CHAPTER

12

Continuity and
Differentiability

Chapter Highlights

Continuity, Discontinuity of a function, Geometrical meaning of continuity

CONTINUITY

In this chapter, the concept of a continuous function is
defined in terms of limits. Most of the results in calculus
are not true unless we are dealing with functions that are
continuous. We may intuitively think of continuous func-
tions as those functions whose graphs we can draw without
lifting the pencil. A formal definition of continuity follows:

Continuity of a Function at a Point

A function f(x) is said to be continuous at an interior point
x = a of its domain if lim f(x) = f(a). In other words a
XxX—a

function f(x) is said to be continuous at a point x = a pro-
vided lefthand limit righthand limit and value of function
are equal:

IMPORTANT POINTS

A function f(x) is continuous at a point x = a if

lim f(a—h) = lim f(a+h)=f(a)
h—0 h—0

Continuity of a Function on An Interval

Continuity on an Open Interval

A function f{(x) is said to be continuous on an open interval
(a, b) if it is continuous at each point of (a, b).

Continuity on a Closed Interval

A function f{(x) is said to be continuous on a closed interval
[a, b] if

1. f(x) is continuous from right at x =q, i.e.,
lim f(a+h)=f(a)
h—0
2. f(x) is continuous from left at x = b, i.e.,
lim f(b—h)=f(b)
h—0
3. f(x) is continuous at each point of the open interval
(a, b).
Continuity at end points of an Interval

For continuity of f(x) at the end points of an interval [a, b],
we must have

J hli_)m()f(a+h) =fla)atx=a

» lim /(b —h) =f(b)atx=b

TRICK(S) FOR PROBLEM SOLVING

For continuity of f(x) at the end points of an interval [a, b],
we must have

(i) hli_r}no f(a+h)=f(a) atx=a.

(i) lim f(b—h)=f(b) atx=b.

DISCONTINUITY OF A FUNCTION

A function f(x), which is not continuous at a point x = a, is
said to be discontinuous at that point.
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TRICK(S) FOR PROBLEM SOLVING

The discontinuity may arise due to any of the following
situations:

@iy lim f(a—h)=# lim f(a+ h),ie., LHL and RHL exist,

h—0 h—0
but are not equal.
lim f(a—h)= lim f(a+ h) #f(a), ie, LHL and

h—0 h—0

RHL exist and are equal, but are different from f(a).
(iii) f(a) is not defined.
(iv) Atleast one of the limits lim f(a—h) or lim f(a +

h—0 h—0

(ii)

h) does not exist or atleast one of these limits is e
or — oo,

Some Useful Results on Continuous
Functions

1. If fand g are continuous at x = a, then

(A) f+ gis continuous at x = a.

(B) f—gis continuous at x = a.

(C) fg is continuous at x = a.

(D) f/gis continuous at x = @, provided g(a) # 0.

(e) kf is continuous at x = a, where k is any real
constant.

() [f(x)]"™" is continuous at x = a, provided [ £(x)]""
is defined on an interval containing a, and m and n
are integers.

2. If fis continuous at @ and g is continuous at f(«a), then
gof s continuous at a.

3. If fis continuous at x = ¢ and g is discontinuous at
X = a, then f+ g and f— g are discontinuous at x = a,
whereas fg may be continuous at x = a.

4. If fis continuous at x = a and f(a) # 0, then there exits
an open interval (@ — 6, a + ) such that Vx € (a — 0,
a+ 0), f(x) has the same sign as f(a).

5. If fis a continuous function defined on [a, b] such that
f(a)- f(b) <0, then there exists atleast one solution of
the equation f(x) = 0 in the open interval (a, b).

6. If f'is a continuous function defined on [a, b] and &
is any real number between f(a) and f(b), then there
exists atleast one solution of the equation f(x) = & in
the open interval (a, D).

7. If a function f'is continuous on a closed interval [a, D],
then it is bounded on [a, /] i.e., there exists real num-
bers k and K such that

k<f(x)<Kforall x € [a, b]

8. Every polynomial is continuous at every point of the
real line.

9. Every rational function is continuous at every point
where its denominator is different from zero.

10. Logarithmic functions, Exponential functions,
Trigonometric functions, Inverse circular functions
and Absolute value functions are continuous in their
domain.

Types of Discontinuity

Removable Discontinuity
If lim f(a—h)and lim f(a + h) exist and are equal, but
h—0 h—0

are not equal to f(a), then the function f(x) is said to have
a removable discontinuity at x = a. However, by suitably
defining the function at x = a, f(x) can be made continuous
atx=a.

Discontinuity of the First Kind
If lim f(a—h)and lim f(a + h) exist but are not equal,
h—0 h—0

then the function f(x) is said to have a discontinuity of the
first kind at x = a.
We also say that f(x) has jump discountinuity at x = a.
We define | lim f(x)— lim f(x)| = jump of the func-
XxX—a xX—a

tion at x = a.
If hlimo f(a — h) exists but is not equal to f(a), then
—

the function f(x) is said to have a discontinuity of the first
kind from the left at x = a.
Similarly, if ’}im f(a + h) exists but is not equal
-0

to f(a), then the function f(x) is said to have a discontinuity
of the first kind from the right at x = a.

Discontinuity of the Second Kind
If atleast one of the limits hlimo fla—h) or hlimo fla+h)
—

does not exist or atleast one_>of these limits is co or — oo,
then the function f(x) is said to have a discontinuity of the
second kind at x = a. We also say that f(x) has an infinite
discontinuity at x = a.
If }3im0 f(a — h) does not exist or is equal to e or —
-

oo, then the function f{(x) is said to have a discontinuity of
the second kind from the left at x = a. Discontinuity of the
second kind from the right is similarly defined.

Oscillating Discontinuity

f(x) has oscillating discontinuity at x = a if lim and lim
h—0 h—0

lie in a certain range but do not approach to a definite value
atx =a.

GEOMETRICAL MEANING OF CONTINUITY

1. A function f(x) will be continuous at a point x = a,
if there is no break or cut or gap in the graph of the
function y = f(x) at the point [a, f(a)]. Otherwise, it is
discontinuous at that point.
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2. A function f(x) will be continuous on the closed

interval [a, b] if the graph of the function y = f(x) is
an unbroken line (curved or straight) from the point
[a, f(@)] to the point [b, f(b)].

Yﬂ

[a, fla)]

[ Trarn

> X

O x=a-h x=a x=a+h
Fig. 12.1 f(x) has a continuous graph at x =a

Y4

O x=a-h x=a x=a+h
(h>0)

Fig. 12.2  f(x) has a discontinuous graph atx = a

SOLVED EXAMPLES

[x]+x_1
1. Iff(x)=4 [x]+x X #0 then
1 ,x=0
(A) lim f(x)=-1
x—0" 1
(B) lim f(x)=- -1
x—=0 e

(C) f(x) is continuous at x =0
(D) f(x) is discontinuous at x = 0.

Solution: (D)
lim f(x)= lim f(0+h)
x—0" x—=0"
M+l _q

lim ————
>0 (h)+h

Il
5.

and lim f(x)= lim f(0—h)
x—0 h—0
|
Iim ——
h—=0 (=h)—h
S B e |
lim =
h—=0 (—1—h) -1

=1- —
e

Since lim f(x) # lim f{(x), therefore, f(x) is not
x—0" x—0

continuous at x = 0.

. Iff(x) =xsin 1 , x # 0, then the value of the function
X

at x = 0, so that the function is continuous at x = 0, is
(A) 0 B) -1
© 1 (D) indeterminate

Solution: (A)
For f(x) to be continuous at x = 0, we must have

S0 = lim f(x)

. 1 . .
= f(0)= lim xsin — =0 X« finite quantity =0
x—0 X

Hence f(0) = 0.
11

2_[f+7)
. The function f(x)= {(x+1) ‘" x20 s

0 ,x=0
(A) discontinuous at only one point
(B) discontinuous exactly at two points
(C) continuous everywhere
(D) None of these

Solution: (A)
The only doubtful point is x = 0.

1 1
o R
LHL. = lim f(0—h)= lim (-h+1) (h h)
h—0 h—0
=(1-hy’=1

R.H.L.

i)
lim f(0+h)= lim (h+1) ‘" *
h—0 h—0

2—
= lim (1+h) *
h—0

lim (1+h) [(1+7)"]?
h—0

=lxe’=e¢?

Since LHL # RHL,

.~ f(x) is not continuous at x = 0.
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1
4. If f(x) = = then the points of discontinuity of the
—-x

function f f'{ f(x)}] are
A) {0,-1}
© {1,-1}

Solution: (B)

(B) {0, 1}
(D) None of these

We have, f(x) =.L
1-x

As atx =1, f(x) is not defined, x = 1 is a point of dis-
continuity of f(x).

1 ! -1
Ifx#1,f[f(x)] =f(1_x) BETESE xx

x =0, 1 are points of discontinuity of /' f(x)].

If x#0,x#1,

f[f{f(x)}]=f(x_1) -2
x =D
X
PEIEaC )
5. Iff(x)=19 [x]+|x] ~ 0,([.]denotesthegreat—
-1 x=0

est integer function) then
(A) f(x)is continuous at x =0
(B) lim f(x) =-1
x—0"
C) lim f(x)=1
x—=0
(D) None of these
Solution: (D)

X1+ o .
f@)=1 x1+]x|
-1 , x=0
[x]+[x] _ -1 _
lim f(x) = lim < 2_¢e =2
x—=0 x>0 [x]+]x] -1
S+ o

lim

xh—>n% f(X) x—=0' [X]+|X‘

et =2
= lim
x—0" X

6. The Dirichlet function, defined as

1if x is rational

f(X)={

e .. is
0 if x is irrational ’

(A) continuous for all real x

(B) continuous only at some values of x
(C) discontinuous for all real x

(D) discontinuous only at some values of x

Solution: (C)

Let x,, be any arbitrary real number.
Case I: x, is rational

Then Sx)) =1

In any vicinity of a rational point there are irrational
points, where f(x) = 0. Hence, in any vicinity of x,
there are points x for which

Ay [=]/x) —fx) [ =1
Case II: x,, is irrational
Then f(x))=0

In any vicinity of an irrational point there are rational
points at which f(x) = 1. Hence, it is possible to find
the values of x for which

Ay [= 1) =fx) [=1

Thus, in both cases, the difference A y does not tend to
zero as A x — 0. Therefore, x;, is a point of discontinu-
ity. Since x,, is an arbitrary point, the Dirichlet function
f(x) is discontinuous at each point.

x, when x is rational
... ,then
1— x, when x is irrational

7. Iff(x) = {

(A) f(x) is continuous for all real x

(B) f(x) is discontinuous for all real x
(C) f(x) is continuous only at x = 1/2
(D) f(x) is discontinuous only at x = 1/2

Solution: (C)
Let a be any real number.

lim f(x)= lim x=a
xX—a xX—a
(when x — a through rational values)
lim f(x)= lim (1-x)=1-a
X—a xX—a
(when x — a through irrational values)

lim f(x) will exist only whena=1-a
xX—a

. 1
ie,whena= —.
2

Thus if x # % ,then lim f{(x) will not exist and hence
xX—a

1
f(x) will be discontinuous at x = a where a # 5
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1 1 1
Also, lim f(x)= —andf|—| = —
o 0= 3 wmar ) =
2
. . 1
Hence, f(x) is continuous at x = 5
(1 + |sin x|)*/sn1, % <x<0
. Letf(x)=. {ean2¥/tan3x ,0<x< % The values
b ,x=0

of @ and b so that f(x) may be continuous at x = 0 are

(A)a=_—2,b=62/3 (B)a=z,b=e’2/3
3 3

(C) a= % b= (D) None of these

Solution: (C)
We have,

li 0—-h)=1i 1+1sin (= 4 al|sin (—h) |
hl_r)r})f( ) hliI})[ | sin (— h) []

lim (1 + sin p)*Sn"
h—0

= lim [(1 +sin h)"5"")" = ¢,
h—0

tan 2//tan 37

lim e

li 0+h
hl—r&) U ) h—0

] 1><2><1 2
2h 3 tan3h 3 3
an —e 3 =e3

i (tanZh 2 3
h—=0

and f(0)=0b.
For f'to be continuous at x = 0, we must have

lim f(0—h)= lim f(0+h)=/f(0)=e"=e"*=b
h—0 h—=0

= a=§andb=e2/3

. The function f(x) = (sin2x)™ **is not defined at
x = m/4. The value of f(7/4) so that fis continuous at
x=m/4is

(A) Ve

© 2

Solution: (B)
f'is continuous at x = /4, if

lim f(x) =/f(4).

(B) 1/+/e
(D) None of these

2
Now, L= lim (sin2x)™ >
x—>r/4

= logL= lim tan®2x logsin2x
x—>r/4

. logsin2x (oo)
= lim ————— | —
x—>7/4 cot? 2x oo

2cot2x B

. 1
lim 2 =75
x> 7/4 —) cot 2x cosec” 2x -2 2

or  L=e¢'? - f(my=e"=1/e

10. Let a function f/: R — R satisfy the equation f(x + y) =
f(x) +f(y) for all x, y. If the function f(x) is continuous
at x =0, then

(A) f(x)=0forall x

(B) f(x) is continuous for all positive real x
(C) f(x) is continuous for all x

(D) None of these

Solution: (C)
Since f(x) is continuous at x = 0,

lim f(x)=(0)

Take any point x = a, then at x = a
lim f()= lim fla+h)= lim [f(@)+/(B)]
[ S0+ 3) =00+ f()]
=f(a)+ lim f(h)=f(@+(0)
= f(a+0) = f(a)

. f(x) is continuous at x = a. Since x = a is any arbi-
trary point, therefore f(x) is continuous for all x.

11. If f(x) is continuous in [0, 1] and f (%) =2, then

. Jno ).
nlil:of(z\/;Jrl is equal to
(A) 0
©) 2

Solution: (C)
Since f(x) is continuous in [0, 1], therefore,

B Y (o
(2\/;+1]_f(nh—r>rl°2x/;+1J

(B) o
(D) None of these

lim f

n—soo
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12. The function f(x) = (x), where (x) denotes the smallest
integer > x, is
(A) continuous everywhere
(B) continuous at integral points only

(C) continuous at non-integral points only
(D) None of these

Solution: (C)
Letx=n,ne Z
Then, LH.L.= lim (x)=n;RHL.= lim (x)=n+1

X—n X—n
x<n xX>n

Since, L.H.L. # R.H.L., therefore f(x) is discontinuous
at all integers n.

Now, letx =p, n <p <n+ 1, where n is an integer.
Then, lim (x)=n+1,RH.L.

xX—p
x<p

LH.L.

lim (x)=n+1
xX—=p
x>p

f(p)=(p)=n+1

Since L.H.L. = R.H.L. = f( p), therefore, f(x) is con-
tinuous at all non-integral points p.

13. Let f'be a function defined and continuous on [2, 5]. If
f(x) takes rational values for all x and f(4) = 8 then the
value of f(3.7) is
(A) 0
© -1

Solution : (B)

Since f'is continuous on [2, 5], therefore f assumes
atleast once, every values between f(2) and f(5). But
it is given that f(x) takes only rational values for all x
and there are irrational values also between f(2) and
f(5), this is possible only if f(x) has a constant ratio-
nal value at all points between x =2 and x = 5. Since

f(4)=8, ~. f3-7)=8.

14. Let f(x) = [x3 — 3], where [.] denotes the greatest inte-
ger function. Then the number of points in the interval
(1, 2) where the function is discontinuous, is
(A) 4 (B) 2
) 6 (D) None of these

Solution: (C)

Let g(x) = x* = 3, then g(x) is an increasing function
on the interval (1, 2). Since g(1) =—2 and g(2) =5,
therefore between — 2 and 5 there are 6 points where
f(x) is discontinuous (as [x3 — 3] is discontinuous at the
points where x” — 3 is an integer).

(B) 8
(D) None of these

Differentiability of a Fucntion

The function, f(x) is differentiable at a point P, iff there
exists a unique tangent at the point P. In other words, f(x)
is differentiable at a point P iff the curve does not have P
as a corner point, i.e., “the function is not differentiable at
those points on which function has jumps (or holes) and
sharp edges.”

Consider the function f(x) = |x|. Let us draw the graph
of this function

Y
fix) = —x fix) = x
f'(x) = -1 f'ix) =1
0 > X
Fig. 12.3

which shows that f(x) is not differentiable at x = 0 as f{(x)
has sharp edge at x = 0.
Differentiability of a Function at a Point

Let f'be a function defined on an interval / — R. We say that
fis differentiable at an interior point ¢ € [ provided

o L) = 1)

X—C

exists and is finite.
X—cC

We denote this limit by f’(c), called the derivative of f at c.

TRICK(S) FOR PROBLEM SOLVING

In view of the definition of limit of a function f, one may
observe that f’(c) exists provided

f(x) —f(c)
x—c

f(x) —f(c)
x—c

lim
X—C

=f'(c) = lim

X—=ct
The limit on the left, denoted by L f’(c), is called the left hand
derivative of f at ¢ and the limit on the right, denoted by R
f’(c), is called the right hand derivative of f at c.

Thus, f(x) is differentiable at x = c if L f’(c) =R f’(c).

Differentiability of a Function on an
Interval

A function f(x) is said to be differentiable on an open inter-
val (a, b) if f(x) is differentiable at every point of this inter-
val (a, b).

It is differentiable on a closed interval [a, b] if it is
differentiable on the open interval (a, b) and the limits.
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L fath - f()

Rf@)= }}Lo (a+h)—a
and Lf" (a)= ;}irr:) W exist.

Some Important Results on Differentiability

1. Every polynomial function, exponential function and
constant function is differentiable at each point of the
real line.

2. Logarithmic functions, trigonometric functions and
inverse trigonometric functions are differentiable in
their domain.

3. The sum, difference, product and quotient of two dif-
ferentiable functions is differentiable.

4. The composition of differentiable functions is a differ-
entiable function.

5. If a function is not differentiable but is continuous at a
point, it geometrically implies there is a sharp corner
or a kink at that point.

6. If f(x) and g(x) both are not differentiable at a point,
then the sum function f(x) + g (x) and the product func-
tion f(x) X g(x) can still be differentiable at that point.

TRICK(S) FOR PROBLEM SOLVING

m If a function f(x) is differentiable at a point x = a then it is
continuous at x = a.

m If f(x) is only continuous at a point x = a, there is no guar-
antee that f (x) is differentiable there.

m If f(x) is not differentiable at x = a then it may or may not
be continuous at x = a.

m [f f(x) is not continuous at x = a, then it is not differentiable
atx=a.

m If left hand derivative and right hand derivative of f(x) at x
= a are finite (they may or may not be equal) then f(x) is
continuous at x = a.

SOLVED EXAMPLES

15. If _Jx[x],0=sx<2
A= g 22 x <3

greatest integer function, then

(A) both /" (1) and 7 (2) do not exist
(B) /7 (1) exists but / (2) does not exist
(C) /7 (2) exists but /(1) does not exist
(D) both /" (1) and f” (2) exist

Solution: (A)

where [.] denotes the

We have, Lf’(1)= hlm}) %},—ﬂl)

- lim (I=h)[1=h]-1[1]
h—0 —h

. 0-
=lim —— >
h—0 —h

- f’(1) does not exist.
Also, L7 (2) = lim Z2=P=/(2)

h—0 —h

i @oW2-R-C-D[2
h—0 —h

- im 22022
h—0 —h

and  Rf'2)= lim Jerh =72 (2+h2"f (2)

n

o UED2+H-2-D[2]
h—0 h

- fim 22072
h—0 h

- f7 (2) also does not exist.

1
P cos—, x#0
16. Iffmy=1" 5

0 ,x=0

,then at x =0, f(x) is

(A) continuous if p > 0 and differentiable if p > 1
(B) continuous if p > 1 and differentiable if p > 0
(C) continuous and differentiable if p > 0

(D) None of these

Solution: (A)
Continuity at x = 0:

1
LH.L.= lim f(0-A)= lim (-A)” cos —
h—0 h—0 h

=0ifp>0
RHL.= lim f(0+#4)= lim h” cos 1
h—0 h—0 h

=0ifp>0
and f(0)=0.
.~ f(x) is continuous atx=0if p >0
Differentiability at x =0 :
L)~ tim L= =7©)
h—0 -h

(= h)? cosl—O
= lim ——
h—0 —h
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1
= lim (—hY 'cos — =0ifp—1>0,
iy A eos g =01t

e, p>1;

RF0)= im LOTD=1O

h? cosl— 0
lim
h—0 h

1
lim 4"~ 'cos — =0ifp>1
h—0 h

. f(x) is differentiable at x =0 if p > 1.

1
xsin—, x#0

17. Let g(x) =x f(x), where f(x) = X

0, x=0
Atx=0,

(A) g is differentiable but g’ is not continuous
(B) g is differentiable while fis not

(C) both fand g are differentiable

(D) g is differentiable and g’ is continuous.

Solution: (A, B)

) .1
x“sin—, x#0
We have, g(x)= X
0, x=0
For x#0,
1 1 o1
g (x)=x" cos — (— —2) +2x sin —
X X X
1 1
=—cos —+2xsin —
X X
For x=0
X2 sinl—O
. —g2(0 .
2 (0)= lim g0 -g0) _ . x
x—0 x—0 x—0 X
. 1
= lim x sin— =0.
x—0 X
1 1
, 2xsin——cos—, x#0
g )= x x
0, x=0

. . 1. .
g’ is not continuous at x = 0 as cos — is not continu-

X
ous at x = 0. Also, f'is not differentiable at x = 0.

11/ ,x#0 .
18. Iff(x)=<1+¢e"’" , then f(x) is
0 ,x=0

19.

20.

(A) continuous as well as differentiable at x =0
(B) continuous but not differentiable at x =0
(C) differentiable but not continuous at x =0
(D) None of these

Solution: (D)

1 1
lim f(0-h)= lim ——— = —— =1
hl—%f( ) hl—>ni)1+e—”” 1+0
1 ~1/h
d l 0+h) =1 =i
dJim 0+ = fim, g = i,
1

Since lim f(0—A)= lim f(0 + h), therefore, f(x) is
h—0 h—0

not continuous and hence not differentiable at x = 0.

el/x _ 1
X 0
Iffx)=qe"™ +1
0 ,x=0
(A) continuous as well as differentiable at x = 0
(B) continuous but not differentiable at x =0

(C) differentiable but not continuous at x =0
(D) None of these

Solution: (D)

, then f(x) is

—~1/h

e o1 0-1
lim f(0-h)= lim 0 — =
P SO = i T 0

=—1
. e - . 1=V
and lim f(0+A)= lim —— = lim ————
h—0 h—0 el/h+] h—>01+e’1/h
1-0
:_:1
1+0

Since lim f(0—#A)=# lim f(0 + h), therefore, f(x) is
h—0 h—0

not continuous and hence not differentiable at x = 0.

x(el/x _ e—l/x)
) —_—, x#0 |
The function f(x) = { ¥ 4+ ¢ V¥ is
0 ,x=0
(A) continuous everywhere but not differentiable at
x=0
(B) continuous and differentiable everywhere

(C) not continuous at x =0
(D) None of these

Solution: (A)
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Differentiability at x =0 :

Uk Uk
lim e h el/h)
h=0 _pe™" +e')
~2/h

R |
h—>0 =2/

B0) = lim f(0+h})l— £(0)

iy B — eVt
—h1mo Vh . —1/h

-0 h(e +e )
-2/h

. l-e
= lim =
2/h

h=0 T+e”
Since L f7(0) # R/’ (0), .. f(x) is not differentiable at
x=0.
But since L /7 (0) and R f” (0) are finite, therefore f(x)
is continuous at x = 0.
Hence, f(x) is continuous every where but not dif-
ferentiable at x = 0.

If £(x) = [x — 2], then

(A) [ (2.5 = % andf” (5)=3

(B) /7 (2.5)=0andf” (5)=3

(C) f7(2.5)=0and f” (5) does not exist
(D) both f” (2.5) and f” (5) do not exist
Solution: (C)

We have

L3y = i LE5=P=1C9)

—h

= lim (2:5-h-2)-(2-5-2)
h—0 —h
h—0 —h

and Rf’(2.5)zi}imo f(2'5+h}3_f(2'5)

i @5+h-2)-(2:5-2)
h—0 h

= lim 9:0
h—0 h

/7(@2-5=0
SG=h-/O)

Also, Lf’ (5= ﬁ}l—>mo =

22,

23.

5-h-2)-(5-2)
—h

= lim
h—0

. 2-3
= lim —— — oo
h—0 —h

Hence, 7 (2 - 5) = 0 while f” (5) does not exist.

T

If f(x) =[tan x], x € (0, %) , then [ (Z) is equal to

B) 0
(D) None of these

A1
(C) does not exist

Solution: (C)

(3

lim
h—0

. 0-
lim — —
h—>0 —h

s f7 (%) does not exist.

|x]
—,x#0
If sgn (x) = - , then the function

0,x=0
/() = sgn [sgn ()] is
(A) continuous as well as differentiable at x =0
(B) continuous but not differentiable at x =0
(C) differentiable but not continuous at x =0
(D) neither differentiable nor continuous at x =0

Solution: (D)

We have, i (lle
sgn| — | ,x#0
sgn [sgn (x)] = x
|sgn (0) ,x=0
[|1xI
_ x\x| ,x#0
X
0 ,x=0
X
s =1 ¥
0 ,x=0

Continuity atx=0:
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—h
LHL.= 1 0-h)= lim — =-1
>0 S ) o0 4
and f(0)=0

. f(x) is not continuous and hence not differentia-

24. Iff(x)=x"sgnx, wheresgnx=14 x ’ x7 , then f(x)
is 0,x=0
(A) differentiable as well as continuous at x =0
(B) continuous but not differentiable at x =0
(C) differentiable but not continuous at x =0
(D) neither differentiable nor continuous at x = 0

Solution: (A)

Since,
x| Lx>0
sgnx=19 x orsgnx=40,x=0
0, x=0 -1, x<0
¥ , x>0
Therefore, f(x)=x" sgnx= 40 ,x=0
- ,x<0

Clearly, f(x) is continuous as well as differentiable
atx=0.

25. Let f(x) = | x | and g(x) = [x], where [.] denotes the
greatest integer function. Then (fog) ‘ (—2) is

(A) O (B) does not exist
©) -1 (D) 1
Solution: (B)

(fog) (x) =f(g(x) =/([xD = [x] |
Now. L (fog)(-2)= lim

(fog) (=2-h) = (fog) (= 2)

—h
i 22 A1=1=2)
h—0 —h
= lim w= lim __1 -
h—0 —h h—0 h

(fog) '(- 2) does not exist.

26. Let f(x +y) =f(x) f( y) for all x, y, where f(0) # 0. If
17 (0) =2, then f(x) is equal to
(A) A€
(C) 2x

(B) Ae*
(D) None of these

27.

28.

Solution: (B)

1 () = lim f(X+h2—f(X)
~ lim fx+h—-f(x+0)
h—0 h
i S S = 1) £(0)
h—0 h
- i L0
=/"0) /() =2/(x). ([ (0)=2)
Now, af =2for ar =2dx=d(logf-2x)=0
dx f

sologf-2x=c, & f=e™ = x ™ =A™,

where 4 = e = constant.

Let f(x +y) =f(x)- f(y) for all x, y where f(0) # 0. If
f(5)=2andf” (0) =3, then f’ (5) is equal to

(A) 6 (B) 0

©) 1 (D) None of these

Solution: (A)

77(5)= yim LEXN=10

h
i LG+ = f(5+0)

h—0 h
— tim SO LB = (5)-£(0)
h—0 h

[/ ) =f(x): f() forall x, y]
(o SO = FO)
(im0 s
=/"(0) f(5)=3-2=6

Letf: R — R be a function such that

f(x;y) _ f(x);—f()’)’f(o)=0andf’(0)=3'

Then

(A) f(x)is a quadratic function

(B) f(x) is continuous but not differentiable
(C) f(x) is differentiable in R

(D) f(x)is bounded in R

Solution: (C)
We have,

x+y)_ S+ )
f( 3 J_ 3

.f(0)=0and /" (0)=3
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i LG+ = ()

S @)= h—0 h
_ f(sx;3h)—f(x)
lim
h—0 h
SBx)+ fBh)  f(Bx)+ f(0)
= lim 3 3
h—0 h
= fim LGD=SO) _,
h—0 3h
fx)=3x+c¢, = f(0)=0=¢=0
fx)=3x

29. Iff(x+y)=2f(x)-f(y) forall x, y, where f* (0) =3 and
f(4) =2, then f’ (4) is equal to

(A) 6 (B) 12
(C) 4 (D) None of these
Solution: (B)
voar e JAER) - f(4)
o= Jim £

i JAHD) = f(440)
h—0 h

i 2 @) S =27(4) £(0)

h—0 h

[Using f(x +y) = 2/(x)- f(y) for all x, y]

=2/ A)Xf/ (0)=2%x2x3=12

30. Ifa function f: R — R be such that f(x +y) =f(x)-f( )
for all x, y € R where f(x) =1 + x ¢(x) and lim @(x)
=1, then ¥=0
(A) f’ (x) does not exist
(B) f7 (x) =2f(x) for all x
(©) f" (x) =f(x) for all x
(D) None of these

Solution: (C)
Rf"(x)=1li
S )= lim

i LGS = f(0)

h—0 h

S +h) - f(x)
h

31.

32.

. ho(h)—
— (%) }L‘%%

=ftx) lim - ¢(h)
=f(x)-1=f(x)
and  Lf’(x)= lim %}l_ﬂ”

i S SED = f()

h—0 —h
_ . f(=h-1
=/t Jim ==
o 1—ho(=h)-1
=/x) lim, P

= /()1 = f(x).
Hence f” (x) exists and is equal to f(x).
Letf(x+y)=f(x)- f(y) forallx,y € Rand f(x)=1+
x @(x) log 2 where lim0 ¢(x)=1.Then f” (x) is equal
tO X —>
(A) log 2/®
(C) log2

Solution: (A)
1 () = lim f(x+h})z_f(X)
i L@ W= @

h—0 h
[ fx+y)=/(x)- f(y)]
f(h)—l)

h

(©) log [ f()]
(D) None of these

=f) lim (

1+h¢(h)log2-1
h
[~ f)=1+x ¢(x) log 2]

=/(x)log2 lim 4(h)

=) lim

=f(x)xlog2x1 [ hlimo o (h)= 1]
— log 2/®
Let f(x + y) = f(x)- /(y) and f(x) = 1 + x g(x)
G (x) where li_r>no g(x) =a and h—>mo G (x) = b. Then
F7(x) = k f(x), where k is equal to
(A) % (B) 1+ab
(C) ab (D) None of these
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Solution: (C)
1) = lim f(x+h})z_f(X)
i SO = ()
h—=0 h
[~ fx+ ) =f()- f()]

1+hg (h) G (h) -1
h

=) lim g(h) G ()

=) lim

=/(x) lim g(h) lim G ()

=abf(x). .. k=ab

33. Let fand g be differentiable functions satisfying g’ (a)

34.

=2, g(a) = b and fog = I (identity function). Then
(b) is equal to 5
(A) 2 B) 3

1
©) 5 (D) None of these

Solution: (C)
We have, fog =1

= (fog) (x) = x for all x
= flg@l=x=/"[g®]xg (=1
= flg@]xg’ (a)=1
= fﬂﬂm=gb=%

[ ¢ (a)=2]
- -f@=% [+ g(a)="b]

If 4x + 3| y | = Sy, then y as a function of x is

(A) not continuous at x =0
(B) not defined for all real x
dy
C) =
© e
(D) derivable at x =0

Solution: (C)

= l forx<0
2

We have, 4x+3|y|=5y

= 4x+3y=5yify=20

35.

36.

2x, x>0

4x-3y=5yify<0=y=11
Ex,x<0

and

Clearly, y is continuous at x = 0 but not differentiable
atx=0.

2.x=20
L

Also,
dx > x<0

The function f(x) =max. {(1 —x), (1 +x),2},x € (—oo,

o), is

(A) continuous at all points

(B) differentiable at all points

(C) differentiable at all points except at x = | and x
=-1

(D) continuous at all points exceptatx=1andx=—1,
where it is discontinuous

Solution: (A, C)
1—x, x<-1
fx) =142, -1<x<1
I+x, x>1

lim f(x) = lim (I-x) =2= lim f(x)
x—>-1 x—>-1 x—-1
and lim1 f(x) =2, so fis continuous at all points.
X—>

S+ = f(=D
h

141-h-2

£/ 1= lim

= lim -1

h—0
S =1)=0

Similarly, /" (17) =0 and f* (1+) = 1, so fis differentia-
ble everywhere exceptatx =—1, 1.

Let f: R — R be a function defined by f(x) = max
{x, x’}. The set of all points where f(x) is not differ-
entiable is

A) =L 1}
© {0, 1}

(B) {-1,0}
(D) {-1,0,1}
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38.
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Solution: (D)

If x<—1, then x > x°. So, f(x) =x.
Ifx=—1, thenx=x". So, f(x) = x.

If— 1 <x<0,thenx <x°. So, f(x) =x°.
If x = 0, then x = x°. So, f(x) =x.
If0<x< 1, thenx>x’. So, f(x) =x.
Ifx=1, thenx=x". So, f(x) =x.

Ifx> 1, then x <x°. So, f(x) =x.

Thus, f(x)= x, x <-1

> 1.
Clearly, f(x) is not differentiable at x=—1, 0, 1.
S(x)-5

If g(x) = (&% + 2x + 3) f(x), f(0) = 5 and lim
X —> X

=4, then g’(0) is equal to

(A) 22 (B) 20
(C) 18 (D) None of these
Solution: (A)
We have, lim M =4
x—0 X

- limo PAC P A =4 [~ f(0)=5]

X —> X
= S (0)=4.

Since, g(x)=(x*+2x+3) f(x)
= g @)= +2x+3) [ (¥)+Q2x+2)f(x)
g’(O):3f'(0)+2f(O):3(4)+2(5):22.

The points where the function f(x) = [x] +| 1 — x |,
—1 <x <3, where [.] denotes the greatest integer func-
tion, is not differentiable, are

(A) x=-1,0,1,2,3
(B) x=-1,0,2
(€) x=0,1,2,3
(D) x=-1,0,1,2

Solution: (C)

39.

40.

We have,
f@)=Kx]+|1-x|,-1<x<3
,—1<x<0
1-x,0<x<1
=4x ,1<x<2
1+x,2<x<3
5 ,x=3

- X

The only doubtful points are x=—1, 0, 1, 2 and 3. It
can be easily seen that f(x) is differentiable at x = — 1
but not differentiable at x =0, 1, 2 and 3.

Hence, the required points are 0, 1, 2 and 3.

Letf(x)=a+b\x|+c|x|4, where a, b and c¢ are real
constants. Then f(x) is differentiable at x = 0 if

(A) a=0 (B) b=0

(C) ¢=0 (D) None of these
Solution: (B)

Since f(x) is differentiable at x = 0, therefore,

Lf"(0)=Rf"(0)

e SO+ h) = £(0)

h—0 h

= lim
h—0

fO-h)~f(0) _
-h

(a+b|-h|+c|-h*)—a

= lim
h—0 —h
— fim @+blhl+clh)—a
h—0 h
. bh+ch* . bh+ch
= lim = lim —
h—0 —h h—0 h

= lim (—b-ch®)= lim (b+ch’)
h—0 h—0

= —b=bieb=0

, where [.] denotes the greatest integer

Iff(x)= —
[sin x]
function, then
(A) Domain of f(x) is 2nmw + m, 2nm + 27) U

{Znﬂ + %} where n € [

(B) f(x) is continuous when x € 2nz+ 7, 2nm+ 2m)
(C) f(x) is not differentiable at x = 772
(D) None of these

Solution: (A, C)
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Single Option Correct Type

The function f(x) is defined when — 1 < sin x < 0 or
sinx=1.

Sxe (@)L 2n+2) MU {2nﬂ+%},ne s

When x € 2nr+ m, 2nw+2n), f(x)=—1

. f(x) is a constant function.

Hence f(x) is continuous when x € (2nzx + 7, 2nrx +
27).

5-)-(3)
Now, Lf'(n2)= hlirno =

Il
,é’_.f

~ lim [cos k]
h—0 —h

= does not exist.
Hence, f(x) is not differentiable at x = /2.

EXERCISES

3,x<0
1. Iff(x) = then

2x+1, x>0’

(A) both f(x) and f( | x | ) are differentiable at x =0

(B) f(x) is differentiable but f{ | x | ) is not differentia-
bleatx=0

(C) f(]x|) is differentiable but f(x) is not differentia-
bleatx=0

(D) both f(x) and f( | x | ) are not differentiable at x =0

. Let f(x) = cos x and g(x) = [x + 2], where [.] denotes

the greatest integer function. Then, (gof’)’ (E) is

(A) 1 (B) 0
©) -1 (D) does not exist
L [x|21
. Letf(x)=14 Ix] . If f(x) is continuous and

ax* +b |x|<1
differentiable at any point, then

1 3 1 3
A :—,b:—— B :——’b:_
(A) a 5 2 (B) a 2 7
C)a=1,b=-1 (D) None of these

. Let f(x) be a function satisfying f(x +y) = f(x) f(y) for
all x, ye R If f(x) = 1 + x¢ (x) + x*¢ (x) v (x), where
lim0 ¢ (x)=aand lim0 v (x) = b, then f”(x) is equal to
x— x—

(A) (a+Db)f(x) (B) af(x)
(B) bf(x) (D) None of these

. The function f(x) = [x] cos(zx

)n , where [.]

denotes the greatest integer function, is discontinuous
at

(A) allx
(C) nox

(B) all integer points
(D) x which is not an integer

. The left-hand derivative of f(x) = [x] sin (7 x) at x =k,

k an integer and [x] = greatest integer <x, is
A) CD)*k-Drx

B) D" k-D7x

©) Dk

D) - )i

LIf lim f(x)=/= lim g(x) and lim f(x) =m =
X—>a— X—>a—

X —at+
g(x), then the function f(x) - g(x)
(A) isnot continuous at x = a
(B) has a limit when x — « and it is equal to /m
(C) 1is continuous at x =a
(D) has a limit when x — a but it is not equal to /m

. Let [x] denotes the greatest integer less than or equal

to x. If f(x) = [x sin 7zx], then f(x) is
(A) continuous atx =0

(B) continuous in (— 1, 0)

(C) differentiable at x = 1

(D) differentiable in (— 1, 1)
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11.

12.

13.

14.

15.
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. The function f(x) = [x]2 - [xz] (where [ x] is the greatest

integer less than or equal to x), is discontinuous at
(A) all integers

(B) all integers except 0 and 1

(C) all integers except 0

(D) all integers except 1

Let /- R—R be any function. Define g:R — R by g(x)
=] f(x) | for all x. Then g is

(A) onto if fis onto

(B) one-one if fis one-one

(C) continuous if fis continuous

(D) differentiable if fis differentiable

Let f(x) be a function satisfying the condition

f(=x)=f(x), for all real x. If f” (0) exists, then its value
is

(A) 0 (B) 1
) -1 (D) None of these
x (3¢ + 4)
Iffx)=14 2-¢" ~ , then f(x) is
0 ,x=0

(A) continuous as well as differentiable at x =0
(B) continuous but not differentiable at x =0
(C) differentiable but not continuous at x =0
(D) None of these

. 1 .
The function f(x) = ————, where u = , 18
u +u-—2 x-1
discontinuous at the points
(A)x—721l (B)x—l 1,2
b b 2 2 bl b
) x=1,0 (D) None of these

Let f(x) = [3 + 2cos x], x € (%,%J, where [.]

denotes the greatest integer function. The number of
points of discontinuity of f(x) is

A) 3 (B) 2

) 5 (D) None of these

The set of points of continuity of the function

1 .
Jx) = 5—cos2x 1S

(A) {x:%+2nﬂ£x£37ﬂ+2nn,nel}

(B) {x:%+2nn£x£%+2nn,ne[}

16.

17.

18.

19.

20.

21.

22.

©) {x:%+2nﬂ'£x£%r+2mt}

U{x:%+2nn’£xs’%r+2nn}

(D) None of these

If f(x) = i , then the points of discontinuity of the

function /*"(x), where /" = fof ... of (n times), are
(A) x=2 (B) x=0
) x=1 (D) continuous everywhere

! has
5

The function f(x) = are tan

(A) discontinuity of the first kind at x =5
(B) discontinuity of the second kind at x =5
(C) removable discontinuity at x =5

(D) continuous at x =5

If f(x) = z a, |x— 11*, where a,€ R then
k=0
(A) f(x)is continuous at x = 1 for all ¢, R
(B) f(x) is differentiable at x = 1 for all ;€ R
(C) f(x) is differentiable at x = 1, provided a,; , ; =0
(D) f(x) is continuous at x = 1, provided a,, =0

2x
If f(x) = cos ' (1 4 52 J , then f{(x) is differentiable on

(A) (=0, ) (B) (=20, )\ {0}
(C) (—oo,00)\ {—1, 1} (D) None of these

The set of points of discontinuities of the function
fx)= Jx —[\/; ], where [x] denotes the greatest inte-

ger less than or equal to x, contains the set
(A) (==, 0) (B) {n”:neN}
© N (D) {2n:neN}

If f(x)=1]3 —x|+ (3 +x), where (x) denotes the least
integer greater than or equal to x, then

(A) f(x)is continuous as well as differentiable at x =3
(B) f(x) is continuous but not differentiable at x = 3
(C) f(x) is differentiable but not continuous at x =3
(D) f(x) is neither differentiable nor continuous at x =3

Let
1+ cosx sin? x
_ 2 2 2, 0 XFN
f®)=(mr-x)* log(l+n* —27mx +x%)
k , X=T

If f(x) is continuous at x = 7, then £ is equal to
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23.

24.

25.

26.

27.

28.

29.

1 1
(A) " (B) >

-1 -1
© 3 (D) 2
Let f(x) be a continuous function defined for 1 <x < 3.
If f(x) takes rational values for all x and f(2) = 10, then
f(1-5) is equal to
(A) 0
(C) not defined

(B) 10
(D) any constant

i 1

If f(x) = .[tcos;dt, then the number of points of
0

discontinuity of f(x) in the interval (0, 7) is

A1 (B) 2

©) 0 (D) None of these

Iff(x)= (- 1)[)‘3] , where [.] denotes the greatest integer
function, then

(A) f(x) is discontinuous for x = n'”, where ne I

(B) f(3/12)=1

©) ffx)=0for—1<x<1

(D) None of these

If f(x) = |:L (cosx + sinx):| , 0 <x < 2m, where [.]

V2
denotes the greatest integer function, then the number
of points of discontinuity of f(x) is
(A) 5 (B) 4
(©) 3 (D) None of these

Let f(x) = a [x] + b e+ ¢ | x |, where a, b and ¢ are
real constants. If f(x) is differentiable at x = 0, then
(A) b=0,c=0,ae R

B) a=0,c=0,be R

(C) a=0,b=0,ce R

(D) None of these

If f(x) =[x] sin (L) , where [.] denotes the great-
[x+1]

est integer function, then the points of discontinuity of
fin the domain are
A Z

(©) R\[-1,0)

(B) Z\{0}
(D) None of these

Let f'be a function satisfying f(x + y) =f(x) + f( y) and
fx)= x3¢(x) for all x and y, where ¢(x) is a continuous
function then f/” (x) is equal to
(A) g(0)

© 0

B) g" ()
(D) None of these

30.

31.

32.

33.

34.

3s.

The value of £(0) so that the function

)= 1+ x ; P+ x

becomes continuous at x =0, is

1 7
A) — B) —
(A) 1 (B) D
) 0 (D) None of these
If fis an even function such that }}irr{) M has
-

some finite non-zero value, then

(A) fis continuous and derivable at x =0
(B) fis continuous but not derivable at x = 0
(C) fmay be discontinuous at x =0

(D) None of these

If fis differentiable function satisfying f(0) = 0, and if

gx)= /) , then the value, that should be assigned to
X

2(0), so that g is continuous at ‘0’ is

A1 B) 0

(©) f(0) D) /7 (0)

Let f(x) = .1 , [ . ] being the greatest integer func-

[sinx]
tion, then

(A) f(x) is not continuous,
where x € (2nm, 2nw+ ), ne [

(B) f(x) is differentiable at x =

oY A

(C) f(x) is differentiable at x =

(D) None of these

The function

1—2x+3x% —4x° +..t0oo, x#—1
1 , x=—1

(A) continuous and derivable at x =— 1

(B) neither continuous nor derivable at x = — 1
(C) continuous but not derivable at x =— 1
(D) None of these

S = {

X X
+ 2
I+x (1+x)

If f(x) = x +

Jx)

(A) has no limit

(B) is discontinuous

(C) is continuous but not differentiable
(D) is differentiable

+...tooo, thenat x =0,

. The function f(x) = [xz] +[- x]z, where [.] denotes the

greatest integer function, is



37.

38.

39.

40.

41.
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(A) continuous and derivable at x = 2

(B) neither continuous nor derivable at x = 2
(C) continuous but not derivable at x =2
(D) None of these

If the function

a

(1 — [tan x| ,"T” <x<0

S = b

sin 3x

,x=0

i T
esm2x ’0<x<z

is continuous at x = 0, then

-3 3
A) a=—b==
(A) 3

3 (B) 0t=%b=e3/2

©C€) a= _73 ,b=¢"? (D) None of these

=3 x—' (log aY’, then at x = 0, £(x)
n=0 1"

(A) has no limit

(B) is discontinuous

(C) is continuous but not differentiable

(D) is differentiable

The values of constants ¢ and b so as to make the

=1

x|z

function f(x) =1 |x]|

ax’ +b,|x|<1

continuous as well

as differentiable for all x, are

-1 3 1 3
A :_,bZ— B :—’b:—
(A) a 5 2 (B) a 5 >
-1 -3
©) a=7,b=7 (D) None of these

Iff(x)= [tanzx] (where [ . ] denotes the greatest integer
function), then

(A) lirr%) f(x) does not exist
x—

(B) f(x) is continuous at x =0
(C) f(x) is non-differentiable at x = 0

(D) f(0)=1.
The values of p and ¢ for which the function
sin(p + )x + sinx

, x<0
X
JSx)=1q, x=0
Jx+ 2 —Jx ~
2 ’ x=0

is continuous for all x in R, are

42.

43.

44.

45.

46.

N | W

1 p—
21

N | W

(A) p=—,q= B) p=

Nl | —
N | —

3
D) p=->,q=
D) p=-7.4

N | =

©)p==.,9=

If f: R—>R is a fucntion defined by f(x) = [x] cos

2x -1 .
( x2 )n, where [x] denotes the greatest integer

fucntion, then f'is

(A) continuous for every real x

(B) discontinuous only at x =0

(C) discontinuous only at non-zero integral values
of x

(D) continuous only at x =0

Consider the fucntion, f(x)=|x—2|+|x—-5],x €R.

Statement-1: /"(4) =0

Statement-2: f'is continuous in [2, 5] differentiable in

(2,5)and f(2) = /(5)

(A) Statement-1 is false, Statement-2 is true

(B) Statement-1 is true, statement-2 is true; state-
ment-2 is a correct explanation for Statement-1

(C) Statement-1 is true, statement-2 is true; state-
ment-2 is not a correct explanation for statement- 1

(D) Statement-1 is true, statement-2 is false

If f(x) =] x | + [x — 1], where [.] is greatest integer
function, then f{(x) is:

(A) continuous atx =0 as well asatx =1

(B) continous atx =0 butnotatx =1

(C) continuous at x = 1 but not at x =0

(D) neither continuous at x =0 noratx =1

Amongst the following functions, a function that is
differentiable at x = 0 is

(A) cos (|x]) - [x]

(B) cos (Jx|) + |x]

(C) sin () + ||

(D) sin (fx[) — ||

Let f(x) =x* — 8x + 12, xe [2, 6].

Statement-1: /"(c) = 0 for some ¢ € (2, 6)

Statement-2: f'is continuous on [2, 6] and differentia-
ble on (2, 6) with f(2) = f(6)

(A) Statement-1 is true, Statement-2 is true,
Statement-2 is a correct explanantion for
Statement-1

(B) Statement-1 is true, Statement-2 is true,

Statement-2
Statement- |
(C) Statement-1 is true, Statement-2 is false
(D) Statement-1 is false, Statement-2 is true

is mot a correct expalantion for
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47.

48.

49.

50.

51.

52.

(x=1) sin(

0, if x=1
of the following is true?
(A) fis neither differentiable at x = 0 nor at x = 1
(B) fis differentiable at x =0 and at x =1
(C) fis differentiable at x =0 but not at x = 1
(D) fis differentiable at x = 1 but not at x =0

! ) if x#1
1

Let f(x) = . Then which

Let f(x) =x | x| and g(x) = sin x.

Statement-1: gof is differentiable at x = 0 and its

derivative is continuous at that point.

Statement-2: gof is twice differentiable at x = 0.

(A) Statement-1 is true, Statement-2 is
Statement-2 is a correct
Statement- 1

(B) Statement-1 is true, Statement-2 is true;
Statement-2 is not a correct explanation for
Statement-1

(C) Statement-1 is true, Statement-2 is false

(D) Statement-1 is false, Statement-2 is true

true;
explanation for

1 1

2—
The function f(x) =4 (x + 1) (‘X‘ ] x#0 s
0 ,x=0
(A) discontinuous at only one point
(B) discontinuous exactly at two points

(C) continuous everywhere
(D) None of these

X1+ o

[x]+[x]
-1,
integer function), then
(A) f(x) is continuous at x =0
(B) lim f(x) =—1

(C) lim f(x) =1
x—0
(D) None of these

, ([ . ] denotes the greatest
x=0

S =

The Dirichlet function, defined as
1if x is rational

S=9. . .. s
0 if x is irrational

(A) continuous for all real x

(B) continuous only at some values of x
(C) discontinuous for all real x

(D) discontinuous only at some values of x

Let f: R — R be a function such that
f(x : y) _LDHI0) i) g and s =3,

Then,

53.

54.

5S.

56.

57.

58.

59.

(A) f(x) is a quadratic function

(B) f(x) is continuous but not differentiable
(C) f(x) is differentiable in R

(D) f(x)is bounded in R

x, when x is rational
L , then
1— x, when x is irrational

Iff(x) = {

(A) f(x) is continuous for all real x

(B) f(x) is discontinuous for all real x
(C) f(x) is continuous only at x = 1/2
(D) f(x) is discontinuous only at x = 1/2.

The points where the function f(x) =[x]+|1-x|,— 1
<x <3, where [.] denotes the greatest integer function,
is not differentiable, are
(A) x=-1,0,1,2,3
(C) x=0,1,2,3

(B) x=-1,0,2
(D) x=-1,0,1,2

Let a function f: R — R satisfy the equation f(x + y) =
f(x) + f(y) for all x, y. If the function f(x) is continuous
at x =0, then

(A) f(x) =0 continuous for all x

(B) f(x) is continuous for all positive real x

(C) f(x) is continuous for all x

(D) None of these

The function f(x) = [x] cos (Zx

_l)n , where [.]

denotes the greatest integer function, is discontinuous
at

(A) allx
(C) nox

The function f(x) = [x]2 — [xz] (where [ x] is the great-
est integer less than or equal to x), is discontinuous at

(B) all integer points
(D) x which is not an integer.

(A) all integers

(B) all integers except 0 and 1
(C) all integers except 0

(D) all integers except 1

The function f(x) = 2; , where u = , 18
u +u-—-2 x—1
discontinuous at the points
1 1
A) x=-2,1,— B)yx=—-,1,2
(A) 2 (B) 5
©) x=10 (D) None of these

Iff(x) = Z a, |x - I\k , where a,€ R, then
k=0
(A) f(x)is continuous at x = 1 for all ¢, € R
(B) f(x) is differentiable at x =1 for all ¢, € R
(C) f(x) is differentiable at x = 1, provided a,; , ; =0
(D) f(x) is continuous at x = 1, provided a,;, =0



60.

61.

62.

63.

64.

65.
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If f(x) =[x] sin ( 77: ) , where [.] denotes the great-
[x+1]

est integer function, then the points of discontinuity of
fin the domain are

A z (B) Z\{0}

(C) R\[-1,0) (D) None of these

If f'is differentiable function satisfying f(0) = 0 and if
S(x)

g(x) = ¥, then value, that should be assigned to
X

2(0), so that g is continuous at ‘0’ is

A1 (B) 0

(©) 110 D) /(0

The value of £(0) so that the function
cos ™' (1 - {x}?) sin™(1 - {x})
oy =y’
denotes fractional part of x) becomes continuous at

x=0is

S =

,x#0({x}

» ®) 7
(©) % (D) None of these
If the function f(x) defined as
(sinx + cosx)°Y | Z<x<0
Jx) = a ) x=0
PR 7 .
P T )
is continuous at x = 0, then
(A) a=e, b=1 B)a=1,b=e
(C) a= é ,b=1 (D) None of these

(1284 + ax)® -2

If the function f(x) =
(32+bx)° -2

is continuous

at x = 0, then the value of % is

(M%M) (B) 2¥57(0)

©) % f(0) (D) None of these

Let f: R'— R satisfies the equation f(xy) = ¢
{&f(0) + S W)}, Vx,y e R Iff'(1) = e, then f(x) =
(A) e'log| x| (B) ¢ log | x|

(C) e*log| x| (D) None of these

66.

67.

68.

69.

70.

71.

72.

Letf(x)=[n+psinx],xe (0, 7),ne Zandp is a
prime number, where [ - ] denotes the greatest integer
function. Then, the number of points where f(x) is not
differentiable, are
(A) 0

©) 2p-1

B) 2(p-1)
(D) None of these

The function y = f'(x), defined parametrically as
x=2t—|t—1]andy=27+1|t], is

(A) continuous and differentiable for x € R

(B) continuous for x € R and differentiable for x €

R—{2}.
(C) continuous for x € R and differentiable for x €
R-{-1,2}

(D) None of these

If f(x) is a continuous function for all real values of x
satisfying x* + (f(x) = 2)x + 243 =3 -3 f(x) =0, V
X € R, then the value of f( NG )is

(A) \3 B) 1-3

(©) 2(1-+3) (D) 2(+3 - 1)

The jump of the function at the point of discontinuity
i.e., x = 1 of the function

f(x)= lim

log(2+x)—x*" sinx <

—>oo 1+x*"
(A) sin 1 —log 3 (B) sin1+1log3
(C) —sin 1 +1log3 (D) None of these
-1
xl , x#1
The function f(x) = ol 41
0 , x=1

(A) is continuous

(B) has removable discontinuity
(C) has jump discontinuity

(D) has infinite discontinuity

Let f: R — R be a real valued function such that

[ f(x)—fO) | < |x—y \2 Vx, y € R. Then, the function
hex) = [ f(x)dx is

(A) continuous Vx €RR

(B) discontinuous at x = 0 only

(C) discontinuous at all integral points
(D) A(0)=0

If fis a continuous function from R to R and f(f(a)) =a
for some a € R, then the equation f(x) = x has

(A) no solution

(B) exactly one solution

(C) at most one solution

(D) at least one solution
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73.

74.

75.

77.

Let f be a continuous function on R such that
2

f(1/4n)= (Sin e" )ez"’z +—— . Then, the value of f(0) is

(A) f()=0
©) /x>0

(B) f(x) <0
D) f(x)=x

n"+1 1 76. A functionf: R —R, where R is the set of real numbers
(A) 1 (B) 5 satisfies the equation
©) 0 (D) None of these f(x;“y)= f(")+f(3y)+f(°)
Let f be a continuous and differentiable function in for all x, y in R. If the function fis differentiable at x =
(a,b), lim f(x)—> e and lim f(x) — —eo. Iff"(x) 0, then fis
, b (A) linear (B) quadratic
+f7(x) 2 -1 for a <x <b, then (C) cubic (D) biquadratic
(A) b—a<rm B) b—a’n
C) b—a=nrm (D) None of these
Let f'be a differentiable function such that f(x + y) =
f(x) + f(y) + 2xy — 1 for all real x and y. If f’(0) = cos
o, then Vx e R
More than One Option Correct type
1
x”cosl, x#0 . —  |x|21
Iff(x) = x , then atx =0, f(x) is 81. Let f(x) = 1 x| . If fis continuous and
0, x=0 ax* +b |x|<1

78.

79.

80.

(A) continuous if p >0

(B) differentiable if p> 1

(C) continuous if p> 1

(D) differentiable if p> 0 1
X sin—,

Let g(x) = x f(x), where f(x) = X

Atx =0,

(A) g is differentiable but g’ is not continuous
(B) g is differentiable while fis not

(C) both fand g are differentiable

(D) g is differentiable and g’ is continuous

The function f(x) = max. {(1 — x), (1 + x), 2},

X € (— o0, ), is

(A) continuous at all points

(B) differentiable at all points

(C) differentiable at all points except at x = 1 and x
=—1

(D) continuous at all points exceptatx=1andx=-1,
where it is discontinuous.

The function f(x) = (x), where (x) denotes the smallest
integer > x, is

(A) continuous at integral points

(B) continuous at non-integral points

(C) discontinuous at integral points

(D) discontinuous at non-integral points

82.

83.

84.

differentiable at every point, then

(A) a= (B)a=—1

2
-3

C) b= (D) b=~

Let [x] denotes the greatest integer less than or equal
to x. If f(x) = [x sin px], then f(x) is
(A) continuous atx =0
(B) continuous in (— 1, 0)
(C) differentiable at x =1
(D) differentiable in (— 1, 1)
x (3¢ + 4)
2 — el/x
0, x=0
(A) continuous at x =0
(B) not continuous at x =0

(C) differentiable at x =0
(D) not differentiable at x =0

El

If f(x) = , then /() is

1
Iff(x) = = then the points of discontinuity of the

function /*"(x), where /" = fof ... of (n times), are
(A) x=2 (B) x=0
C) x=1 (D) continuous everywhere



85.

86.

87.

88.

89.

90.
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The function 91.

1-2x+3x% —4x’ + ... to oo -1 .
f) = x+3x X 0 L X # s
1 ,x=—1
(A) continuous at x =—1
(B) neither continuous nor derivable at x = — 1
(C) derivable at x =—1

(D) not derivable at x =— 1
The function F(x), defined as

f(x)+ x*"g(x)
1

92.

F(x)= lim

n—co 2n

+Xx

shall be continuous everywhere, if

(A) f(1)=g(1) (B) f(=1)=g(-1)
(©) /(1) =—g(1) D) f=D) =—g(1)
If the function f(x) defined as
3 , x=0
" 93.
S = ( ax+bx3]
1+ — ,x>0
X
is continuous at x = 0, then
(A) a=0 (B) b=¢
(C) a=1 (D) b=1In3
If the function /(x) = sin3x +a s1r152x + b sinx X0
X
is continuous at x = 0, then 94.
(A) a=-4 B) b=5
(C) a=4 (D) /(0)=1
Let f”’(x) be continuous at x = 0.
If ljm 2/ 73] (22’“) D/ 8Y) ists and £(0) £ 0,
x—0 sin” x
’(0) %0, th
F'©)#0, then 1 o5,
A) a=— B) b= -
(A) a 9 (B) 3
7 1
C)a=— D) b=——
©) a 9 (D) 3
If 1o x—=3 , x<0
xX)=
x2=3x+ 2, x=20

and g(x) =f(| x ) + /() |, then g(x) is
(A) continuous in R — {0}

(B) continuous in R

(C) differentiable in R — {0, 1, 2}

(D) differentiable in R — {1, 2}

Letf(x)=x—x"+x+ 1 and

_Jmax. f(r) 0<r<x forO0<x<I
(x)_{ 3-x l<x<2
the interval [0, 2], g(x) is

. Then, in

(A) continuous for all x

(B) differentiable for all x
(C) discontinuous at x = 1
(D) not differentiable at x =1

Let f(x) = x*—8x* +22x* — 24x and
) min. f(f) x<tr<x+1,-1<x<1
x)=
-10 x>1
Then, in the interval [-1, o), g(x) is
(A) continuous for all x
(B) discontinuous at x = 1

(C) differentiable for all x
(D) not differentiable at x = 1

If f(x) = [tan x] + Jtanx — [tanx], 0 <x <% , where

[ - ] denotes the greatest integer function, then

(A) f(x) is continuous in [0, %)

(B) f(x) is not continuous at x =0
(C) f(x) is continuous at x =0, %

(D) f(x) has infinite points of discontinuity

I/x e Ux

Let /() = g(x) S
e+

—» Where g’ is the derivative
o

of g and is a continuous function, then lirrb f(x) exists
if =
(A) g(x) is a polynomial

(B) g(v)=x

(©) glv)=x

D) glx)= x3h(x), where /(x) is a polynomial

If the function f{(x), defined as

a(l—xsinx)+bcosx+5

2 >
X

Jx) = 3 ,x=0

3 /x
cx + dx
{14‘(—2)} ,x>0
X

is continuous at x = 0, then
(A) a=-1 (B) b=—4
(©) ¢=0 (D) log,’

x<0
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Passage Based Questions

Passage 1

Let f'be a real valued function defined on an open internal
IcR. If x, e, then we define g with domain 7 — {x,} by set-
M ,forallx e 71— {x,}. If lim g(x)
X=Xy X=X,
exists and is finite, we denote it by f”(x,) and say that f'is
derivable at x,. f”(x,) is called the derivative of fat x,. If
lim g(x) exists and is finite, we denote it by Rf’(x,) and

X=X,

say that f'is derivable from right at x;,.

ting g(x) =

If lim g(x) exists and is finite, we denote it by
X=X,

Lf’(x,) and say that f'is derivable from left at x.

It is obvious that fis derivable at x, iff Lf”(x,) and
Rf”(x,) both exist and are equal. Also, if this condition be
satisfied, then the common value is nothing else but f”(x,).

96. 1ffy= """
. X) = , then
2x+1,x=20
(A) both f(x) and (| x |) are differentiable at x = 0
(B) f(x) is differentiable but (| x |) is not differentiable
atx=0
(C) f(| x ) is differentiable but f(x) is not differentiable
atx=0
(D) both f(x) and f(] x |) are not differentiable at
x=0.

97. Let f(x) = cos x and g(x) = [x + 2], where [.] denotes

the greatest integer function. Then, (gof) ’(g) is
A1
© -1

98. The left-hand derivative of f(x) = [x] sin (7 x) at x =k,
k an integer and [x] = greatest integer < x, is
A) ) k-Drm B) D" k-Drx
C€) D) krx D) - )Y

(B) 0
(D) does not exist

Passage 2

Let f'be a real-valued function defined on an interval I. If
/f'be derivable at a point x, € /, then it is continuous at x,,.
The converse of the above statement does not hold. That
is, a function may be continuous at a point but may fail
to be derivable at that point. Thus, derivability is a more
restrictive property than continuity. In fact, there are func-
tions which are continuous everywhere but differentiable
nowhere.

If Rf”(x,) and Lf”(x,) are finite (they may or may not
be equal), then f{(x) is continuous at x = x,,.

1/x -l/x
. Me=e ) Lo
99. The function f(x) = { /¥ 4 ¢71/¥ is
0 ,x=0
(A) continuous everywhere but not differentiable at

x=0
(B) continuous and differentiable everywhere
(C) not continuous at x =0
(D) None of these
100. Iff(x)= 3 "—' (log a)’, then at x = 0, /(x)
n=0 1"
(A) has no limit
(B) is continuous
(C) is continuous but not differentiable
(D) is differentiable

X
[G5+11=t]ydr, x>2
0

101. Letf(x) = , thenatx =2

Sx+1
(A) f(x) is continuous
(B) f(x) is not continuous
(C) f(x) is differentiable
(D) f(x) is not differentiable

, x<2

Passage 3

Let f'be a function defined on an interval 1. If /" be discon-
tinuous at a point p € [, then we say that

(i) f has a removable discontinuity at p if lim f(x)
exists but is not equal to f(p). =

(il) f hasadiscontinuity of the firstkindatp if lim f (x)

and lim f(x) exist but are unequal. * 7~
x—>p+0

(iii) f has a discontinuity of the second kind at p if neither
of lim f(x) and lim f(x) exists.
x—=>p-0 x—=>p+0

1
102. The function f(x) = are tan 5 has
X —

(A) discontinuity of the first kind atx =5
(B) discontinuity of the second kind at x =5
(C) removable discontinuity at x =5

(D) continuous atx =5.

2

. 1-
103. The function f(x) = “ > where u = tan x, has
2+u
(A) discontinuity of the first kind at x = nz T ,
2
nel 7
(B) discontinuity of the second kind at x = nr + 7

nel
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(A) discontinuity of first kind at x =0

(C) removable discontinuity at x = nz =+ z ,nel (B) removable discontinuity at x =1
. T 2 (C) discontinuity of first kind at x =1
(D) continuous atx =nz+ S5onE I (D) removable discontinuity at x = 0
104. The function f(x) = £, where 105. Letf(x)= L, where [ - ] denotes the greatest inte-
x—1, x<0 .[cosx] . T
ger function. Then, the function f(x) has at x = Py
t= x4l 0<x<l (A) removable discontinuity
I, x=1 (B) discontinuity of first kind from left
3—x, I<x (C) discontinuity of second kind from left
has (D) None of these
Match the Column Type
106.

Column-I Column-II

2
I. Let fand g be differentiable functions satisfying g’(a) = 2, (A) 3
g(a) = b and fog =1 (identity function). Then, f’(b) =

(1+ [sinx s —% <x<0
IL. Letf(x)= glan2¥/tan3x , 0<x< % The value of  (B) é
o3 ’ x=0

a so that f(x) may be continuous at x = 0 is

III. The value of f(7/4) so that the function f(x) = (sin 2x)tan22x ©)
is continuous at x = 71/4 is

JP+x -1+
IV. The value of £(0) so that the function f(x) = ~——— V"% (py _1
becomes continuous at x =0, is X 2

107.

Column-I Column-II

(A) 6
e’ \ 24n +1 )

II. If a function f, defined and continuous on [2, 5], takes rational values (B) 2
for all x and f(4) = 8, then f(3:7) =
III. The number of points in the interval (1, 2), where the function (C) 3

fx) = [’ = 3] ([ - ] denotes the greatest integer function) is discon-
tinuous, is

IV. The number of points of discontinuity of the function f(x)=[3 +2 cos (D) 8

1
I. If f(x) is continuous in [0, 1] and f (5) =2,then lim f( Jn )

T . ..
x],x e (_E’ E)’ where [ - ] denotes the greatest integer function, is
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108.

Function

Character of discontinuity

L f(x)=[2sin2x|+2atx=0

X
—, x<l1
I f(x)= 2
x—1, 1<x<2
Sinl x#0
1L f(x)= x’ atx=0
0, x=0
+2
v, f(x)=‘x1—| atx=-2
tan” (x+2)

(A) Oscillating discontinuity

atx=1 (B) Infinite discontinuity

(C) Removable discontinuity

(D) Jump discontinuity

109. The equationshave at least one root on the interval

Equations Interval
I sinx—x+1=0 (A) (-2,1/2)
1. x*/4 —sin px + % =0 (B) (0,1

2
1. x*/4 —sin px + 3 0 (C) (0,3m2)

IV. 2-3x=0

Assertion-Reason Type

D) (2,2

Instructions: /n the following questions an Assertion (A) is

given followed by a Reason (R). Mark your responses from

the following options:

(A) Assertion(A) is True and Reason(R) is True; Reason(R)
is a correct explanation for Assertion(A)

(B) Assertion(A) is True, Reason(R) is True; Reason(R) is
not a correct explanation for Assertion(A)

(C) Assertion(A) is True, Reason(R) is False

(D) Assertion(A) is False, Reason(R) is True

110. Assertion: Let f(x + y) = f(x) f(y) for all x, y, where
f(0) # 0. If £/(0) = 2, then f(x) = Ae™, where 4 is a
constant.

Reason: //(x) =f(x)

Assertion: Let £ R — R be a function defined by
f(x) = max. {x, x’}. Then, f(x) is not differentiable at
x=-1,0,1

111.

Reason: f(x) =

112.

113.

114.

Assertion: Let £# R — R be any function. Define
2: R — R by g(x) =| f(x) | for all x. Then, g is contin-
uous if fis continuous.

Reason: Composition of two continuous functions is
continuous

Assertion: If f(x) = cos‘l( 2x - J’ then £(x) is dif-
1+ x

ferentiable everywhere

— L if [x[<1
, I+x
Reason: f’(x) =

o if x>
X

n
. : 2
Assertion: The function f(x) = lim z—[ rzx] ,
n—ee r=1

where [ - ] denotes the greatest integer function, is
continuous everywhere.
Reason: f(x) =x, V x
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115. Assertion: The function f(x) =

. cosmx—x"sin(x—-1) . . .
lim P— is discontinuous at
n—e0 1+ x7" —x™"
x==x1
COSTTX
|x| <1
1+ x
—1+sin2, x=-1
Reason: f(x) =
-1 , x=1
—sin(x—1
#’ |x|>1

116. Assertion: If £(x) = sgn (x) and g(x) = x (1 — x%), then
fog(x) and gof(x) are continuous everywhere

-1, xe(-=1,0)uU (1, )
0, xe{-1,0,1}

I, xe(—e,—1)U(0,1)
and, gof(x)=0,Vxe R

Previous Year’s Questions

Reason: fog (x) =

117. Assertion: Let f'be a function such that f(xy) = f(x)
f),Vye Rand f(1 + x) =1+ x (1 + g(x)), where
lirr}) g(x) =0, then
x—>

1
J'f(x) Lo _log(g)
() 1+ X7 2 2
Reason: /’(x) = EACD)
118. Assertion: The functlon y = f(x), defined parametri-
callyasy = 2+ t|t],x=2t—|t|,t€ R,is continuous

for all real x. 5
{Zx , x>0

Reason: f(x) =
0,x<0

119, Let f(x)= 1 —t40% xi%, xe[O,g]. If f(x) is

dx -1
continuous 1n[ 2:| then f l: ] [2004]
1
(A) 1 1 (B) 2
©) . (D) -1

120. Let f': R — R be a function defined by f(x) = min
{x + 1, |x| + 1}. Then which of the following is true?
[2007]
(A) f(x)=1forallx eR
(B) f(x) is not differentiable at x = 1
(C) f(x) is differentiable everywhere
(D) f(x) is not differentiable at x = 0

121. The function f: R ~ {0} — R given by

1 2
S ===
X e2x -1
can be made continuous at x = 0 by defining f(0) as
[2007]

(A) 2
© o

(B) -1
D) 1

(x—l)sin(L) if x#1
x—1
0, ifx=1

one of the following is true?

122. Let f(x) = Then which

[2008]

(A) 1 is neither differentiable at x = 0 nor at x = 1
(B) f is differentiable at x =0 and at x = 1

(C) f is differentiable at x = 0 but not at x = 1
(D) f is differentiable at x = 1 but not at x =0

123. Consider the following relations:

R = {(x, y)| x, y are real numbers and x = wy for some
rational number w};.

E,E m,n, pand g Z
S=3lr g

suchthatn,q # 0 andgm = pn

Then  [2010]

(A) neither R nor S is an equivalence relation

(B) Sis an equivalence relation but R is not an equiv-
alence relation

(C) R and S both are equivalence relations

(D) R is an equivalence relation but S is not an equiv-
alence relation
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124. The real values of p and ¢ for which the function Statement 1: f'(4)=0
’sin (p+1)x+sinx Statement 2: f'is continuous in [2, 5], differentiable
SRPTIYTIY v <0 in (2, 5) and £(2) = £(5).
X

(A) Statement 1 is false, statement 2 is true

(B) Statement 1 is true, statement 2 is true; statement
Vr+x2 —Jx 2 is a correct explanation for statement 1

x>0 (C) Statement 1 is true, statement 2 is true; statement
. . 2 is not a correct explanation for statement 1

all x in R, is [2011] (D) Statement 1 is true, statement 2 is false

f(x)=9¢,x=0 i1s continuous for

X

(A) p=3.9=7 B) p=—3.9=7 127. 1f the function g(x) = { VX1 0SX¥3 40 qiger.
mx+2, 3<x<5
) p= l g= 2 (D) p= l g= _i entiable, then the value of k£ + m is: [2015]
2 2 2 2 N 16 . 10
125. If f:R— R is a function defined by (A) 5 (B) 3
2x—1
f(x)=[x] cos( al )n , where [x] denotes the (©) 4 (D) 2
128.Forx € R, =1log2 — sinx| and = , then:
greatest integer function, then fis [2012] * S =llog | &) f(f(x))[2016]
(A) continuous for every real x (A) gis differentiable at x = 0 and g’(0) = — sin(log2)
(B) discontinuous only atx =0 (B) gis not differentiable at x =0
© discgntinuous only at non-zero integral values of x (C) g (0) = cos (log2)
(D) continuous only at x =0 (D) g’ (0)=—cos (log2)
126. Consider the function f(x)= |x - 2| + |x - 5|,x €R.
[2012]

ANSWER KEYS

Single Option Correct Type

1. (C) 2. (D) 3. (B) 4. (B) 5. (C)
6. (A) 7. (B) 8. (A, B, D) 9. (D) 10. (C)
11. (A) 12. (B) 13. (B) 14. (A) 15. (C)
16. (B, C) 17. (A) 18. (A, C) 19. (A, B) 20. (A, B)
21. (D) 22. (B) 23. (B) 24. (C) 25. (A)
26. (B) 27. (C) 28. (B) 29. (C) 30. (A)
31. (B) 32. (D) 33. (A) 34. (B) 35. (B)
36. (B) 37. (C) 38. (D) 39. (A) 40. (B)
41. (D) 42. (A) 43. (C) 44. (D) 45. (D)
46. (A) 47. (A) 48. (C) 49. (A) 50. (D)
51. (C) 52. (C) 53. (C) 54. (C) 55. (C)
56. (A) 57. (D) 58. (B) 59. (C) 60. (B)
61. (D) 62. (D) 63. (A) 64. (C) 65. (A)
66. (C) 67. (B) 68. (C) 69. (B) 70. (A)
71. (A) 72. (D) 73. (A) 74. (B) 75. (C)

76. (A)



More than One Option Correct Type

77. (A, B) 78. (A, B) 79.
82. (A, B, D) 83. (A, D) 84.
87. (A, D) 88. (A, B, D) 89.
92. (A, D) 93. (A, C) 94,

Passage Based Questions

96. (C) 97. (D) 98. (A)  99. (A) 100.
103. (C) 104. (A, B) 105. (C)
Match the Column Type

106. 1 — (C), I > (A), Ill = (D), IV — (B),
108. I — (C), I1 > (B), Il - (A), IV — (D)

Assertion-Reason Type

110. (C) 111. (A) 112.
115. (A) 116. (D) 117.

Previous Year’s Questions

119. (C) 120. (C) 121. (D) 122. (A) 123.

Continuity and Differentiability 12.27

(A, C) 80. (B, C) 81. (B, C)
(B, C) 85. (B, D) 86. (A, B)
(B, C) 90. (A, C) 91. (A, D)
(C, D) 95. (A, B, C,D)

(B,D) 101. (A, D) 102. (A)

107. 1— (B), II = (D), III > (A), IV — (C)
109. 1 (C), 11 > (A), III > (D), IV — (B)

(A) 113. (D) 114. (A)
(A) 118. (A)

(A) 124. (B) 125. (A) 126. (B) 127. (D) 128. (C)
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HINTS AND SOLUTIONS

Single Option Correct Type

1. We have,

Lf'(0)= lim 7f(0_l_l)h_f(0) = lim 2 5w

- h—0 —h
f(x) is not differentiable at x =0

Also, ifx<0orx>0then|x|>0
f(|x])=2|x]|+1forall x.

. PO tim LOED SO

h
- lim 2h+1-1 —»
h—0 h
andL f7(0) = hlimoM)h_f(O)
N _
— lim 2(-h)+1-1 N
h—=0 —h

f(] x|) is differentiable at x = 0.
The correct option is (C)

2. L (gof)'(g)

T T
i (gof) (5 - h) - (gof)(z)

h—0 —h
[cos(n—h)+2]—|:cosﬂ+2]
= lim 2 2
h—0 —h
— lim (sinh+2)—(2) — lim 2-2 —0
h—0 —h h—=0 —h
T T
. (gOf)(5+h)—(gof)(5)
R(gof)’ (5) = hleO P
|:c0s(7t+h)+2]—|:cosﬂ+2]
. 2 2
= lim
h—0 h

lim (=sinh+2)—-(2)
h=0 h

lim — > —o0
hr—=0 h

.. (gof’) is not differentiable at x = 77/2.
The correct option is (D)

. The given function is clearly continuous at all points except

possibly at x =+ 1.
For f(x) to be continuous at x = 1, we must have

lim f(0 = lim f(0) =£(1)

= limax®+b = limL
x—1 x—)l‘x|
= a+b=1 (D
Now, for f(x) to be differentiable at x = 1, we must have
i @S @)= S
x—1- x—1 x— 1+ x—1
2 1,
. ax"+b-1 . lx
= lim = lim
x—1 x—1 x—=1 x—1
1
2 L
= Jim P4 gy 1
x—1 x—1 x—l- x—1

= 1ima(x+1)=1iml1 =2a=-1
x—1 x—1 Xx
1
= a= ——
2

I
Putting a =~ in (1), we get b= % ,

The correct option is (B)

. We have,

fx+h) - f(x)
h

=i S-S £

h—0 h

ro=

[Using fx +y) =f(x) - f(»)]
f(h)~1
h

/0 i,

1+ho (W) +h ¢ (W) y (h)-1
h

=/(x) i[9 (h)+h ¢ (k) yr(h)]

=f(x)(@+0-a b)=a-f(x).

The correct option is (B)

) i,
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. Forne I
. . 2x -1
lim f(x) = lim [x]cos o
x—n' x—n' 2
= ncoszn_ln' =0
2
. 2x -1
and lim f(x) = lim [x] cos al
x—on x—n 2
- 10.
= (n-DcosZ 1 =0.

Hence, f'is continuous for x = n € [. Since the functions
2x -1

g(x) = [x] and & (x) = cos 7 are continuous on

x € R—1, so0 fis continuous everywhere. 11.

The correct option is (C)

[k — h]sinz (k — h) —[k]sinmk
—h

. f(k-0)=1i
S =0)= i

(=D* Nk =Dsinth—kx0

= lim
h—0 —h

- i (- ' (k=Dsinzh
h—0 —h

=D k-

The correct option is (A)
lim f(x)-g(x)= lim f(x)- lim g(x)=ml
x—a-— x—a-— x—a-—
and lim f(x)-gx) = lim f(x)- lim gx)=Im
X—a+ xX—a+ X—a+

lim f(x) - g(x)=1Im

X—a
The correct option is (B)
. We have lim f(0—h)= lim [- /4 sin (— wh)]

h—0 h—=0

= lim [Asin wh] =0,

h—0

lim /(0 +h)= lim [k sin k] = 0. and /(0) = 0
h—0 h—0

. f(x) is continuous at x = 0.

It can be easily seen that f(x) is continuous in (- 1, 0). f(x)
is not differentiable at x = 1 but it is differentiable in (— 1, 1).

The correct option is (A), (B), and (D.)
. Note that f(x) = 0 for each integral value of x.
Also, if 0 <x < 1, then 0 <x’< 1
[xX]=0and [x*]=0= f(x)=0for0<x< 1
Next, if 1 <x< NG , then
1<x<2 = [x]=1and [xz] =1

Thus, f(x) =[x~ [*] = 0if 1 <x<~/2 .

12.

It follows that f(x) = 0 if 0 < x < /2 .
This shows that f(x) must be continuous at x = 1.

However, at points x other than integers and not lying
between 0 and /2 , f(x) # 0.

Thus, fis discontinuous at all integers except 1.

The correct option is (D)

Let & (x) =| x| for all x. Clearly, 4 (x) is continuous for all x.

Then g(x) = f(x) | = A[f(x) ] = (hof ) (x) for all x.

Since composition of two continuous functions is continu-
ous, therefore, g is continuous if fis continuous.

The correct option is (C)
Since 7 (0) exists,
: Rf7(0)=Lf(0)

i JOED=SO) _ jy SO =/ O)

h=0 h h=0 -

=

i SEM=1(0)

h—=0 h
h=0 h
[ f(=h)=f(h)]
= 2 hlimow =0=27"0)=0

[ f7(0) exists]
f0=0

The correct option is (A)

=

We have,
Lf0)=1li
SO hlino

_ ~1/h _
~lim [MONI)
h=0 2-e h

SO=h) - f(0)
—h

_ 0+4 Y

2-0
Rf’(0)= lim w
h=0 h
1/h

— lim h(3e +4)_0 1
ho0 0 _lh h
. [3+4eVh 340

= lim 7 = =-3
h=0| 2e -1 0-1

Since L f(0) # R f(0), ..f(x) is not differentiable at
x = 0. But f(x) is continuous at x =0 (as L /”(0) and R /7(0)
are finite).

The correct option is (B)
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13.

14.

15.

16.

The function u =
x=1.

suffers a discontinuity at the point

x—1

1
The function f(x) = ————
u+u-2

suffers a discontinuity at the

points where >+ —2=01.e., u=—2 and u = 1. Using these
values of u, the corresponding values of x are obtained by
solving the equations

-2= and 1 = ie.x=1/2and x=2.

X — X —

Hence, the composite function is discontinuous at three
pointsx=1/2,x=1and x =2.
The correct option is (B)

2

f(x) =[3 + 2 cos x] is discontinuous at those points where
3 +2 cos x is an integer.

3S3+2cosx§5forxe(%,£)

Now, 3+2cosx=3ifcosx=0. So, x = _7”,

(SRR

(not possible)
3+2cosx=4ifcosx=

N | —

So x has two values g and _3—” .

3+2cosx=5ifcosx=1.So,x=0.
.. The number of values of x=2 + 1 =3.
The correct option is (A)

The function f(x) is continuous at all points where

1 2 1
— —cosx20=|cosx|< —
2 V2

= E+2nn’£xﬁ3—ﬂ +2nrw
4 4

or %Jerers%rJanﬂ,neI.

The correct option is (C)
Clearly, x = 1 is a point of discontinuity of the function
1
fx)y=—-.
1-x
-1 .
Ifx # 1, then (fof) (x) = /[ f(x)] = f(l) =27 which
is discontinuous at x = 0. I-x X
If x#0andx # 1, then

(o fof) () = T(fof ) (9] =f(x; 1) “,

which is continuous everywhere.

Hence, /" (x) = ( fofof )'(x) = x, which is continuous
everywhere.

So, the only points of discontinuity are x =0 and x = 1.

The correct option is (B) and (C)

17.

18.

19.

20.

21.

We have, )
lim f(5-h)= lim tan ' 5_j)_5
hgnof( ) im0 o (5=h)=5
)
= lim tan |
-1 -
=tan (7 oc) =_7
2
R
and hllinof(S +h)= hl1_r>n0 tan " (54 p)—5
(i)
= lim tan | 3
Jim, tan!
-1 T
=tan )= —
()=73
Since lim f(5 — h) # lim f(5 + h), therefore, f(x) has
h—0 h—0
discontinuity of the first kind at x =5.
The correct option is (A)
Since |x—1|,[x—1 \2, etc, are continuous at x = 1 .~ f(x) is
continuous at x =1 for all g, € R.
Also, | x— 1% | x— 1 etc, are all differentiable at x = 1,
whereas [ x—1],|x—1 \3 , etc, are not differentiable at x = 1.
Therefore, f(x) is differentiable at x = 1 for all a,; , ; =0.
The correct option is (A) and (C)
fw= L4 2
2y 2 de\l+x
1-
(1 +x° ]
- (+xY 2(1-x7)
Ja+a2)? -4y (1+x7)
Jif x| <1
-2 1= 1+x° -
= 2 . 2 =
I+x° |1-x7] _if x> 1
I+x
Clearly, f(x) is differentiable everywhere except at the points
where |x|=11ie.x=%1.
Hence, f(x) is differentiable on (— oo, 00) .. { =1, 1}.
The correct option is (C)
The function [\/; ] has discontinuity at every x = n?and Jx

is not defined on (—ee, 0). Hence the set of discontinuities of
J(x) is (—eo, 0) U {n2 : n € N}. This clearly contains the sets
in (a) and (b).

. (a) and (b) are the correct answers.

The correct option is (A, B)

We have

lim f3—h)= lim [3—(B—h)|+(B3+3—h)
h—0 h—0

= lim (h+6)=6,
h—0



22.

23.

24,

25.

26.
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lim fG+h)= lim |3-Q3+h)|+(3+3+h)
h—0 h—0
= lim (h+7)=7
hgno( )

Since hlimof(3 —h) ¢hlimof(3 + h), therefore, f(x) is not
- -
continuous and hence not differentiable at x = 3.

The correct option is (D)
Since f(x) is continuous at x = 7

lim f(x)=f(n) :>hlim0 f(r—h)=k
— ke lm 1+cos(7r—§z)
h=0 (T—m+h)

sin’ (7 — h) )
log [1+ 7* =27 (m — h) + (1 — h)*]

sin? &
log (1+h%)

. (sinh/z)z e (sinh)z
m —. . Y [
=02 \ h/2 log(1+h*) \ h
1 k=in

2

l—cosh_
>0 2

Il
.é'_'..

The correct option is (B)

A continuous function f(x) defined on 1 <x < 3 having only
rational values must be a constant function.

f(2)=10= f(x) =10, for all x
f(1.5)=10

The correct option is (B)
T 1
We have, f(x) = J.t cos ! dt = f’'(x)=xcos—.
t X
0

Clearly f’(x) exists and is finite in the interval (0, 7).
Therefore, f(x) is differentiable in the interval (0, 7).

Hence, f(x) is continuous in the interval (0, 7).

The correct option is (C)

Letx3:n, ne I=x=n'"

fo=C1"=+1

o . 13
Hence, f(x) is discontinuous for x = n

,nel

The correct option is (A)

We have, f(x) = |:\/15 (cosx + sin x):|

“[so(-2)

Clearly, f(x) is discontinuous at all those points where cos

x—E is an integer i.e x—EZOEﬂ'?’—ﬂ:
4 T T A
. 7w 3m 5S¢ m
ie., x==,~—~ ““and —.
4 4 4 4

The correct option is (B)

27.

28.

29.

30.

[x]

Since [x] and ¢'* ' are not differentiable at x = 0, therefore, for

f(x) to be differentiable at x = 0, we must have a = 0,5 =0

and ¢ can be any real number.

The correct option is (C)
[x+1]=0if0<x+1<lie.—1<x<0.
Thus domain of f=R..[- 1, 0).

We have, sin ( ] continuous at all points of R

[x+1]
~.[- 1, 0) and [x] continuous on R \ Z, where Z denotes the
set of integers. Thus the points where f'can possibly be dis-
continuous are ...,—3,-2,—1,0, 1,2, ...

For 0 <x <1, [x] =0 and sin ( ) is defined.

[x+1]
fix)=0for0<x<1.

Also, f'is not defined on [ 1, 0), so the continuity of f at 0
means continuity of f from right at 0. Since f'is continuous
from right at 0, so fis continuous at 0. Hence the set of points
of discontinuity of fis Z\ {0}.

The correct option is (B)

Sx+m-f(x)

f@= lim .
i SO () = ()
h—0 h
[ f e+ 1) =f(0) + ()]
3
= lim "9 [f(0) =9 ()]

h—0 h

=g (h)=0x$(0)
[¢ is continuous at x =0, .. h]i_r}rlo o (h) = ¢0)]
=0
The correct option is (C)
For f(x) to be continuous at x = 0, we must have

£(0) = fim ¥ =Y+x
x>0 x

141, A28 o

= . 3 2!
lim
x—0 X

— 1+lx+wx2+'”
4 2!
X

1 -1 3 .. 2
— 4| — + - | x + terms containing x~ and
x| 12 9 32

higher powers

= lim
x—0 X

1
12
The correct option is (A)

1
= - f0)= -
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31.

32.

33.

34.

35.

Let f/(0+)= hliinow = k (say)

S(0-)= hhi)no P
i SO
h—0 h
£7(0") 'f7(07), but both are finite

so f’(x) is continuous at x = 0 but not differentiable at
x=0.
The correct option is (B)

We have, £(0) = 0, g(x) = 7 (x)

&

lim g(x) = lim lim (x) =7(0)

Thus the required value is f7(0).
The correct option is (D)

1
f(x)—ﬁ,

=x¢ [2nm, (2n+ 1) p]—(4n+ 1) w2, ne l
.. f(x) is not continuous if xe (2nr, 2nw+ 1), nel.

Since ~osinxe [0, 1)

The correct option is (A)
For x #— 1, we have
Fx)=1-2x+3x"—4x> + .00

=(1+x)'=

I+x

fim f(~1-h)= lim oo

01-1-nh
So, f(x) is not continuous at x =— 1. .

SEl=h=f D

Also, lim
W0 (=1—h)—(=1) W0 —h
. 1+h
= lim ——
=0 p?

So, f(x) is not derivable at x =— 1.

Hence, f(x) is neither continuous nor derivable at x =—1.
The correct option is (B)

For x# 0, we have

Sy =y s XX x/1+x s x/1+x i1
N x/1+x
1+x
For x=0,f(x)=0
Th 1) x+1Lx#0
us, X)=
0 ,x=0
Clearly, lim f(x)= lim f(x)=1=#f(0).
x—0 x—0

So, f(x) is discontinuous and hence not differentiable at
x=0.
The correct option is (B)

36.

37.

38.

39.

Continuity atx =2 :

o Y 2 2
LHL = lim /2~ k)= lim [2~h)']+[-2+]
_ 1 AR
= lim {3+ (=27} =7.
RH.L.= lim f(2+ /)= lim [(2+h)?]+[-2-hT

lim {4+ (3)*}=13.
h—0

Since L.H.L. # R.H.L., .".f(x) is not continuous at x = 2.
Differentiability at x =2 :

L fe-m-fQ) _ . T-8
2-h-2 h—0 —h

So, f(x) is not differentiable at x = 2.

Hence, the function f(x) is neither continuous nor deriv-
able at x = 2.

The correct option is (B)

LHD= 1
h—0

—> oo,

Since the function f(x) is continuous at x = 0, therefore,

lim f(0 — k) =£(0)= lim £(0 + h)
h—0 h—0

sin 3h
li a =b=1i sin 24
=m0 an s =0 Jim e
i 1 —ltan fo |y Viankly-a_p— sin 3h/3h 3
= hlino [(1-[tan/Z|) 1 hlino oSin2h/2h 2
= e7”:b=63/2=>a=_73 and b = &>
The correct option is (C)
We have
o X! \ (xloga)
fo= % — (loga)'= 2
n=0 """
_ Vloga loga =4
-h_
Lr© = jin LOD=TO gy o
h—>0 h—>0 —h
=log,a
_ h
RO~ fim LOED SO _
h—0 h E=0
=log,a

Since L f7(0) = R f7(0),

f(x) is differentiable at x = 0.
Since every differentiable function is continuous, therefore,
f(x) is continuous at x = 0.
The correct option is (D)
Since f{(x) is continuous for all x, therefore, it is continuous
atx =1 also.

S)=lim f(1-h)=1= lim [a(1-h)+b]

= a+h=1 (@)
Also, f(x) is differentiable at x = 1
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i SA=D =) _ o f+ R - £

=
h—0 —h h—0 h
5 1
. a(l=h"+b-1 . -
= lim ——— = lim |1+ Al
h=0 —h h—s0 ————

2 1=
- lim (a+b-D+(" -2h)a _ lim I-1-h
h—0 —h h—0 h(l+h)
= 2a=-1 (Usinga+b=1)
-1
a=—

Hence,a+b=1=b=1-a= %

The correct option is (A)

40. Ifx e(% %) then /(x) = [tan’x] = 0 which is continuous

and differentiable at x = 0.
The correct option is (B)

41. The given function f'is continuous at x = 0 if hlim f(O—h)
-0

=£(0)= hli_)mof(0+h)
= +2= -1

p q >
3

2

The correct option is (D)

= p=-

N | =

7q:

42. Doubtful points are x=n,n €/

2x —1
LHL= lim [x] cos( xz )n’

xX—n

=(n- l)cos(znz_l)nZO

RHL= lim [x] cos(zn — l)ﬂ
x—n" 2
= ncos(zn_l)ﬂ =0
2
Jm)=0

Hence continuous for all real x.
The correct option is (A)

43. f(x)=32<x<5
f'x)=02<x<5
S @=0

44.

45.

47.

48 .

2 5
The correct option is (C)
Atx=0and 1, f(x)= x|+ [x—1]

= continuous + discontinuous

= discontinuous
The correct option is (D)
RHD of sin(|x[)—|x|atx=0is 1 - 1=0
LHD of sin(|x |)—|x|atx=01is (-1) - (-1) =0,
so differentiable at x = 0
The correct option is (D)

y

o ~_"%

Statement-2 is true, all conditions of Rolle’s theorem are
satisfied so f’(c) = 0 for some ¢ € (2, 6).

The correct option is (A)

Py = fim LD =)
h=0 h
. 1
= ()= ) (l+h—1)sm(1+h_l)—0
hgno h
.. h, (1)
= lim —sin| —
h—0h h

= ()= lim sin(l)
h=0 h
-~ fis not differentiable at x = 1.

Similarly, f’(0)= hhmo w

(h— l)sin(ﬁj —sin(1)

= foy=
lim
h=0 h

= fis also not differentiable at x = 0.

The correct option is (A)

f(x)=x|x|and g(x) =sinx

x<0

x20

— 1 2
gof(x) = sin(x | x |) = { S

.2
sin x°,
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49.

50. f(x)=

51.

—2Xx cos xz, x<0

x20

(20f)’ ()= { i
2x cos x°,
Clearly, L(gof)’(0) = 0 = R(gof)’(0)

. gof'is differentiable at x = 0 and also its derivative is con-
tinuous at x =0

Now, (gof)” (x) = {

—2cos x> +4x%sinx?, x<0

2cos x> —4x?sinx?, x>0
= L(gof)” (0) =2 and R(gof)”(0) =2

= L(goh)” (0) # R(gof)"(0)

.. gof(x) is not twice differentiable at x = 0.

The correct option is (C)

The only doubtful point is x = 0.

LH.L.

AmSO=h= s 1)2_(;7)

= lim (1-hy’=1
h—0

lim

11
HL.= 1 +h)= 2|+
RHL.= lim 70+ h) ho0 (h+1) (h h)

2
2_Z
= lim (1+4) * = lim (1+A?[1+h"]?
h—0 h—0

=lxe’=¢?
Since L.H.L # R.H.L, ... f(x) is not continuous at x = 0.

The correct option is (A)

(¥ +1x _
T %0
[x]+]x|
-1 , x=0
[x]+ x| _ -1 _
lim f(x) = lim & —2 -¢ =2
x—=0" x—0 [x]+|x\ -1
]+ 1xl _
lim f(x) = lim & —2
=0 x>0 [x]+|x]
. et =2
= lim — —o0
x—0" X

The correct option is (D)

Let x,, be any arbitrary real number.

Case I: x,, is rational

Then, f(x;) =1

In any vicinity of a rational point there are irrational points,

where f(x) = 0. Hence, in any vicinity of x, there are points x
for which

[ Ay =11l =) [=1

Case II: x,, is irrational

Then, f(x,) =0

In any vicinity of an irrational point there are rational points

at which f(x) = 1. Hence, it is possible to find the values of x
for which

[ Ay ]=11(x) =) =1

52.

53.

54.

Thus, in both cases, the difference A y does not tend to zero
as A x— 0. Therefore, x, is a point of discontinuity. Since X,
is an arbitrary point, the Dirichlet function f(x) is discontin-
uous at each point.

The correct option is (C)
We have,

f(x ; y) - ; T j0y=0 and '0) =3
lim Jex =7

h—0 h

f(@)—ﬂx)
lim
h—0 h
SBx)+ fBh)  f(Bx)+ f(0)
= lim 3 3
h—0 h
= lim M =3
=0 3h
f@)=3x+tc, . f(0)=0=¢c=0
fx)=3x

The correct option is (C)

J=

Let a be any real number
lim f(x)= lim x=a
X—a XxX—a
(when x — a through rational values)
lim f(x)= lim (I1-x)=1-a
X —a xX—a
(when x — a through irrational values)

. . . 1
lim f(x) will exist only whena=1—-aora= 5
X—=a

Thus, if x # % ,then lim f(x) will not exist and hence f(x)
xX—a

. . . 1
will be discontinuous at x = a where a # —
1

. 1 1
Also, 1 =—andf|-|=—
SO xlml fx) 5 an f(z) 5

Hence, f(x) is continuous at x =

N | =

The correct option is (C)
We have,
f)=x]+]1-x|,-1<x<3
,—1<x<0
1-x ,0<x<1
=<x A<x<2
I+x ,2<x<3
5 ,x=3

- X

The only doubtful points are x =— 1, 0, 1, 2 and 3. It can be
easily seen that f(x) is differentiable at x = — 1 but not differ-
entiable at x=0, 1, 2 and 3.

Hence, the required points are 0, 1, 2 and 3.
The correct option is (C)



5S.

56.

57.

58.

Continuity and Differentiability 12.35

Since f{(x) is continuous at x = 0,
* lim f(x) =(0)
x—0
Take any point x = a, then atx =a

lim /()= lim fa+h)= lim [f(a)+f(h)]

= /() + lim f(h) =f(a) +/(0)
=/(a+0)=f(@)

- f(x) is continuous at x = a. Since x = a is any arbitrary
point, therefore f(x) is continuous for all x.

The correct option is (C)

Forne I,
. . 2x—1
lim f(x) = lim [x] cos Sl
x—n x—n'
2n-1
= ncost—g =0
. ) 2x—1
and, lim f(x) = lim [x]cos al Vg
X—n x—n
= (n—1)cos n- T =0

Thus, f is continuous for x = n € I. Since the functions

7T are continuous on x €

g(x)=[x] and % (x) = cos

R -1, so fis continuous everywhere.
The correct option is (A)

Note that f(x) = 0 for each integral value of x.
Also, if 0<x< 1, then 0 <x*< 1

S x]=0and[x*]=0=f(x)=0for0<x< 1
Next, if 1 <x <2 , then
1<%<2=[x]=1and [x’]=1

Thus, f(x) = [x]* - [x*] = 0if 1 <x<+2

It follows that £(x) = 0if 0 <x <+/2

This shows that f(x) must be continuous at x = 1.

However, at points x other than integers and not lying
between 0 and /2 , £(x) # 0

Thus, f'is discontinuous at all integers except 1.
The correct option is (D)

. 1 . . .
The function u = —— suffers a discontinuity at the point x
=1 T

1
The function f(x) = ————
U +u-—-2

suffers a discontinuity at the

points where WHu—-2=0 i.e.,u=—2andu= 1. Using these
values of u, the corresponding values of x are obtained by
solving the equations

-2= L and 1 =
x-1

ie,x=12andx=2
x—

59.

60.

61.

62.

Hence, the composite function is discontinuous at three
points x = 1/2, x=1 and x = 2.

The correct option is (B)

Since |x—1|,[x—1 |2, etc, are continuous at x = 1 .". f(x) is
continuous at x =1 for all ;e R.

Also, [x =1 | x—1[* etc., are all differentiable at x = 1,
whereas | x— 1], |x—1 \3, etc., are not differentiable at x = 1.
Therefore, f(x) is differentiable at x = 1, provided a,;, ; = 0.

The correct option is (C)

[x+1]=0if0<x+1<1lie,—-1<x<0
Thus, domain of /= R\[- 1, 0)

We have, sin ([ i 1]) continuous at all points of R\[- 1, 0)

X+

and [x] continuous on R \ Z, where Z denotes the set of inte-
gers. Thus, the points where f'can possibly be discontinuous
are..,—3,-2,—-1,0,1,2, ...

) is defined.

For 0 <x <1, [x] =0 and sin
[x+1]

S fx)=0for0<x<1
Also, f'is not defined on [— 1, 0), so the continuity of f'at 0
means continuity of f/ from right at 0. Since f'is continuous
from right at 0, so f'is continuous at 0. Hence, the set of
points of discontinuity of fiis Z\ {0}.
The correct option is (B)

S(x)

We have, f(0)=0, g(x)= ,
x

lim g(x) = fim £ = lim /() =£/(0)
x=0 x>0 Xx x—

Thus, the required value is f(0).
The correct option is (D)
We have,

cos (1 — {h}*) sin”'(1 = {A})

lim f(0+4) = lim
h—0 h—0

{h} -y’
_ cos\(1=K?)sin”'(1-h)
h(1—h?)
. =1 -1 2
— lim sin (l_h)~lim cos (1-h%)
=0 1—h%  h>0 —h

cos™'(1 - 2sin?0)

V2 sin6

[Putting 1 — h? = cos 241
T gim 20 T
22 6-0sinf 2

-1 2y -1
i 0—h) = Tim &8 (I={=h}")sin” (1-{-h})
/070 = ET——y

=sin'1- lim
0—0

h—0
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cos”!(1-(1-h)*)sin™' (1 - (1-h))
(1—=h)—(1-hy

= lim

h—0

cos ' (h (2= h))sin™'h
(I=h)(2-h)h

h—0

-1 _ P
m <08 (h(2 h))-lim sin” &
=0 (1-h)(2—-h) hr->0 h

-1
_ cos 0.1:7#4
2

Since R.H.L. # L.H.L., therefore no value of f(0) can make
fcontinuous at x = 0

The correct option is (D)
63. We have,
i = li in(-h) + —h
xhﬁnoy f(x) = lim [sin(=h) + cos(—h)]

cosec (—h)

= lim (cos/ — sin )]~ %"
h—0

1 cosh—sinh—1
= lim (1 + (cosh —sin i — 1)/ ~sin/i =1
h—0

—sinh

. cosh—sinh—1

im .
= |:11m (1+ y)l/y:l h—0 —sinh
y—0

. cosh —sinh—1(0
Now, lim —
h—0 ~ sink \0

— lim —sinh —cosh _0- _1
h—0 —cosh -1
Thus, lim, f(X)=e¢
x—0
Now, we have,
Vh | 2h |, 3k
. . +e? +e
lim f(x) = lim ——————
x50 10 g 2Vh 4 po1+3h
. T
= li
1=0 (ae2) e 2" + (be™)
0+0+1 e

T @ o+ ey b

If fis continuous at x = 0, then e = a = ¢ gives a = e and
b=1 b
The correct option is (A)

64. If fis continuous at x = 0, then

(128a+ax)”8
0) = et 4
o= (32+bx)"* -2

As x — 0, the denominator — 0. Thus, for limit to exist the
numerator must also — 0. Thus, we have

(128a)8=2

65.

a=2

Now, we have,

gives

128a + ax)"® 0
fO)=1i EAAAAAAA%;AAf(—)
r—>0 (32 + bx) 0
2 _78
£ (256 + 2x) 5 o7
=lim*%—7-"—— = ——
x>0 b (32+bx)_4/5 4p 274
gives b= >
3271(0)
Hence, we have,
a 64
Z =22 700
=5 O

The correct option is (C)

Given that;

fay)=e” ¥V { fx) e f()} YV, ye R
Putting x =y =1, we get
f(y=e'{ef(1) +e'f(1)}
= f(1)=0
Now, f(x)= ;%w

f{x@+h)}—fu)
= lim ol

h=0 h

. e,{u%)—x—(”%] {el{f(x) + exf(l + i)} - f(x)

h—0
- h
h
h h=1-—+x h
ef(x)+e ¥ f(1+*)—f(x)
= lim X
h=0 h

h
frx)@”—1y+ehlx+x{f(r+i)—flu}

h—0 h
(- /(1)=0)
h
I@ED l_x”{f(uh)-m)}
- lim h h—0 X
h—0
—x
X
B ex_1~f’(l)
A A —
A1+ 1)1 g
¢ lim == /(1) and lim
X

!



66.

67.

= 1)+ S ) [f'(1) =e]
ex

1 =fe)+ &
X

e
X

S0 —fx)

= L_erem-r»e

X er

1:g{ﬂn}
X dx | e*

Integrating both sides w.r.t. ‘x” we get

log|x|+c= f(—f)
e
or, flx)y=e"{log|x|+c}
Since f(1)=0=c¢=0
Thus, f(x)=¢€"log|x|

The correct option is (A)

Here,

f(x)=[n+ p sin x] is not differentiable at those points where
n + p sin x is integer.

As p is a prime number.

= n+psinxisaninteger if sinx =1, -1, r/p
l"

P>

T - ar .
ie,x= =, —,sin"' =, r—sin!
22

p

where 0 <r<p-1

But x # _—E,O.
2

. . . T _
.. Function is not differentiable at x = > sin™!

R

r
P
So, the required number of points are,
=1+2(p-1)=2p-1
The correct option is (C)

m—sin’! where 0 <r<p-1

Here, x=2¢—|7—1|and y=2F+1|¢]
Now, when 7 < 0;
x=2—{-(@-1}=3r-1
and y=2F-F=rF=y= é(x+1)2
when 0<t<1;
x=2—(~(t—1)=31—1
and y=2+~ =3 =y= é(x—l)z
when > 1;
x=2t—(t—1)=t+1
and y=2F+£=3=y=3(x—-1)

68.

Continuity and Differentiability 12.37
Thus,
l(x+1)2 x<—1
9 2
y=fx) = %(x+1)2 , —l<x<2
3(x=17> , x=1

We have to check continuity and differentiability at x = —1
and 2.

Differentiability at x =—1;

LHD.=Lf'(-)= lim %)h—f(—l)

1 2
_ o (=1=h+1)?-0 _
"m0
h—0 —h
RH.D. = Rf’(-1) = f( 1+h) - f(=D)

h

_ l(—1+h+1)2—0 ~0
lim =———
h—0 h
Therefore, f(x) is differentiable and hence continuous at
x=-1

Differentiability at x = 2;

LHD. Lf'(2)= lim %}1—/’(2)

1 2
SQ-h+)’ -3 _,

~ lim
h—0 —-h
f(2+f) S(2)
h

j— 2_
= lim 32+h-1) 3=6
h=0 h

Hence, f(x) is not differentiable at x = 2. Since Lf’(2) and
Rf’(2) are finite, therefore f(x) is continuous at x = 2. Hence,

RHD.Rf'(2) =

f(x) is continuous for all x and differentiable for all x except

x=2.
The correct option is (B)
As f{(x) is continuous for all x € R

Thus,
Jim,f(x) ﬂf)
where f(x)— 2\7__'-_2;/_3,x¢\/—
¥ -2x+23-3
XILmS f(x) - xllh/— T
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69.

70.

71.

_ e 2=V (B -y
link 3 -x)

=2(1-13)
Thus, f(\3) =2(1-+3)

The correct option is (C)

0 if x*<1
We know that lim x?" = s
n—ee oo if x%>1
- for x’< 1, we have
_2n
£ = 1im log(2+ x) 2x sinx
n—yco 1+ x7"
=log(2 +x)
and for x* > 1,
_2n
f(6) = lim log(2+ x) Zx sinx
n—e 1+ x™
710g(22n+ x) _ sinx
= lim —% =-sinx
n—eo 1 +1
x2n
s lim f(x) =log(2+1)=log3 and lim f(x) =-sin 1
x—1" x—1"
.. jump of discontinuity at x = 1
= | lim f(x)— lim f(x)| =sin 1 +log3
x—1 x—1
The correct option is (B)
h
li = lim——— =0 [ lime" =
tim 1) = fim gt =0 (- lime =)
: . —h Uk
lim f(x) = lim ——— =0 |- lime " =0
x—1 h—0 ¢ Vk +1 h—0
Therefore, f(x) is continuous at x = 1
The correct option is (A)
Since | f(x) ~/() | < x~y fx#y
VACIENAC))
LRl <y
xX—y
Taking limit as y —x, we get
Jim | L=/ lim |x — y|
yox X—=y y—x
= |tim L2920 iy (x—y)‘
yox X—y yoXx

= |/ ®[<0=]/(x)][=0
- f(x) =0 = f(x) = 6 (constant)

[ [/ ()2 0]

soh(x) = J.f(x) dx = J-c dx =cx+d, where d is constant

of integration

72.

73.

74.

75.

-~ h(x) of a linear function of x which is continuous for all
X €R.

The correct option is (A)

If f(a) = 0, then obviously, x = a is the solution

Let f(a) > a. Since g(x) = f(x) — x,therefore g(a) > 0 and
gf(a) =f(f(@) - fla)=a—f(a) <0

Since g is continuous from R to R so at least for one

ce (a,f(a)), g(c)=0

Similarly, we can argue for f(a) <a

The correct option is (D)

As f1is continuous on R, so f(0) = liir})f(x)

= lim f(x,) for any sequence x,such that lim x, =0.
n—oo n—soo

Thus, f(0)= lim f(V4n)

> 1
= lim | (sine")e™ +—
Hw[( ) 1+1/n2J
=0+1=1

n | < eﬂvZ

( lim (sine”)e™ = Oas ‘ (sine")e”

n—eo

and e > 0asn— oo)

The correct option is (A)
We have f(x) + f2(x) = -1
f#+l > (), forx € (a, b) (1)
I+ f7(x)
a4 (tan™ f(x)+x) = L)z
dx 1+ (f(x)
= hx)= tanﬁlf(x) + x, is a non-decreasing function in the
interval (a, b)

+1 20 (from (1))

— lim A(x) < lim A(x)
x—a x—b

— lim (tan™' f(x)+ x) < lim (tan™" £(x) + x)
x—a' x—b

= Tia<-Zip
2 2

Hence, b—a’nm
The correct option is (B)

We have,
o0 tim LD =S ()
h—0 h
— lim fx)+ f(h)+2hx —1-1f(x)
h—0 h

lim {2x + M}
h=0 h



Continuity and Differentiability 12.39

Now, substituting x = y = 0 in the given functional relation,
we get,

SO)=f0)+f(0)+0-1=f(0)=1
rw=2c+ 1im LO=SO 5y 1)
h—0 h
= f/(x)=2x+cos
Integrating, f(x) = x> +xcos o+ C

x=0and f(0)=1
1=C

Here,

76.

Since f(x) is differentiable at x = 0

o i L0+ = f(O)
h—=0 h

= a (say) (M

Nowe ) =ty LO =)

3x + 3h) B f(3x + 3-0)
3 ' 3
h

il
=f'()= lim

SB)+ fBh)+ f(0)~ f(3x)~ f(0)~ f(0)

=/"(x)= lim

and, Rf'(0)= lim M

h? cosl -0
lim
h—0 h

1 .
lim h? ' cos—=0 ifp> 1
h—0 h

. f(x) is differentiable at x = 0 if p> 1.
The correct option is (A, B)

= f(x):x2+xcos a+1 3h
It is a quadratic in x with discriminant =/’(x) = lim EACO RO
h—0
D=cos’ a—4<0 , f 3h
e = /) =1"(0)
and coefficient of x*=1>0 =f()=a [from (1)] (say)
Sx)>0VxeR . f(x)=ax+ b, which is linear
The correct option is (C) The correct option is (A)
More than One Option Correct Type
. Continuity at x =0 ! , 1
_ 1 By = Tim (P 2 x“sin—, x#0
LHL.= }111_r>r(1) f(O—-h) = Il[l_r)l’(l) (—h)? cos P 78 We have, g(x) = ¥
. 0, x=0
=0ifp>0
. 1 For x # 0,
RH.L.= lim f(0+ %) = lim 4’ cos — 1 1 1
h—0 h—0 h 2x) =x?cos — (— —2) +2x sin —
=0ifp>0 X X X
and, /(0) = 0. =—cos l+2xsin 1
.~ f(x) is continuous atx=0if p > 0 X X
For x=0
, . 0-h)y—f(0
Lf'0)= }lllg(l) f(%hf() (x) - g(0) x? sinl -0
2(0)= lim £ =& _ iy x
1 x—0 x—0 x—=0 X
_ (=h)? cos_ = 0 |
- lim - = i in— =
im i )}E}r})x sin . 0
= lim (=h)?™! cosl =0ifp>0, 2x sinl - cosl x#0
h—0 h g'(x) = X X ’
0, x=0

. . 1. .
£’ is not continuous at x = 0 as cos — is not continuous at

X
x = 0. Also, f'is not differentiable at x = 0.
The correct option is (A, B)

1-x, x<—1
79. f(x)= 32, -1<x<1
1+ x, x>1

lim f(x)

lim f(x) = lim (1-x) =2="*"""
x—>-1 x—>-1
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80.

81.

and, lim f(x) =2, so fis continuous at all points.
x—1

f = i JEL= - D
R
~ lim I+1+h-2 -
h—o —h

£’ (=17 =0. Similarly, f* (1) =0 and f (1+) = 1, so fiis
differentiable everywhere except atx=-1, 1.

The correct option is (A, C)

Letx=n,neZz
Then, LH.L.= lim (x)=n;RH.L.= lim (x)=n+1

X—n X—n
x<n x<n

Since, L.H.L. # R.H.L., therefore f(x) is discontinuous at all
integers 7.

Now, let x =p, n <p <n+ 1, where n is an integer.

Then, LHL.= lim (x)=n+1,
xX—p
x<p
lim (x)=n+1
xX—=p
x>p

Jp)=(p)=n+1
Since L.H.L. = R.H.L. = f( p), therefore, f(x) is continuous
at all non-integral points p.

R.H.L.

The correct option is (B, C)

The given function is clearly continuous at all points except
possibly at x =+ 1.

For f(x) to be continuous at x = 1, we must have

lim f(x) = lim 7 (x) = 7(1)

. o1
= limax*+b = lim—
x—1 x> 1] x|

= at+tb=1 (1)
Now, for fix) to be differentiable at x = 1, we must have

i SO0 _ L = f()

x—l- x—1 x— 1+ x—1
1
. ax’+b-1 ES
= lim = lim
x—=1  x-—1 x—=1 x—1
. oa l—1
= lim = . X
x—>1 x—1 lim
x—1 x—1
{va+b= b—1=-a}

82.

83.

84.

= lima(x+1) = lim_—1 =a=-——
x—1 2

x—=1Xx

1
Putting a = 5 in (1), we get b = %

The correct option is (B, C)

We have, lim f(0—h)= lim [/ sin (- ph)]
h—0 h—0
= lim [hsinzmh]=0,
h—0
lim f(0+Ah)= lim [hsinph]=0.andf(0)=0
h—0 h—0
. f(x) is continuous at x = 0.
It can be easily seen that f(x) is continuous in (- 1, 0). f(x)
is not differentiable at x = 1 but it is differentiable in (- 1, 1).
The correct option is (A, B, D)
We have,
L)~ tim LO=D=/©
h—0 —h
_ ~1/h _
- lim h(3e +4)_O (-t
o0 5 _ U/ 2
_0+4_,
2-0
RF(O) = tim LO+D =1 (©)
h—0 h
1/h
— lim h(3e +4)_0 1
h—0 2— el/h h
- (3+4e™") 340
= lim = =-3
n—o| 2¢7 V" _1 0-1
Since L f7(0) # R f’(0), .. f(x) is not differentiable at
x = 0. But f(x) is continuous at x =0 (as L /’(0) and R /’(0)
are finite).
The correct option is (A, D)
Clearly, x = 1 is a point of discontinuity of the function
1
Jx)=—".
1-x

Ifx# 1, then (fof ) (x) = £ f(0)] = (11) = *=1 hich

is discontinuous at x = 0. -X X

Ifx# 0 and x # 1, then

(fofof ) ) =f[(fof) )] =1 (x — 1) =x,

X

which is continuous everywhere.

Hence, f 3n (x) = ( fofof )'(x) = x, which is continuous
everywhere.

So, the only points of discontinuity are x =0 and x = 1.

The correct option is (B, C)
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86.

87.
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For x #— 1, we have
Fx)=1-2x+3x" —4x> + .0

:(1+x)71=71
1+x
li —1-h)= 1l —> — oo
hl—r>n0f( ) hl—r>n01—1—h

So, f(x) is not continuous at x =— 1

-1
-
Also, Tim JEIZW=SCED
h=0  (=1-h)—(-1) h—>0 —h
.1+
Iim — —
=0 p?

So, f(x) is not derivable at x =— 1.

Hence, f(x) is neither continuous nor derivable at x =—1.
The correct option is (B, D)

We have,

Fx)=f(x),|x| <1 [lim x2”=0f0r|x\<1:|
n—>o0

_ S(x)+gx) |x|=1
5
—2n
= jim X/ * &)
n—>eo X+
=g(x),|x|>1 |:lim x_2”=0for\x\>l:|
n—>o0

Thus, the function F(x) shall be continuous everywhere if
f(x) and g(x) are continuous everywhere and if F(x) is con-
tinuous at x =+ 1, we have

f(1)= w =g() = f(1) =g(1)

and,  f(-1)= % = g(-1) = f(=1) = g(-1)

The correct option is (A, B)
We have,

3 Vh
lim £(0+4) = fim [Ha’”bh]
h=0 h—=0 h?

1 ah+ b’
_ ;ln 1+T
~ lime

h—0

For limit to exist, we have

. ah+bk
Iim —=

im & bh* _
h—0 h2 um

h=0 h

Oie., 0,

which is possible only if a = 0.
Now, we have
i = lim (1+ bh)"
hh%f(om) h‘f})( )

= lim (1+ bh)"™" — o
h—0

88.

89.

For f(x) to be continuous at x = 0, we have

lim f(x) =f(0) = e’=3

b=In3

The correct option is (A, D)
We have

lim £(x) = lim sin3x + a sin2x + b sinx (9)

x—0 x—0 x5 0

. 3cos3x+2acos2x+bcosx
= lim y
x—0 5x

For a finite limit to exist, the numerator must be 0 at x = 0,
since the denominator is 0 at x = 0

3+42a+b=0 (1)

Now, we have,

ie.,

lirr}) £(x)= lim 3cos3x + 2acos2x + b cosx (O)
xX—

x—0 5x4 0
. —95in3x—4asin2x—bsinx(0)
= lim 3 —
x—0 20 x 0
. —27cos3x —8acos2x — b cosx
= lim 5
x—0 60 x

For a finite limit to exist, the numerator must be 0 at x = 0,
since the denominator is 0 at x =0

ie. 27+8a+b=0 2)
Now, we have,
81sin3x + 16a sin2x + b sinx

120 x

.81 (sin3x) 16a (sin2x b (sinx
= lim — +— +—
x=040\ 3x 60 2x 120\ x
81 16a b
40 60 120
Solving equations (1) and (2), we have
a=-4,b=5
For f'to be continuous at x = 0, we have
. 81 64 5
0)=lim f(x) = ———+
fO= lim f() = 20—~
J0)=1
The correct option is (A, B, D)

lim f(x)= lim
x—=0 x—=0

120

We have,
i 2700 = 3/(2x) + b/ (8x)

x—0

sin® x

- lim 2f(x)—3a f(22x) + bf (8x)

x—0 X

For the limit to exist, we have

2/(0) = 34f(0) + b /(0)=0

ie,3a-b=2 [+ £(0)#0, given] (1)
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~ lim 21(x)—6a f'(2x)+8b f'(8x)

x—=0 2x

For the limit to exist, we have

217(0) — 6af’(0) + 8bf'(0) =0
ie, 3a—4b=1 [~f7(0) =0, given]
Solving equations (1) and (2), we have

a=79and b=1/3

The correct option is (B, C)
[x|-3 , |x|<0

90. We have, f|x|= 5
[x]"=3|x|+2, |x|=0

Since | x | < 0 is not possible, so we get,

SClx)=lx*=3 x| +2,]x[20
_ x2+3x+2, x<0
_{x2—3x+2, x>0

Again,
/()|

{ [x—=3| x<0

[x*=3x+2| x20

(x2=3x+2), 0<x<l
—(x*=3x+2), 1<x<2

(x?=3x+2), 2<x

From (1) and (2), we get
g =f(|x )+ /()|

¥ +2x+5,  x<0
={42x>—6x+4, 0<x<l
0 , 1<x<2

»2x2—6x+4, x=2

[2x+2, x<0
4x -6, O<x<l

0 , I<x<2
[4x -6, x>2

and, g'(x)

Clearly, g(x) is continuous in R — {0} and differentiable in

R-{0,1,2}
The correct option is (A, C)
91. Here, f(x) = o +x+1

= f’(x)=3x"—2x+ 1, which is strictly increasing in (0, 2)

g(x):{f(x);OSxSI

3—x; 1<x<2

[asf(x) is increasing so f(x) is maximum when 0 < ¢ < x]

3—x2+x+1; 0<x<1
3—-x ;l<x <2

So, g(x)= {x

2 . <
Also, )= {3x 2x+1; 0<x<1

-1 ;l<x<2
which clearly shows g(x) is continuous for all x € [0, 2] but
2(x) is not differentiable at x = 1
The correct option is (A, D)

. Here, f(x)=x*—8x"+22x* — 24x

= f(x)=4x° - 24x% + 44x - 24

or, f'(x)=4x-1)(x-2)(x-3)

which shows f(x) is increasing in [1, 2] U [3, o) and decreas-
ing in (—eo, 1] U [2, 3].

Thus, minimum f(x) ;x<¢f<x+1,-1<x<1

f(x+1), -1<x<0

= minimum f(x) = {f(l) , 0<x<l

f(x+1), -1<x<0
Thus, g(x) = f@), 0<x<l1
x—10, x>1

(x+D* —8(x+1)*+22(x + 1) -24, —1<x<0
= 1-8+22-24, 0<x<l
x —10, x>1

x4—4x3+4x2—9, -1<x<0
=gx)=1 -9, 0<x<1
x—10, x>1

45° —12x% +8x, —1<x<0
Also, g'(x) = 0, 0<x<1

1, x>1

which clearly shows g(x) is continuous in [-1,0) but not
differentiable at x =1

The correct option is (A, D)

93. f(x) = [tan x] + ftanx —[tanx] = [f] + /t —[t], where

t =tan x. Clearly, 0 < ¢ < 0 at 0 < x <7/2. Possible points of
discontinuity may be, at which # € N.

Lett=ke N
LHL.att=k= flir?—[t] + =[]

= lim [k — A+ (k= h) ~ [k — 1]
tim {k -1+ Jk=h=k+1]} =k

h—0

RHL.att=k= lim [f]+ 7 —[]
t—k+

= lim [k + Al +\Jk+h—[k + h]

h—0
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= limk+Jk+h—-k =
h—0

.. The function is continuous at =k e N
Thus, function f(x) is continuous for all xe [o, 7/2)
The correct option is (A, C)

) e]/x _e—l/x 1—672/)(
x=0 e e 0 e
) I/x _e—]/x 2/x _1
and, lim = lim ——— =_1
x=0 e +e 10 ¥ 41

Hence, hm f(x) exists if g’(0) =0
If g(x) = ax + b, a # 0 then hm f(x) =g and

lim f(x) =-a. Hence lim f(x) exists if g(x) = x*
x—0 x—0

or, g(x) = x3h(x), where A(x) is a polynomial.
The correct option is (C, D)
95. Since, f(x) is continuous at x = 0 so at x = 0 both left and
right limits must exist and both must be equal to 3.
Now,

a(l—xsinx)+bcosx+5

2
X

Passage Based Questions

(a+b+5)+(—a—é)x2+...
= 2 =3

x2

[By expansion of sin x and cos x]

If lin&i f(x) =3 exists, thena+b+5=0
xX—

and,—a—g =3=a=-landb=-4

3 x
. . cx + dx .
Since, lim |1+ exists.
x—0" xz

Lo+ dx
= lim

x—0" X

=0=c=0

d
Now, 11m (1 + dx) = lim [(1 + dx)l/dx:l =
x—0"
So, ¢'=3=d= log,3
Hence,a=-1,b=-4,c=0and d =log,3
The correct option is (A, B, C, D)

96. We have,
f(0 h) SO _ . 3-1

= lim — = —o
h—=0 —h

Lf'(0)=

. f(x) is not differentiable at x = 0
Also,ifx<0orx=>0then|x |20
. f(|x])=2|x]|+ 1 forall x.

f(0+h) AQ)

Rf(0)= .
- lim 2h+1-1 —>
h—0 h
and L)~ tim L= h) /(0)
- lim 2(- h)+1—1=2
h=0 —-h

- f(] x| ) is differentiable at x = 0.
The correct option is (C)

(g0f) (5 - h) - (gof)(f)
= lim 2 2

h—0 —h

97. L (gof ) (g)

98. f'(k-0)= lim

o) 5]

= lim
h—0 —h
— lim [sinh+2]-[2] - lim 2-2 —0
h—0 -h h—0 —h
T /4
(gof )(*+h)—(g0f ) (*)
e . 2 2
R(fogy | 3 | = Jim p
S [cos(”+h)+2:|—[cos”+2]
= lm 2 2
h—0
h
— lim [-sinh+ 2] —-[2]
h—0 h
.o 1=2
= lim — > -
h=0 h

. (gof) is not differentiable at x = 77/2.
The correct option is (D)
[k —h]sinz (k —h)—[k]sinmk
-h
— kil — 1 —
= lim )" (k-Dsinmth—kx0
h—0 —h
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99.

100.

101.

IR U AT
lim (=D -(k=1sinzmh
h—0 —h
=D k-DHrm
The correct option is (A)

Differentiability at x = 0:

ione o SO=h)=£(0
0= tim L0 =IO
=V Ik ~2h _
= gim A€ Z¢ ) _ i LY
10 —h(e ey T as0 iy

_ Vh _ ~1/h
RF(0)= lim SO+ = O _ h(em e_l/h)
h—0 h h=0 e’ +e ™)

Ctim 2
h=0 4 ¢ 2/h
Since L £7(0) # Rf"(0), .. f(x) is not differentiable at x = 0.
But since L f7(0) and R f”(0) are finite, therefore f(x) is con-
tinuous at x = 0.
Hence, f(x) is continuous everywhere but not differentia-
ble at x = 0.

The correct option is (A)

We have,
- x" 2 o (xloga)”
fw= 3 = (oga)'= Y~
= n! o
:exloga: eloga\ =d
—h)— -h _
Lf(0)= lim SO-m-FO _ lim ¢ —1
h—0 —h h—=0 _}
=log,a
h —
Rf'(0)= lim SO+ -f0) _ lim a -1
h—0 h h—=0 h
=log,a

Since L f7(0) = R f'(0),

. f(x) is differentiable at x = 0.

Since every differentiable function is continuous, there-
fore, f(x) is continuous at x = 0.

The correct option is (B, D)

We have, for x > 2

5
fe)= [{5+|1=1]}de
0

1 X
= [5+1-di+ [(5+1-1yar
0 1

2\! 2\

= 61‘—L + 4t+t—
2 2

0 1

[Since x > 2]

1 2 1
=6 — 44yt 4
2 2 2
2
=1+4x+ L
2

l+4x+x%, ifx>2
f)= )
Sx+1 , ifx<2

Wehave, Rf'(2)= fim LM =H)

h—0 h
2
_ l+4(2+h)+M—ll
lim
h—0 h

2
ll+6h+h——11
2

=lim—%—— =6

h—0 h
and, 1) = tim 12D =12

h—=0 —h

g 3@ 111
h—=0 h

_ gy WS
h—0

. f(x) is not differentiable at x = 2
Since Rf”(2) and Lf”(2) are finite, therefore f(x) is continu-
ous atx =2

The correct option is (A, D)

102. We have,

1

. T B —
Jim f(5—h)= lim tan"" (5 _p) 5

-1
=l t 71(7)
Jim, tan !

—1 —7T
=tan (—oo): —
2

1
. . o —
and hll_r)n()f(S+h)= hh_r)no tan " (54 p)—5

1
I t 71(7)

~1 b4
=tan (o) = .
2

Since lim f(5 — h) = im  £(5 + h), therefore, f(x) has
h—0 h—0

discontinuity of the first kind at x = 5.
The correct option is (A)

103. The function u = tan x is discontinuous at nw+ /2, n € [

1— 2
The function f(x) = ——

2+ u?



104.

106.
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is continuous at every u € R. Hence, f(x) is continuous on
xe R~nel

Now, we have,

! 1
. 1P ur
lim f(x) = lim u2 = lim “2 =-1
x—)nniz u=e 2 +u u_)mf2+1
u

T
Hence, the points x = nw £ —n € I have removable
discontinuity. 2

The correct option is (C)
The function
) =Ff=x-17x<0
=(x+1>0<x<1
=1,x=1
=3-x7 1<x
may have discontinuities at x =0, 1.

At x =0, we have

Iim f(x) = f(0)=(0-1)’=-1
xliﬁn&f(x) =(0+1y>=1

Since lim f(x) and lim f(x) both exist but are not
x—=0 x—0°

equal, therefore f has discontinuity of first kind at x = 0.

Match the Column Type

Atx =1, we have lirrllf(x) =1+ 1)3=8 and f(1)=1.
X—

Since )1(1211 f(x) =8 = (1), therefore, £ has a removable

discontinuity at x = 1.
The correct option is (A, B)

105. We have,

[cosx]=1,x=0
=0,0<x< 2
=-1,m2<x<3m2
=0, 372<x<2rm
=1,x=2x

1

Therefore, f(x) = =1,x=0
[cosx]

o0, 0 <x < 72
-1, M2 <x <3712
00, 32 <x <21
l,x=2m
Clearly, f(x) has discontinuity of second kind from left
atx = 7/2
The correct option is (C)

I. We have, fog=1
= (fog) (x)=xforall x

= fleWl=x=/TgW)] ¢ x)=1

’ , , 1 1

= [ lg@]-g"(@=1=[g@]=——==

g'(a) 2

| [g'(a)=2]

=>f'(b)=5 [-g(a)=b].
The correct option is (C)

II. We have,
fm f0 k)= lim [1+|sin (A """

= lim (1 + sin p)sn"
h—0

Il : Isinhqa _ a
hlino [(1 +sin &) 1"=¢,

lim f(O + ]’l) = lim etanlh/tan 3h
h—0 h—0

. |tan2h 2 3h 2
lim ) =, 3% Ix=x1

tan 3h
an = 3

For f'to be continuous at x = 0, we must have
i = li _ a_ 23 _
lim f(0~h)= im0+ 1) =/(0) =" = = b

= a= % and b = &>,

The correct option is (A)

T
III. For f'to be continuous at X = 7 wemust have

fz = lim (sin2x)tan® 2x
4 LF
4

. sin2x

= lim

2T cot
4

. 2cos2x
= lim >
™ —2cot2xcosec “2x -2

4

= lim —l~sinm32x = —l

b4
n—>=—
4

The correct option is (D)
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IV. For fto be continuous at x = 0 we must have

N+x-+x
X

£(0)=lim

1 1
23 3/4
—1lim 3(1+x) 4(1+x)
x—0 1
L1 1
3 4 12

The correct option is (B)

107. 1. Since f(x) is continuous in [0, 1], therefore,
n = f| lim i
2n+1 n—e2n+1

)

The correct option is (B)

lim f

n— oo

II. Since f'is continuous on [2, 5], therefore f assumes at
least once, every values between f(2) and £(5). But it is
given that f(x) takes only rational values for all x and
there are irrational values also between f(2) and f(5),
this is possible only if /() has a constant rational value
at all points between x =2 and x = 5. Since f(4) = 8,
S f(37)=8.

The correct option is (D)

II. Let g(x) = x> — 3, then g(x) is an increasing function
on the interval (1, 2). Since g(1) =—2 and g(2) =5,
therefore between — 2 and 5 there are 6 points where
f(x) is discontinuous (as [x3 — 3] is discontinuous at the
points where ¥’ —3isan integer).

The correct option is (A)

Iv. 3S3+ZcosxS5forxe(_7ﬂ,%)

f(x) =[3 + 2 cos x] is discontinuous at those points where
3 4+ 2 cos x is an integer.

Now, 3 +2 cosx=3ifcosx=0.So,x= %’%
(not possible)
3+2cosx=4ifcosx= l

So, x has two values g and _T”
3+2cosx=5ifcosx=1.S0,x=0

.. The number of values of x=2+1=3
The correct option is (C)

108. L f(x)=|2sgn2x|+2
i — i 0+h
lim f(x) = lm SO+h)
=|2x1[+2=4
~ — lim f(0—h
xli)n& f(x)=lim 7(0=h)
= lim |2sgn (—2h)|+ 2
h—0
=|2(-1)|+2=4
lig;)f(x) =4 £(0)

[+ f(0)=]2sgn (2.0)|+2=0+2=2]
.. f(x) has a removable discontinuity at x =0
The correct option is (C)

. T
II. lim f(x)= 1imtang = tan— =oo
x—1 x—1 2 2

. lim f(x) does not exist
x—1

. f(x) has infinite discontinuity at x = 1.

The correct option is (B)

1 1
II. For any x # 0, -1 <sin —< 1, but as x — 0, sin —
X X

does not approach to any particular value but oscillates
between —1 and 1.
The correct option is (A)
. [x+2|
lim —————
x=>=2"tan" (x +2)

IV, lim f(x)
x—-=2'

x+2

im ————=
x=>-2tan" (x+2)

2
lim f(x) = SRl
x—>-2" x=-2"tan" (x +2)
~(x+2)

*>-2 tan™" (x +2) -
.. Both the limits exist but are unequal
. f(x) has jump discontinuity at x = —2.
The correct option is (D)

109. I. Letf(x)=sinx—x+1.

f(0)=1>0andf 2L DR L R
2 2
Thus, by intermediate value theorem, there is ax e

(O, 37”) such that f(x) = 0.
Similarly, argue for II, III and IV.
The correct option is (C)
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Assertion-Reason Type

110. 0= fim LD =09

h
o SGED = f(xt0)
h—0 h
= i LX) S (W) = () 1(0)
h—=0 h
S —1(0)
h—>07 f( )
=/(0) - f(x) = 2f(x). (- f(0)=2)

df df

Now, =~ =2for ; =2dx=d(logf—2x)=0

slogf-2x=c,\f=e™=e - e = A%,
whereA = e = constant.
The correct option is (C)
111. (a). Ifx<—1, then x>x". So, f(x) =x
Ifx=-1, then x =x>. So, f(x) =x
If— 1 <x <0, then x <x°. So, f(x) =x°
If x=0, then x = x°. So, f(x) =x°
If0<x<1,thenx>x’. So, f(x) =x
Ifx=1,thenx=x". So, f(x) =x
Ifx> 1, thenx <x’. So, f(x) = ¥
Thus, f(x) =x,x<—-1
fx)=x,-1<x<0
fx)=x,0<x<1
f)=xx>1
Clearly, f(x) is not differentiable at x=-1,0, 1.
The correct option is (A)

112. Let & (x) = | x | for all x. Clearly, 4 (x) is continuous for
all x.

Then, g(x) = f(x) | = A[ f(x) ] = (hof) (x) for all x.
Since composition of two continuous functions is continu-
ous, therefore, g is continuous if f'is continuous.

The correct option is (A)

o -1 d (| 2x
113. f(x)—\/l_( ) szdx(l+x2]

1+ x2
= (+x) ><2(1—x2)
\/(1+x2)2—4x2 (1+x%)?
if x| <1
-2 1-x? 1+x° -
= 2~72:
L 1= 2 if x> 1

1+x

Clearly, f(x) is differentiable everywhere except at the
points where | x |[=11e,x==%1.
Hence, f(x) is differentiable on (— oo, ) \ { — 1, 1}.

The correct option is (D)

114. We have,

B

= lim Z":erx_ lim Z":[2rzx]

e n noee o n

fGx)=lim

Now, we have 0 < {2rx} < 1

z": zn:2rx}<zn:1

r=1

. 0 {2} n
ie., —5 < <—
a2 Z PR

{By Sandwich Theorem}

l n
Thus, we have f(x) = 2x - 11 - Zr
r=1

1
=2x- lim n(n+1) =2x-— =x
n—yoo 2}12 2

Thus, f(x) is continuous everywhere.
The correct option is (A)

115. We have,
. cos(mx) — xMsin(x 1)
Jx)= nlfl 14 2t _yan
-0
e, fl= V0 )
I+x-0
_ cos(n:x)—sm(x—l)’ x|=1
1+1-1
ST _ Gin(x—1)
= lim —%
L S |
x2n
_ —s1n(x—1), x> 1
-1
e = 0 1y
1+ x
=—1+sin2, x=-1
=-1, x=1
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_ s1n(x—1), x[>1
x—1
At x =-1, we have,
lim f(-1+h) = lim ST
h—0 h—=0 1+ (=14 h)
- lim —cos(mh) _
h—0 h
f(=1)=-1+sin2
implies discontinuity at x =—1
Atx =1, we have,
m —sin(1+ A —1)
h—0 1+h-1

lim f(1+h)
h—0

—sinh -1

m-———— =
=01+ (1-h) 2

lim f(1—h)= lim SSPA=A _ ~1
h—0 h=0 1+ (1-h) 2
J)=-1
implies discontinuity at x = 1
The correct option is (A)
116. We have,
fx)=sgn (x)=-1,x<0
=0,x=0
=1,x>0

and, g0 =x(1-x")

Now, fog(x)=-1,x(1 —xz) <0
=0,x(1-x})=0
=Lx(1-x})>0

Solving the inequality

x(1-x1)<0

e, x(x—1)(x+1)>0ie,xe (-1,0) U (1, )

Thus, we have,
_19 X e (_la 0) o (19 °°)

fogx)=14 0, xe{-10,1}
I, xe(—e,-1)u(,0)

which is continuous everywhere except atx € {-1,0, 1}

Also,

gof () =f(1—f*)=-1[1-(-1)"l,x<0

=0(1-0%,x=0
=1(1-1%,x>0
ie., gof(x)=0,Vxe R
which is continuous everywhere.
The correct option is (D)

117. We know,

f’(x) = lim f(X+ h) _f(x)
h—0 h

118.

f(x(1+h))—f(x)
= lim al

h—0 h

= f’(1)= lim

J(x)- f(1+ ) JS(x)

h—=0 h

[given f(x y) = f(x) - f(¥)]

f(x){ Hieg(n, ))} o)

(M

= Sfx) =
h—>0 h
[givenf(1 +x)=1+x (1 +g(x))]
h h

- rw= Jx) {H}(”g(é))_l}

m

h—0 h

= r=12

X

[as lim g(x) = 0:|
h—0

J-f(x) 1 :j- X

(%) 1+ %7 1+ x°

(log\1+x2\)12

[1oe (%3)]

N | =

N | =

The correct option is (A)

Wehave,y=t2+l\t|andx=2t—|t|

When 20

x=2—t=t,y=r+£=2¢
x:tandy:2t2

= yp=2x2Vx20

Also, when £ < 0

x=2t+r=3tandy=r~—-~=0

= y=0forallx<0

2x2,x20

,x<

which is clearly

Hence, f(x) = {

continuous for all x.
The correct option is (A)

[using (1)]
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| 123. xRy need not implies yRx
—tanx tanx
119. = = lim -
St = =70 ) 4x— 2 S:ﬁs£<:>qm=pn
n q
The correct option is (C) m m
. . —s—reflexive
120. Given that f(x) = min{x + 1, [x| + 1} n n
Now, f(x)=x+1Vxe R. m _p p.m
—s— == symmetric
4 n q q n
y=-x+1 y=x+1
m p p.r
n q q s
0,1 = qm=pn, ps=rq
> = ms = rn transitive
S is an equivalence relation.
The correct option is (B)
The correct option is (C) 124. lim sin(p +1) +sinx _ li Ja+a? —Jx
1 5 ) x—=0 X x—=0 x3/2
121. f(0)=lim—-— 1
x=0x et —1 lim(p+1)cos(p+1)xX+cosx=q=—
x>0 2
T e 1 301
=0 x(e —1) :>p+1+1:5:>p—5;q:5
262 9 The correct option is(B)
= (e —1)+2xe** 2x—1 1
125. f(x)= [x]cos( )ﬂ'= [x]cos(x—g)ﬁ
4%
=lim———-=1 = [x] sin 7 x is continuous for every real x.
v=0 4> + 4xe o
. The correct option is (A)
The correct option is (D)
126. f(x)=7-2x;x<2
122. Using differentiation formula, we write —32<x<5
1+ 1 .
(1) = f( h) S =2x-7;x>5
f(x) is constant function in [2, 5]
(1+ h—1)sin 1 _o f'is continuous in [2, 5] and differentiable in (2, 5) and £(2)
= f7(1) = lim Lh=1) i P in[ L =/6)
T 0 h T a0k h by Rolle’s theorem f’(4)=0

-. Statement 2 and statement 1 both are true and statement
2 is correct explanation for statement 1.

1
‘(1) = limsin| —
= (1) hlg(l)sm(hj
. f is not differentiable at x = 1.

f (h) f(0)

The correct option is(B)
127. For f(x) to be continuous

2k=3m+2

= 2k-3m=2 (1)

(h=1) sin(h 1 1) _sin(l) Also, for f(x) to be differentiable
- k

h 2"

= f is also not differentiable at x = 0.

Similarly, f’(0)=

= f'(0)= lim

= k=4m.

The correct option is (A) from (1), 8m —3m =2
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= 5m=2

2

> m=—

5
k:4><3:§
55

The correct option is (D)

128. In the neighbourhood of x =0, f(x) =log 2 —sin x
g(x)=f(/(x)) =log2 —sin(f(x))
log2 —sin(log2 —sin x)
Since g (x) is differentiable at x = 0,

‘ 28
. k“‘m:g“‘g:*:Z- s g'(x)=—cos(log2 —sinx) (—cosx)

= g’(0)=cos(log2)
The correct option is (C)
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