y=4 respectively,
Y C 9(1-k) . 3(1-k)
1 Y Tcos@+sinf’ 7 5cosO —sind
9(1-k)
an TS a——
% * 55in@ —cos6
l+l _ 5co0s0 —sin0 N 5sin6@ —cosO
non 3(1-%k) 9(1-k)
_ 15c0s0 —3sin0 + 5sin@ —cosO
- X 9(1-k)
x+y=4 _14cos6 +2sinf _ 2
9(1-k) r
J6 V6 . !
1+TCOSO+2+TSIHQI4 Hence, r,, 7, 7, are in H. P.
sin*@
III. The given line is xcosO + ysinf + =0 (1)
= cos(@ - Ej = g =cos 30° cos0
s . Let p,, p,, p, be the lengths of the perpendiculars from the
S 0=T50or 15 points A (m?, 2m), B (mn, m + n) and C (n?, 2n) on line (1),
64. 1. We have, AB=BC then

= B is mid point of AC 2 0080 + 2msi 0+s1n29
mcos B _ (mcos0 +5sin0)’

X+z y+z+x+y —
= =yand ——=z+x p =
2 l Jsin?@ + cos>@ cos6
+z=2yand2y=x + . in0
e y.an =Tz p2:mncos(?+(m+n)s1n(9+Sln
= x, ) zareinA.P. cosf
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65.

66.

67.
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_ mncos® 0 + msin0cosO + nsinf cosO + sin’ 0

cosf

[m cosO(n cosO +sinB) +sind (n cos +sinH)]
cosf

_ (mcos0 +sin0) (n cosO +sinH) .
cos6

nd

ps =n’cosO +2 nsinf + Sin*6 _ (n cos +sinf)"
L= -

cos6 cos6

(mcos0 +sin0)’ (ncosO +sinb)” .
)

Now. p,p, = cos’ 0

Hence, p,, p,, p, are in G. P.

Let A(4, 0), B(—1,—-1) and C(3, 5) be the vertices of a AABC.
Then AB =\/(~1-4) +(~1-0)’
=25+1=+26
BC=\3+1) +(5+1) =4 +6’
=16+36 =+/52
and CA=+/(4-3)>+(0-5)
=\1+25=126
CA* + AB =(J%)2 +(\/%)2
So=26+26=52
= B(C*
= CA*+ A4AB*=BC?
Thus, the triangle is isosceles and right angled triangle.

The equation of parabola is
VP Ay +dx+2=0
= Y+dy+4=-Ax-2+4

S| (W
= (y+2) = 4()«: 2)

Transformation y +2 = Yand x — 1 =X gives
YP=-4X 2
Herea=1

Equation of directrix is X =1

= xflzl
2

3
= x==
2

Key Idea: If the triangle is equilateral, then the incentre coin-
cides with the centroid of the triangle.

Let A(1, B ), B(0, 0), C(2, 0) be the vertices of a triangle
ABC.

a=BCJ(2-0)" +(0-0)’ =2
h=ACY(2-1)2 +(0—+3) =2
and ¢ = AB\J(0—1)* +(0-+/3)* =2

b=AC=-J(Q2—-1f+(0-V3)=2
andc=AB=V0-17+(0-41)=2

The triangle is an equilateral triangle.

68.

69.

70.

71.

72.

73.

Incentre is same as centroid of the triangle.
= Co-ordinates of incentre are

(1+0+2 J3+0+0). [ 1)
s ie., |1,—

3 3 NE)
Key Idea: Equations of angle bisectors of lines
ax+by+c =0,and
ax+by+c,=0
ax+by+c +a2x+b2y+02

are \/ 2 2 - 2 2

a; +b \/ a, +b;
For the two lines 24x + 7y — 20 = 0 and 4x — 3y — 2 = 0, the
angle bisectors are given by
24x+7y-20 _+4x—3y—2

25 5
Taking positive sign, we get
2+ 11y-5=0

Therefore, the given three lines are concurrent with one line
bisecting the angle between the other two.

B+ y =0 makes an angle 120° with OX and x+ y=0

makes an angle of 60° with OX. So, the required equation of
lineisy—2=0.

Let p (x, y) be the point equidistant to the given points, then

x—a)y+@-b)yY=x-a)+@-b)

1
= (a,—a)x+(b,-b)y+ E(bzz_ b12+ azz— alz): 0

Hence, (A) is the correct answer.
Given parametric equations
acost+ bsint+ 1

3 » V=

asint— bcost+ 1
3

a’+ b’
5

1 2
This implies that [ xX— 5) +)'=

Hence, (B) is the correct answer.

If C be (h, k) then centroid is (h, uj it lies on 2x + 3y
-1 3 3

Therefore the locus is 2x + 3y =9.

Point (4, 3) lies on £+%=l with @+ b =—1 then i+%:1
a

a
= a=2,b=-3o0ra=-2,b=1.
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74.

75.

76.

77.

78.

', centroid is (1_3+5,1+3+3j:(1,z)

79.

Hence i—X:I and i+Z:1.
2 3

-2 1
2c 1
m, +m, = - and, mm, = -

= m +m,=4mm, (given)
= c=2.

1 6
m+m,=—,mm,=— and m =-—
4c 4c

Hence ¢ =-3.
P=(1,0)
Let Q = (h, k) then k*= 8h

Let (e, B) be the midpoint of PQ, then
_h+1 k+0

> P
= 20-1=h2p=k
= 2p*=8Ra-1) = p*=4a-2
= »-4x+2=0.
Required equation is of the from
ax + 2by +3b + Mbx — 2ay —3a) =0
= (a+bAx+2b—-2al)y+3b-34a=0

atbl=0=1=_2
b

a

= ax+2by+3b—% (bx—2ay—-3a)=0

24° 3a*
= ax+2by+3b—ax +Ty+720

2 2
= y[2b+%j+3b+%:0

2b° +2d° 3b* +3a°
ORI A

L @by -3

YT a2

3 .3 . .
= y=-—=soitis = units below x-axis.
2

Vertex of triangle is (1, 1) and midpoint of sides through this
vertex is (—1, 2) and (3, 2) = vertices B and C come out to
be (-3, 3) and (5, 3)

3 3
A1, 1)

3

(-1,2) (3,2)

B C

The required line intersects the axes at points (0, 8) and (6, 0)
Hence, the equation of the line is

—4
=—(x-6
y 3( )
= 4x+3y=24
a’x*  atx
80. Given parabola: y = +7—2a
Vertex: (o, f) implies
2 4 3
1 _(a+4.a.2aJ _(1+8ja4
o= 2 :_3 B = 4 3 4 3
288 4a’ a 4 ,
24 4% —a
3 3
35a 35
=———x3=——u
12 4 16

_ _i(ﬁija _105
da\ 16 64
81. We must have

a
a’>—3a<0and a2—5> 0
1
= —<a<3
2

82. We have %(k - =4=1

= k-1=%2
= k=3o0rk=-1
A A1, k)

B(1,1) c@2, 1

A

v

2r
83. Slope of the line QM is tan ?z - \/5

Hence, the equation of line QM is y= — \/gx.

wls

R@3,3V3)

=1,0) 0(0,0)

84. Equation of bisectors of line x =0 and y = 0 are y = £x.

Put y = 2x in my* + (1 — m*)xy — mx> = 0, we get (1 — m*)x

=0
= m=x=l1.

2



85.

86.

87.

88.

89.

Slope of the bisector =k — 1

Mid-point of PQ = (ﬂ z)

272
Equation of bisector is
7 (k+Dj
——=Gk-)| x——F
y=3 ( )( 2
Putx=0and y=-4.
= k=14

b
Slope of line L = -3

3
Slope of line K =——
c

Link L is parallel to link £.

—=—- = bc=15
5 ¢
(13,32) is a point on L
13 32 32 8
5 b b 5
3
= b=-20 = c=-—
4

Equation of K: y —4x =3
Distance between L and K =

P(=2,-2); 0=(1,-2)
Equation of angular bisector OR is

5+22)x=(5-2)y
PR:RO=242:5

Required equation of ellipse 3x* + 5> — 32 = 0.

. (6+212+2j
Point p = T, s

Coordinates and Straight Lines

|52-32+3] 23

90.

91.

92.

93.

94.

Equation of line passing through (1, 2) with slope mis y — 2

=m(x—1)
—2)?
Area of AOPQ= (m=2)
2|m]|
A=m2+4—4m
2m
A=ﬂ+£_2
2 m
A isleastifﬂ:z
2 m
= m’=4
= m=%2
= m=-2 |
Slope of the incident ray = ——.

V3

So, the slope of the reflected ray must be

Now, the point of incidence is (\/3 ,0) And so, the equation.

of reflected ray is y = L()c - \/5)

V3

) ax, + bx, +cx,
Abscissa = ———
at+b+c

2x2+4242x0+2x0
242+242

4 2
:—:—:2—\/5'
4+2\/5 2+\/§

Alternate Solution:

Abscissa =r = (s —a) tan é

4

Let point of intersection is (%, — /)
4ah—-2ah+c=0
Sbh—2bh+d =0

=[4+§J5—2J§JMn£=2—J§

3bc—2ad=0
S(g,lj,P(Z, 2)

Slo e=—%
P

Equation will be y—+1 = _%
x—1 9
WY+9+2x-2=0

2x+9+7=0
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95. x+y<41,x>0,y>0 is bounded region. x—y+l  Tx—y-5
Now, number of positive integral solutions of the equation x 2 =+ 542
+ y + k =41 will be number of integral co-ordinates in the
bounded region. = Sx-y+t)=Tx-y-5
=41, | =%C, = 780. and
96. Let M be mid-point of BB" and AM is L bisector of BB’ Sy r)=—Txty+s
(where 4 is the point of intersection of the given lines) S 2x+4y-10=0 = x+2y-5=0and
x-2)x-D+@r-2)(1r-3)=0 12x-6y=0 = 2x-y=0
heo P £+l b3 Now equation of diagonals are
[ i —2]( hl —1]+[ i —2)( i —3):0 (x+1)+20+2)=0 = x+2+5=0 (1)
2 2 2 2
and
= (h=2)(h)+ (k- 1)(k-3)=0 2+ 1) - (y+2)=0 = 2x—y=0 )
= X*-2x+)y"—4y+3=0 18) .
= (—1P+(@-27=2. Cleary (5,5) lies on (1)

97. Equation of angle bisector of the linesx —y+ 1 =0 and 7x —
y—5=01is given by
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