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Applications of Derivatives

Chapter Highlights

Tangents and normals, Slope of tangent, Equation of tangent, Slope of normal, Equation of normal, Angle of
intersection of two curves, Length of tangent, length of normal, sub-tangent and subnormal, Length of intercept
made on axes by the tangent, Length of perpendicular from origin to the tangent, Increasing and decreasing
functions (monotonicity), Test for monotonicity of functions, Maxima and minima of functions, Method to deter-
mine the points of local maxima and local minima, Greatest and least values of a function in a closed interval
(absolute maximum and absolute minimum), Concavity and convexity of a function, Point of inflexion, Rolle’s

rate measure.

.

o d
and lagrange’s mean value theorem, Rolle’s theorem, Lagrange’s mean value theorem, Application of d_y as a
X

TANGENTS AND NORMALS

Geometrical Meaning of Derivative
at a Point

The derivative of a function f(x) at a point x = a is the slope
of the tangent to the curve y = f(x) at the point [a, f(a)].

SLOPE OF TANGENT

Consider a curve y = f(x) and a point P(x, y) on this curve.

If tangent to the curve at P(x, y) makes an angle 8 with
T . . d

the positive direction of x-axis, then, at the point P(x, y): d_y

X

= tan 6 = m = gradient or slope of tangent to the curve at

P(x, y).
YA

y = f(x) P=(xy)

Fig. 14.1

EQUATION OF TANGENT

The equation of a tangent to a curve y = f(x) at a given point
P (x;,y,) is given by

d
Yy=n= (i) (x—xy)
(x5 )

[Using point slope form of equation of the straight line]

SLOPE OF NORMAL

The normal to a curve at a point P(x,, y,) is a line perpen-
dicular to the tangent at P and passing through P. Slope of

the normal
D )b, v

- Slope of tangent - (dy)
&) pis, )




14.2

Chapter 14

EQUATION OF NORMAL

The equation of normal to a curve y = f(x) at a given point

P(x,,y,) is given by

TRICK(S) FOR PROBLEM SOLVING

ax

n |fdl
dx

(i
(ii)

Y A
y=7fX)
(0]
Yh ﬂ _0
dx
o _
dy
Z_y<0 d_y>0
X ax
(0]
Fig. 14.3

m If Z—y = 0O, the tangent is parallel to x-axis.

X

m If the tangent is perpendicular to x-axis, then

perpendicular if mym, =-1 and
parallel if m; =m,.

> O, the tangent makes an acute angle with the x-axis.

<0, the tangent makes an obtuse angle with the x-axis.

Y e, L o,
dx dx
m [f the tangent is equally inclined to the axes, then
& =tan 45°ortan 135°==%1.
dx
m The slope of a line having equation ax + by + ¢ =0 is given by
me 9 = _ coefficient of x
b coefficient of y
m The two lines having slopes m; and m, are

Thus, if m be the slope of a line, then the slope of a line

1
perpendicular to it is —— and parallel to it is m.
m

SOLVED EXAMPLES

1. If the tangent at each point of the curve

2
y:§x3—2ax2+2x+5

makes an acute angle with the positive direction of
x-axis, then
(A) a=1

(C) as-1

Solution: (B)

B) —1<a<l
(D) None of these

2
We have, y = §x3—2ax2+2x+5

d
= Y 2x* —4ax +2

dx
Since, the tangent makes an acute angle with the posi-
tive direction of x-axis, therefore,

% >0=2x>—dax+2>0forall x
X
=164 - 16<0
(- Disc. = (4a)’ —4 (2) (2)<0)
=d-1<0ie. (a—1)(a+1)<0
=-1<a<1

. If mbe the slope of a tangent to the curve e® = 1 + 4x?,

then
(A) m<1 B) Im|<1
©) |m|>1 (D) None of these

Solution: (B) p
We have, e? =1 +4x° =¥ -2 ay = 8x

dx
d
Y&
dx 32y
_ 4x
1+4x?
4
.. Slope of tangent = m = ol 3
1+4x
4
1+4|x|
w(1-2[xD* 20 = 1+4|x] —4|x|20
4|x| <1

1+4|x?
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3. The tangent to the curve Jx+ y =4 is equally

inclined to the axes at the point
A) (1,-2)
© 4,-4

Solution: (B)

(B) 4,4
D) 4.4

We have, \/;+\/; =4 (1)

dy ﬂ

= —F—+—F——=0,0or — =—

2x 2\/; dx dx Jx

Since the tangent is equally inclined to the axes,

Q =tan 45° or tan 135°1.e., 1 or — 1. Thus
x
VYt e
— —= == 1. This gives y=x
X

From (1), Vx ++/x =4 = x=4. Also, y=x=4.

The point is (4, 4).

2 2

X
. The angle between the tangents to the curve — +=— Y4

2
at the points (a, 0) and (0, b) is a b

(A) m)g

(©) (D) None of these

wla »~[y

Solution: (B)

‘We have, _+y_ =1
b2
2x 2 —-b?
= —x+—yd—y=0:>d—y= bx
a2 b2 dx dx azy

tan01=d—y] =o<>:>91=E
(a,0) 2

and tan62=ﬂ:| =0=6,=0
(0, b)

Hence, the angle between the two tangents is

9=91792=§70=§

. The equation of the normal to the curve y = e at

. . 1.
the point where the curve cuts the line x = > is

(B) 2e(ex—2y)=¢*—4
(D) None of these

(A) 2e(ex+2y)=¢"—4
(C) 2e(ey—2x)=e*—4

Solution: (B)
At the point x = 5 , V= e!

. 1 _
Since, x = 5 >0, .'.y:ez’r

Differentiating with respect to x, we get

b b

dx dx ](; 1) -

Thus, the equation of normal is

1 1
(y—;) = g (x—z) ie., 2e(ex72y)=e274

. If the line ax + by + ¢ = 0 is a tangent to the curve

xy =4, then
(A) a>0,b>0 (B) a>0,b<0
(C) a<0,6>0 (D) a<0,b<0

Solution: (A, D)

Wehave,xy=4:>x-d—y+y-1=0
dx
. dy y 4
ie., —=—==—— wxy=4
i . 5 (v xy=4)

4
~. Slope of tangent =— —
X

Slope of the line ax + by + ¢ =01is=— a

Since the given line is a tangent to the curve

5 = 2:>E>O
X b b

It is possible only whena >0,b>0o0ra<0,b<0.

. If the line ax + by + ¢ = 0 is a normal to the curve

xy =1, then
(A) a>0,b>0 B) a>0,b<0
(C) a<0,6>0 (D) a<0,b<0

Solution: (B, C)
1
We havexy=1=y= —
X

dy 1
o2

dx
The slope of the normal =
If ax + by + ¢ = 0 is normal to the curve xy =1
2 a a

then xX'=—— o= —=>0
b b

= a>0,b<0o0ra<0,b>0
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8.

10.

The line = +% = 1 touches the curve y = be

a
o (o)

(D) None of these

—xla

at the
point
(A) (—a, ba)

o)
a

Solution: (D)

We have, y = be ™ (1)
ﬂ — b —x/a
dx a
Since the line > +2 =1 touches (1)
a

—1/a b —xla b b —x/a
=— — e — — e

/b  a ; a
= l=e=_% —0ie,x=0
a
y=beo=b.

Hence, the required point is (0, b).

The curve y = ax® + bx” + cx is inclined at 45° to x-axis
at (0, 0) but it touches x-axis at (1, 0), then the values
of a, b, ¢ are given by

(A) a=1,b=-2,c=1

B)a=1,b=1,c=-2

C)a=-2,b=1,c=1

D) a=-1,b=2,c=1

Solution: (A)
We have, y = ax® + by’ + ex

= d—y:3ax2+2bx+c
dx
d_y] = ¢ =tan 45° =1 (Given)
dx (0,0
= c=1
Also,d_y] =3a+2b+c=0
X a0

(. x-axis is tangent at (1, 0))
= 3a+2b+1=0
which is trueifa=1,b=-2.
Hence,a=1,b=-2,c=1.

If the line y = 2x touches the curve y = ax® + bx + ¢ at
the point where x = 1 and the curve passes through the
point (— 1, 0), then the values of @, b and c are

1 1
A)a=—,b=1,c=—
(A) a 5 €=3

1 1
B)a=1,b=—,c=—
(B) > >

1 1
C)a=—,c=—,b=1
(€) a 22 €= 3

(D) None of these

Solution: (A)
The given curve is y = ax’ +bx +c
Since the point (— 1, 0) lie on it

a-b+c=0

Also, y=2x is a tangent to (1) at x = 1, so that y = 2.
Since the point (1, 2) lies on (1),

at+tb+tc=2

Also @} = (2ax+b)](l n =2
Y a2 ’

2a+b=2

Solving (2), (3) and (4): a = %, b=1,c= %

ANGLE OF INTERSECTION OF TWO CURVES

Let y = f(x) and y = g (x) be two curves intersecting at a
point P(x,, ¥,). Then, the angle of intersection of these two
curves is defined as the angle between the tangents to the

two curves at their point of intersection.

yA

Fig. 14.4

If @1s the required angle of intersection, then,
0==(6, - 6y,

where 6, and 6, are the inclinations of tangents to the

curves y = f(x) and y = g (x) respectively at the point P.
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TRICK(S) FOR PROBLEM SOLVING

Short-Cut Method to Find the Angle of Intersection

m Find f* (x) and g’ (x).

m If " (x) xg” (x) =— 1, then the two curves are said to cut
each other orthogonally, wherever they cut.

m If the product is not — 1, solve the equation of the two
curves to get their point of intersection. If (6, ) be their
point of intersection, then find f* () and g’ (6). Let
m; =f"(6) and m, =g’ (6).

m If @is the angle between the tangents, then

m, _, fle)-gle)

1+ (a)g' (o)

Repeat this process for other points of intersection.

m, —
tan =+
1+mm,

IMPORTANT POINTS

The two curves are said to touch each other at their point of
intersection (¢, B), if the slope of their tangents at (¢, f)
are equal.

SOLVED EXAMPLES

11. The two curves y* = 4x and x* +)* — 6x + 1 = 0 at the
point (1, 2)
(A) Intersect orthogonally

T
(B) Intersect at an angle 3

(C) Touch each other
(D) None of these

Solution: (C)
We have, y2 =4x (1)
and Xyt —6x+1=0 )
Differentiating (1) with respect to x, we get
2y d_y =4= d_y = 2
dx dx y

Q] =Z=1=m1 (say)
dx ]y, 2

Differentiating (2) with respect to x, we get

2x+2y?—6=0:>2—y=3_—x
X X y

dy

-1
) om )
dx | 5 2

Since m,; = m,, therefore the two curves touch each
other at (1, 2).

12. The angle of intersection of the curves y = 2 sin’x and

T .
y=cos2xatx= P is

/4 T
A) — B) =
(A) 1 B) 3

T
©) Py (D) None of these
Solution: (B)
We have,

y= 2sin’x )

and y=cos 2x )

Differentiating (1) with respect to x, we get

d .
Y =4 sin x cos x
dx

. d_y] ”:4.(1) RN
ar

dx 2
Differentiating (2) with respect to x, we get

Q =-2sin2x = Q:|
o

=-2sin r
dx dx 3

T

6
=—+/3 =m, (say).

Hence, angle between the two curves is

O=+tan' =y =itan’1\/5 -z orz—”
1+ mm, 3 3
13. Theline X + 2 _ 2 touches the curve (f) + (Z) =2
a b a b
at the point (a, b) for
(A) n=2only (B) n=-3 only

(C) nis any real number (D) None of these

Solution: (C)

n n
We have, (f) + (X) =2
a b

n—1 n—1
- me oy ﬂ=0
a" p" dx
n n—1
o g]
dx (a, b) a'b
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. The equation of tangent at (a, b) is

y—b=- b x—a)= 2o
a a b

. The line £+ 2 2 touches the curve at (a, b), for
all n. a

1

1—sinx

14. The least value of a for which

+

=da

Simx

has at least one solution in the interval (0, E) is

(A) 9 (B) 8
©) 6 (D) 4
Solution: (A)
Sx) = .4 + 1. =a
sinx l-—sinx
, 4cosx oS X
= X)= —
S &) sin?x  (1—-sinx)?
= cosX ! __4
(1-sinx)> sin’x
Sx)=0
1 4

=

—— ———— =0ascosx#0in (0, EJ
(I-sinx)” sin”x 2

The given x = 2/3. Substituting in f(x) =0, we geta =9.
15. The curves y* = 2x and 2xy = k cut at right angles if

(A) K¥=8 (B) =4
(©) =2 (D) None of these

Solution: (A)
Let P (x;, y;) be the point of intersection of the two

curves.
We have,
y2:2x:>2yﬂ =2=m= (d_y)
dx dx (
X, %)
_1
N
and xy=k = xd—y+y=0
dx

I (ﬂ)} __x
)= -
ax )] ) M

Since the two curves intersect at right angles,

1
mm,=—-1= (—J(—l] =—1l=x=1
N X

and hence from y? = 2x,, we get y =2.

Since (x,, y,) also lies on 2xy =k
F=4xyl =4x1x2=8
16. Ifthe curve y = x” + bx + ¢ touches the line y=xatthe

point (1, 1), then the values of x for which the curve
has a negative gradient are

1 1
(#) x< S B) x>

1 1
(€ x<- o (D) x> =

Solution: (A)

Wehave,y=x2+bx+c
& =2x+b
dx

Since the curve touches the line y = x at the point (1, 1)

(2x+b)], , =lie,2+b=1=b=-1.

(1,1)
Also, the curve passes through the point (1, 1)
l=1+b+cie,c=—b=1

dy

y=x'—x+1= = =2x-1
dx
Now, d_y <0=22x-1<0=>x< l
dx 2

REMEMBER

If one angle between the tangents (acute/obtuse) is 6, then
the other angle between the tangents (obtuse/acute) is
(180° - 0).

Generally, we take the acute angle to be the angle of intersec-
tion of the given curves.

LENGTH OF TANGENT, LENGTH
OF NORMAL, SUB-TANGENT AND
SUBNORMAL

Let the tangent and normal at the point P(x, y) on the curve
meet the axis of x at the points 7 and N respectively. Let M
be the foot of the ordinate at P. Then,
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YA

Fig. 14.5

1. Length of the tangent = PT =] y cosec 6|

‘y\/1+cot ‘

dx

2. Length of the normal = PN =y sec 0|

B
v

3. Subtangent=TM =|ycot 8| =

4. Subnormal = =|ytan 0| =

LENGTH OF INTERCEPT MADE ON AXES
BY THE TANGENT

Equation of tangent at any point (x;, y;) to the curve y =f(x)

(x—x).

. dy
8y—y,=|—
rn (dxlxl,m

Then, x-intercept=x, — 4

(dy)
RENS
. d
and y-intercept =y, — | x; (_y)
A )iy

SOLVED EXAMPLES

17.

18.

19.

The sub-normal at any point of the curve
x4 = a* (x* — a®) varies as
(A) (abscissa) °
(C) (ordinate) >

Solution: (A)

(B) (abscissa)’
(D) None of these

We have, x2y2 =d (x2 - a2) €8
d
= x2><2y—y+y2-2x=a2-2x
dx
d 2 2
L b2y
dx Xy
d 22 2,2 2
. Sub-normal =y g_2-y 2 (a 3 )
X X X

=— [+ from(1) (@ -y =d"
= The sub-normal varies inversely as the cube of its

abscissa.

The sub-tangent at any point of the curve x™y" =" "

varies as
(A) (abscissa)2
(C) abscissa

Solution: (C)
We have, x"y" = a™
= mlogx+nlogy=(m+n)loga

(B) (ordinate)
(D) ordinate

+n

m ndy dx nx
-0 = -
X ydx dy my

Sub-tangent =

o

For the parabola y* = 4ax, the ratio of the sub-tangent
to the abscissa is

(A) 1:1 B)2:1
(©) x:y (D)x*:y
Solution: (B)

We have, y2 =4ax

= ZyZ—y=4ai.e.,Z—y:2—a
X x
y vy ¥y Aax

— = — =2x

Sub-tangent = = =
dyldx 2aly 2a 2a

. Sub-tangent : Abscissa=2x:x=2:1.
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LENGTH OF PERPENDICULAR FROM
ORIGIN TO THE TANGENT

Length of perpendicular from origin (0, 0) to the tangent
drawn at point P(x, y,) to the curve y = f(x) is

INCREASING AND DECREASING
FUNCTIONS (MONOTONICITY)

Increasing Function

A function f{x) is said to be an increasing function on an
interval 7, if

X, <x, = f(x) Sf(xy), VX, x,e 1

YA
/:/
I
| L fx)
:f(X1) :
I
o X X > X

Fig. 14.6 Increasing Function

Strictly Increasing Function

A function f(x) is said to be a strictly increasing function
on an interval I, if

x; <xy = f(x)) <f(xy), VX, x,€ 1

YA
//i/
| f(x2)

Fig. 14.7 Strictly Increasing Function

Decreasing Function

A function f{(x) is said to be a decreasing function on an
interval 7, if

x; <Xy = fx) 2f(xy), VX, x,€ 1

Decreasing Function

Strictly Decreasing Function

A function f{(x) is said to be a strictly decreasing function
on an interval I, if
X <Xy = flx) > fxy) Vxp,x,€ 1

Y

3

|
|
|
' |
O X1 X2

Fig. 14.8 Strictly Decreasing Function

Monotonic Function

A function f(x) is said to be monotonic on an interval 7 if it
is either increasing or decreasing on /.

TEST FOR MONOTONICITY OF FUNCTIONS

1. f(x) is increasing in [a, b] if /" (x) 20, V x € [a, b].

2. f(x) is strictly increasing in [a, b] if /" (x) >0, V x €
[a, b].

3. f(x)is decreasing in [a, b] if 7 (x) <0,V x € [a, b].

4. f(x) is strictly decreasing in [a, b] if /" (x) <0, V x €
[a, b].

TRICK(S) FOR PROBLEM SOLVING

m If a function f (x) is strictly increasing (strictly decreasing)
on an interval |, then f ' exists and is also strictly increasing
(strictly decreasing).

m If f(x) is monotonic on an interval |, then f (x) has at the
most one zero in the interval /.

m If the functions f(x) and g (x), both are increasing or
decreasing on an interval |, then the composite function
(gof ) (x) is an increasing function on /.

m If the function f (x) is increasing (decreasing) and g (x)
decreasing (increasing) on an interval /, then the composite
function (gof ) (x) is decreasing on the interval /.

m A function may be increasing in some interval /, and
decreasing in some other interval /,.

SOLVED EXAMPLES

20. Iff(x) is a polynomial function such that, f(x) > f(x), V
x 21 and f(1) =0, then
(A) f(r)<OVx21
©) fx)=0,Vx=>1

B) fx)20Vx2>1
(D) None of these.



21.

22.
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Solution: (B)
We have, f/(x) > f(x) > f(x), Vx> 1

= f/x)-f(x)>0,Vx>1
= e [f(x)-fx)]>0,Vx2>1

= 4 [ef(x)]>0,Vx>1
dx

e f(x) is an increasing function, V x > 1

= ) =2e () (.
= e f(x)20 [
= f(x=20,Vx2=1

f(x) is a polynomial)
f(1)=0]

The subtangent, ordinate and subnormal to the parab-
ola y2 = 4ax at a point (different from the origin) are in

(A) GP (b) AP
(C) HP (d) None of these
Solution: (A)

We have, y2 =4ax

= 2y & =4aie., i = 2_a.
dx dx y
2
Sub-tangent = =Y -
dyldx 2aly 2a
2
Sub-normal =yd—y =yX e
dx

2

Clearly, ;— , ¥, 2a are in G.P.
a

The largest term in the sequence
2

X, == ,ne N,is
n> +200
49 8
A) — B) —
) 543 ®) 89
1
©) ) (D) None of these

Solution: (A)

n2

Let f(n)=x,= ,ne N
"} +200
3 2 2
, n> +200)-2n—n"-3n
= = 202
(n® +200)
~ n(400—n")
(n® +200)>

23.

24.

But /” (n) # 0 for any n € N. Hence f(n) has no
critical point.

But the function f(#) is increasing for n < 8 and it
starts decreasing for n > 8.

49 8
Here, f(7)= 43 and f(8) = %"
Clearly, f(7)>f(8).

4
Hence, the largest value is 9 .
543

Letf(x)= “ log, {log,[log,(cost + a)]} |dt be increas-
0

ing for all real values of x, then
(A) a=5
(©€) a<0

Solution: (A)

(B) 0sa<4
(D) None of these

We have, /' (x) = | log, log; log, (cosx + a) |

Clearly, f’(x) 2 0 for all x

= x==x1

.. f(x) is increasing for all real x, provided f(x) is defined.
Now, f(x) is defined, if

log; logy(cosx+a)>0,Vxe R

= logy(cosx+a)>4°=1,Vxe R

= cosxta>4,VxeR

= a>4-cosx,VxeR

= a>5 (w.1<cosx<1)

Let f’(sinx) <0 and f”(sinx) >0 V x € (O, %) and

2(x) =f(sin x) + f(cos x), then g (x) is decreasing in

T T T
@ (05) ® (55)

(©) (0, %) (D) None of these

Solution: (A)
We have, g’(x) = f"(sin x) - cos x — f’(cos x) * sin x

= g"(x)=—f"(sinx) - sin x + /”(sin x) - cos’x

+ £”(cos x) - sin’x — f7(cos x) - oS x

S0,Vxe (o, 5)
2
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25.

26.

= ¢’(x) is increasing in .(0, g) Also, g’(%) =0
= dM)>0Vxe (f, f) and g(x) <0V x e (0, f)
4 2 4
. L /4
Thus, g(x) is decreasing in (0, Z)

Let /(x) = (1 + b%) x* + 2bx + 1 and m (b) the minimum
value of f(x) for a given b. As b varies, the range of m
(b) is

(A) [0, 1]

1
oy

Solution: (D)
We have, f(x)=(1+ 5%

, 2b b? b?
o PR 22 |~ > 1
1+b (I+57) 1+b

(B) (0, 1/2]

(D) (0, 1]

2
b 1 1
=(1+b) | x+ + >
1+ b? 1+56> 1+b°

m (b) = ;2 So, range of m (b) = (0, 1].
1+b

If /(x) = xe* ' = then f(x) is
(A) increasing on [—%, 1:|

(B) decreasing on R
(C) increasing on R

1
(D) decreasing on [—E, 1:|
Solution: (A)
We have, f/ (x) =" +x- "9 (1 -2x)
=TI +x(1-20]=e "V (27 +x+ 1),

Now, the sign-scheme for — 2x* +x + 1 is

-ve —1I/2 +ve 1 -ve

. -1 )
S f (x)20ifx e [?, 1:| because ¢ ' 7 is always
positive.

1
So, f(x) is increasing on [—E, 1:| .

27. The function f(x) = 2% - log | x |, x # 0 is increasing in

the interval

1 1
A) | ==, 0]U | =,
@ (30 37)
1 1
B) | —0, —= | U |0, =
@ (=3 o o)
11
C) [-——=. =
© (-3
(D) None of these
Solution: (A)
Wehave,f(x)=2x2—log|x|,x;t0
Case I. When x < 0, /(x) = 2x* — log | x | = 2x* — log (- x)
1 4x*—1

S () =4x— 1 (~1)=4x- - =
(=x) X X

Case I1. When x > O,f(x)=2x2—10g | x| =2x2—10gx
, 1
£ )= 4 —
X

1 4x* -1
Thus, when x < 0 or x> 0, f” (x) = 4x — — =
X X
2
-1
Sign scheme for ol :
X
e Ve +ve (IJ -ve i +ve  +oo

-1
2

Thus, f(x) is an increasing function in the interval

(o))

MAXIMA AND MINIMA OF FUNCTIONS

Local Maximum

A function y = f(x) is said to have a local maximum value
atapointx =a, if f(x) <f(a), V x € (a — h, a + h), for small
h >0, i.e. f(a) is the greatest of all the values of f(x) in the
interval (a — h, a + h).

Y4 ;
Local maximum
|
AT\
1 | 1
1 | 1
=1 il
= S
8, ll
8 S~ S
Y| | LN |
1 | 1
1 | 1
> X
O a-h a a+h

Fig. 14.9
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The point x = a is called a point of local maximum of the
function f(x).

Local Minimum

A function y = f(x) is said to have a local minimum value at
a point x = a, if f(x) = f(a), V x € (a — h, a + h), for small
h>0,1i.e., f(a) is the smallest of all the values of f(x) in the
interval (a — h, a + h).

Yk
N A
: ; Local minimum
1
I
E: 1 ’E:
[ T ! +1
K L]
| ! II
1 ! 1
1 | 1 -X
o a-h a a+h
Fig. 14.10

The point x = a is called a point of local minimum of the
function f{(x).

OKEMEMBEK

(i) The points at which a function attains either the local
maximum value or local minimum value are called
the extreme points and both local maximum and local
minimum values are called the extreme values of the
function f (x).

(ii) The local maximum and local minimum values are also
known as relative maximum and relative minimum values

\_ respectively.

METHOD TO DETERMINE THE POINTS
OF LOCAL MAXIMA AND LOCAL
MINIMA

Method I (First Derivative Test)

1. For the function y =f(x), find f” (x).

2. Putf” (x) =0 and solve this equation for x. Let its roots
be a, b, ¢ etc. These points are called stationary points
or critical points.

3. At x = a, determine the sign of /' (x) for values of
x slightly less than a and that for values of x slightly
greater than a.

(i) If /' (x) changes sign from positive to negative
as x increases through a, then x = a is a point of
maximum.

\ Local maximum

YA
Q N —
5\ f (x):=0 <
NS ! N
S 1 \ o
I I I
I I I
I I I
I I I
I I I
I I I
I I I
I I I
1 ! I >
0 a-h a a+h ¥
Fig. 14.11

(i) If /7 (x) changes sign from negative to positive
as x increases through a, then x = a is a point of
minimum.

YA

1
1
1
1
1
1
! 1 >
a

Fig. 14.12

(iii) /" (x) does not change sign as x increases through
a, then x = a is neither a point of maximum nor a
point of minimum. Such a point is called a point
of inflexion.

We repeat this process for other values of x and
examine them for maxima or minima.

CAUTION

= A function may have maxima or minima at a point without
being derivable at the point.

m If f (a) does not exist, the there is no question of extrema
atx=a.

Method Il (Second Derivative Test)

1. For the function y = f(x), find /" (x) and /™ (x).
2. Putf” (x) =0 and solve this equation for x. Let its roots
be a, b, c etc.
3. Atx=a
(i) iff” (a) <0, then x = a is a point of local maxima;
(i) if/” (a) >0, then x = a is a point of local minima;
(iii) if /” (a) = 0, we cannot say any thing.
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GREATEST AND LEAST VALUES OF

A FUNCTION IN A CLOSED INTERVAL
(ABSOLUTE MAXIMUM AND
ABSOLUTE MINIMUM)

If f(x) is continuous in an interval [a, b], then greatest or
absolute maximum value of f(x) = max. [ f(a), f(b), values
of f(x) at all critical points in (a, b)].

Also, least or absolute minimum value of f(x) = min.
[f(a), (D), values of f(x) at all critical points in (a, b)].

IMPORTANT POINTS

If a function is defined and continuous on an interval which
is not a closed interval, then it cannot have any greatest
or least value other than local maximum or local minimum
values.

SOLVED EXAMPLES

28. If P (x) = ay + apx* + ax* + ... + a,x*" be a polynomial
inxe Rwith0<a, <a,..<a,, then P (x) has
(A) no point of minimum
(B) only one point of minimum
(C) only two points of minimum
(D) None of these

Solution: (B)
We have,

P(x)=ay+ax*+a,x' + .. +a,x™

= P (x)=2apx+4a,x>+ ...+ 2na, x" !

For maximum or minimum, P’ (x) =0

= xQa,+4a,x*+ ...+ 2na,x*" " *)=0

= x=0(eacha,> 0 and powers of x are even)

Now, P”(x) =2a, + 12a,x* + ... + 2n 2n — 1) a, x"
P7(x)],—o=2a,>01ie. P(x) has a minimum at
x =0 only.

29. The fraction exceeding its pth power by the greatest
number possible, where p > 2, is

ol Wl

p
(©) p'?! (D) None of these

30.

Solution: (A)

Let y = x —”, where x is the fraction
dy ~1

= —=1-pxf
dx P

. .. d
For maximum or minimum, d_y =0
/x

V(p-1)
= 1—px"_1=0=>x=(—] .

p
dzy
Now, Ez—p(p—l)xpf2
-2/(p-1)
d*y 1Yy
— o==pp-1 (—J <0
dx2 }x:(llwv p
P

1
. . 1 YD
yismaximumatx = | —
p

The shortest distance of the point (0, 0) from the curve
_1 (" +e?)is

Y73

A) 2

© 3

Solution: (B)

Let P(x, y) be the point on the curve which is nearest
to O (0, 0).

(B) 1
(D) None of these

1
Letz= 0P =x"+ )" =2"+ 1 (& +e > +2).

dz 1 _
==t = (P —e )
dx 2
. .. 7
For maximum or minimum, — =0
/x

= 2x+ % (e —e™)=0

—2x 2x
e —e
. -
2

. . 1
= x=0is asolution and then y = 5 (e + eo) =1.

pe
Also, —;} =2+eF+e >0,
dx

hence, z is minimum.

The shortest distance OP = 0> +1% =1.



31.

32.

33.
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Let the function f(x) be defined as

-1 2
tan” o¢—3x",0<x<1
Sx) =
—6x, x2>1

f(x) can have a maximum at x = 1 if the value of «is

(A) 0 (B) 2
O 1 (D) None of these
Solution: (D)
We have,
, o ]76x, 0<x<1
A e

f(l=h)=-6(1-h)<0
and f"(1+h)=-6<0
Since f” (x) does not change sign as x passes

through 1, therefore, f(x) does not have a maximum or
minimum at x = 1, whatever be the value of .

If the roots of the equation x> —ax® + 4x — 8 =0 are real
and positive, then the minimum value of a is

(A) 2 B) 6

©) 3 Y4 (D) None of these
Solution: (B)

Let &, B, ybe the roots of the given equation.

Then, a+ B+ y=a, of+ ay+ By=4, ofy=S8.

Since AM > GM = %ﬂ” > 3oBy

= %2%@:a26

The minimum value of a = 6

: sint
For the function f(x) = Jﬂdt , where x > 0,
t
0

(A) maximum occurs at x = n7w, n even
(B) minimum occurs at x = nzx, n odd
(C) maximum occurs at x = n, n odd
(D) minimum occurs at x = n7, n even
Solution: (C, D)
We have,
sin x XCOS X —sinx
J )= —andf" ()= ————
X X
For maximum or minimum, /' (x) = 0

sin x

=0=sinx=0;x#0.
X

x=nm;n=1,2,3,...(" x>0)

34.

35.

NI COSNTT —SINNT _ COSNTT
(nm)’

At x=nmf” (x)=

nmw

="

nmw

- Extreme points are x=nm, n=1, 2, 3, ..., where
the maximum occurs at x = x, 37, 57, ... and the mini-
mum occurs at x =27, 47, 67, ...

The difference between the greatest and the least value
of the function

J@)= [(6r* =24) dt on 1, 3]s
0

(A) 14

© 4

Solution: (A)

(B) 10
(D) None of these

We have, f(x)= j(mz —24) dt
0

=  ffE)=6r-24)x1
F()=0=6x"-24=0=x==%2.

Butx=-2¢ [1, 3]. So x =2 is the only critical point.
1

1
Now, f(1)= j(6t2—24) dt = %—241 =22,
0 0
2 3 2
@)= [(6r* =24 dit = %_m Y
0 0
3 3 3
and f(3)= [(62 24 dr = | %24 || =-15,
0 0

Hence, the greatest value of f(x) is — 18 which it
attains at x = 3 and the least value is — 32 which is
attained at x = 2.

Thus, the difference between the greatest and the
least value of the function

=f3)-f2)=—18+32=14

The minimum value of e = ) is
(A) e (B) ¢
©) 1 (D) None of these

Solution: (C)

4y - .. 4 N ..
e ™) s minimum when (x* - x° + x%) is minimum.
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36.

37.

38.

4

Since x'—x’+x*=x* (x27x+ 1)

>0,VxeR

.. The minimum value of (x4 —xX xz) is 0 forx=0.

4_ 3 .
Hence, the minimum value of ¢ * ™) ise’ = 1.

The minimum value of the function
fx)=2]x-2[+5|x-3|,Vxe Ris

(A) 3 (B) 2
© 5 (D) 7
Solution: (B)

We have,

f)=2|x-2|+5[x-3]|
=2Q2-x)+5@-x)=19-"7x,ifx<2
=5,ifx=2
=2(x-2)+5@3-x)=11-3x,if2<x<3
=20B3-2)=2,ifx=3
=2(x-2)+5x—-3)=7x-19,ifx>3

Thus, we find that f(x) has a minimum value 2 atx = 3.

If(x — )™ (x — b)™ "', where m and n are positive
integers and a > b, is the derivative of a function f; then
(A) x = a gives neither a maximum nor a minimum
(B) x =a gives a maximum

(C) x =b gives a minimum

(D) x = b gives neither a maximum nor a minimum

Solution: (A, C)

Letf’ (x)=(x—a)*" (x— by !

The extreme values of fare given by f” (x) =0
= x-a) (x-b)""'=0=x=a,b.

For x < b, (x — b)zm+1 is negative and for x > b,
(x— b)*" " is positive ( 2m + 1 is odd).

Thus, /' changes sign from negative to positive as
x passes through b and so, f'has a minimum at x = b.

Since 2n is an even integer, (x — a)zn does not
change sign as x passes through a i.e., /” (x) does not
change sign as x passes through a. Hence, f has neither
a maximum nor a minimum at x = a.

The value of k& so that the sum of the cubes of the roots
of the equation X —kx+ (2k—3) = 0 assumes the min-
imum value, is
(A) k=1
(C) k=0

B) k=3
(D) None of these

39.

40.

Solution: (B)

Let o and B be the roots of the given equation. Then
o+ f=kand o= (2k-3)

Let — z=a'+f =(a+p)-30B(a+ p)
=k —3k(2k-3)=k — 6k* + 9%
E =3k2712k+9=3(k2,4k+3)
=3 (k—1) (k-3)
dz
Now, _k =0:>3(k*1)(k73)=02>k=]’3

d*z

Also, el (6k-12)|,_, =6(3)-12>0
k=3

Hence, z is minimum when k = 3.
Iffx)=|x|+|x—1]+]|x—2], then
(A) f(x) has minima at x = 1
(B) f(x) has maxima at x =0
(C) f(x) has neither maxima nor minima at x = 0
(D) f(x) has neither maxima nor minima at x = 2.
Solution: (A, C,D)
We have,

SO =[x+ |x-T[+]|x-2]

(—3x+3,x<0
a —x+3, 0<x<l1
x4, 1<x<2
3x—=3, x=2
(-3 x<0

does not exist x =0
-1 O0<x<l1

does not exist x =1

= [
1 I<x<?2
does not exist x =2
13 x>2

Clearly, f(x) has minima at x = 1 and neither maxima
nor minima at x = 0 and x = 2.

The function

f@= [t -D-1)(-2)(t-3)dr
-1

has a local minimum at x =

(A) 0

© 2

B) 1
(D) 3



41.

42.
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Solution: (B, D)
We have,

f@=xE-D)E-1)x-2)7° x-3)
[ (x)=0=x=0,1,2,3

Sign scheme for 7 (x) :

- -ve 0 -ve 1 +ve 2 -ve 3 +ve o

Clearly, f(x) has local minimum at x = 1 and x = 3.

x|, 0<|x[<2

Let f(x) = { . Then at x =0, f'has

I, x=0

(A) alocal maximum
(C) alocal minimum

(B) nolocal maximum
(D) no extremum

Solution: (A)

We have,
—x,—-2<x<0
fx) =141, x=0
X, 0<x<2
The graph of f(x) is

Clearly, from the graph,
f0)=1/0-¢<1,
f0+9o<1

where € is small and positive.
.~ f(x) has a local maximum at x = 0.

The number of values of x where the function

f(x)=cosx+cos (\/E X) attains its maximum is
(A) 0 B) 1
(©) 2 (D) infinite

Solution: (B)
We have, f(x) = cos x + cos ( \/Ex)

= |f(x)|=‘cosx+cos\/§x‘ <|cosx|+ ‘cosﬁx‘
=1+1=2,VxeR

Maximum value of f(x) = 2.

43.

44.

4s.

This requires cos x = 1 and cos V2x=1
= x=2nmand \/§x=2m7r, n,me I

2mrm m
= 2nr=— > n= —
NG

2
This is possible only when n =m = 0.
.. There is only one value (x = 0) at which f(x) attains
its maximum value.

The minimum value of 27°% % . 815" j5
1
A) — B) -5
(A) 3 (B)
©) % (D) None of these

Solution: (A)
Lety — 27cos2x . Slsian — 33cos2x + 4sin2x

y will be minimum when 3cos 2x + 4sin 2x is minimum.

Let Z=3cos 2x + 4sin 2x
Put3=rcos 6,4=rsin @

Then, r= V3> +4% =5and tan 6= g

4
ie, O=tan’! 3

Z=5cos(2x—0)=>-5<7Z<5
1

Min. Z=-5=Min.y=3"= —
243

If i (x) = f(x) + f(— x), then & (x) has got an extreme
value at a point where /' (x) is
(A) even function

(C) zero

Solution: (A)

We have, " (x)=f" (x) —f" (= x)

(B) odd function
(D) None of these

For extreme values of 4 (x), /" (x) =0

= f’(x)=f"(-x)=f"(x)is an even function.

Let /(x) = | %S’dt (x> 0); then for x = (21 + 1),%
0

f(x) has

(A) minima whenn =0, 2,4, ...

(B) maxima whenn =0, 2,4,6, ...

(C) neither max. nor min. whenn=-1,-3,-5, ...
(D) None of these
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Solution: (B)

We have, /7 (x) = cosx.
X

f () =0=cosx=0=x=2n+1) %,ne].

—XSInXx —CcoSXx

Also, /7 (x) = >
X

. T
—-(2n+1)—sin(2n+1)—-0
( )2 (2n )2

2
|:(2n + 1)’2’]

_ 2=
C @n+hrm’

<0,forn=0,2,4,6, ...

f"(x)]x:(ZnH)% =

~. f(x) has maxima whenn =0, 2,4, 6, ...

46. The minimum value of 2 ~"*?7 g

A1 B) 2

(€) 27 (D) None of these
Solution: (A)

265927 s minimum when (x> — 3)° + 27 is

minimum.
Since (x* —3)> + 27 =x® — 9x* + 2747
=" ("~ 9x* +27)

>0, for all x,
minimum value of (x* — 3)> + 27 = 0.
Thus, minimum value of 2T 00—

T

47. f(x)=1+[cosx]x,in0<x< —

2
(A) has a minimum value 0

(B) has a maximum value 2

(C) 1is continuous in [O, %:|
(D) is not differentiable at x = %

Solution: (C)

Since f(x) = 1in 0 <x <§ (as [cos x] = 0)

~. f(x) is continuous in [O, g]

1-x+x*
48. For all real x, the minimum value of x—xz is

I+x+x
1

(A) 0 (B) 3

©) 1 (D) 3

Solution: (B)

_ 2
Let Z = 1x—+x2
I+x+x

= Z+Zx+Z=1-x+x

= ZX-xX>+Zx+x+Z-1=0

= YZ-D+xZ+1D)+Z-1)=0
For x to the real, B> 44C>0

= (Z+1)-4Z-1D)(Z-1)20

= Z2+2Z+1-47°+8Z-420

= —37°+10Z-320ie 322-10Z+3<0

= (Z-3)(3Z-1)<0= - <Z<3

W | =

Therefore, minimum value of Z = % .

49. Iflog,(x* +°) — log,(x* + y*— xy) < 2 then the maxi-
mum value of xy is

(A) 2500 (B) 3000
(C) 1200 (D) 3500
Solution: (A)
3, .3
log,, % <2andx+y>0
XT+y —xy

= 0<x+»<100

= maximum value of xy = 2,500.

CONCAVITY AND CONVEXITY
OF A FUNCTION

Concavity of Function

If /”(x) > 0 in the interval (a, b), then shape of f(x) in inter-
val (a, b) is concave when observed from upwards (i.e.,
concave upwards) or convex down.

Geometrically, a curve is concave upward in the
interval [a, b] if all points on the curve lie above the tangent
to the curve at any point in the interval [a, b].
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DO NOT FORGET

If the curve is concave upward, then the slope of the tangent
increases as x increases i.e., f (x) is strictly increasing in
[a, b]

Convexity of Function

If /”(x) < 0 in the interval (g, b), then shape of f(x) in interval
(a, b) is convex when observed from upwards (i.e., convex
upwards) or concave down.

Y
' Concave up

"_ __________ ~
I Convex up !

Fig. 14.13
Geometrically, a curve is concave downward in the interval
[a, b] if all points on the curve lie above the tangent to the
curve at any point in the interval [a, b].

DO NOT FORGET

If the curve is concave downward, then the slope of the
tangent decreases as x increases i.e., f'(x) is strictly decreas-
ing in [a, b].

=f"(x) <OV x e [a, b]

POINT OF INFLEXION

If at x = a, the shape of the curve changes from concave to
convex or from convex to concave, then x = a is known as
the point of inflexion.

Method to Evaluate Point of Inflexion

Points of inflexion can be obtained by equating /”’(x) = 0. It
is not necessary that all values of x which are obtained by
equating /”(x) = 0 are points of inflexion. Only those values
of x for whcih /() changes sign are points of inflexion.

Higher Order Derivative Test to Determine
Local maxima, Local Minima and Point of
Inflexion

Let f(x) be a differentiable function in an interval / and let
X = a be a point lying in the interior of 7 such that

1. f(a)=f"(a)=f"(a)=...=f" '(a)=0and
2. f"(a) exists and is non-zero, then:

(a) If nis even and f"(a) < 0, then x = a is a point of
local maximum.

(b) If nis even and f"(a) > 0, then x = a is a point of
local minimum.

(¢) If n is odd and f"(a) > 0, then x = a is a point of
inflexion where shape of curve changes from con-
vex upwards to concave upwards.

(d) If n is odd and f"(a) < 0, then x = a is a point of
inflexion, where shape of curve changes from con-
cave upwards to convex upwards.

IMPORTANT POINTS

This test is used only when second derivative fails to decide
between local maximum and local minimum.

i.e, whenatx=aq, f(a) =0andf'(a) = 0.

TRICK(S) FOR PROBLEM SOLVING

m Maxima and minima occur alternately,that is between two
maxima there is one minimum and vice-versa.

m If f(x) > e asx— aorbandf(x) =0 only for one value
of x (say c) between a and b, then f (c) is necessarily the
minimum and the least value.

If f(x) = — e as x — a or b, then f (c) is necessarily the
maximum and the greatest value.

m If a function is strictly increasing in [a, b], then f (a) is local
minimum and f (b) is local maximum.

m If afunction is strictly decreasing in [a, b], then f (a) is local
maximum and f (b) is local minimum.

ROLLE’'S AND LAGRANGE'S MEAN VALUE
THEOREM

Rolle’s Theorem

If a function f defined on the closed interval [a, b], is

1. continuous on [a, b],

2. derivable on (a, b), and

3. f(a) =f(b), then there exists atleast one real number ¢
between a and b (a < ¢ < b) such that /7 (c) = 0.



14.18 Chapter 14

Geometrical Interpretation

Y

A

) X
Fig. 14.14
Y
A
a b X
Fig. 14.15
YA
1
! :
! 1
! 1
! 1
! 1
! 1
! 1
! 1
| L x
o} a \-/ b

Fig. 14.16

The conclusion is that there is a point ¢ between a and b
such that the tangent to the graph at [c, f(c)] is parallel to
the x-axis.

Algebraic Interpretation

Between two zeros a and b of f(x) (i.e., between two roots
a and b of f(x) = 0) there exists atleast one zero of f”(x).

TRICK(S) FOR PROBLEM SOLVING 52

Suppose a and b are two real numbers such that
m f(x) and its derivative f’(x) are continuous for a < x < b.
m f(a) and f (b) have opposite signs.

m f'(x) is different from zero for all values of x between a
and b.

Then, there is one and only real root of the equation f(x) = O

between a and b.

SOLVED EXAMPLES

50. If the polynomial equation
ax"+a, X" '+ +ax+ax+a,=0,

n positive integer, has two different real roots o and J3,
then between « and f3, the equation

nax" '+ (n—-1ya, ¥ *+..+a; =0has

(A) exactly one root
(C) atleast one root

(B) atmost one root
(D) no root

Solution: (C)

Let f(x)=ax"+a, xX"'+..+ax*+ax+ay, which
is a polynomial function in x of degree n. Hence f(x) is
continuous and differentiable for all x.

Let o< B. We are given, f(@) =0=f(f).
By Rolle’s theorem, /' (¢) = 0 for some value c,
a<c<p
Hence the equation
@ =na )" +(n—1)ya, xX"*+..+a,=0
has atleast one root between ¢ and f3.

51. Ifa+ b + ¢ = 0, then the equation 3ax® + 2bx + ¢ = 0
has, in the interval (0, 1)
(A) atleast one root
(C) no root
Solution: (B)

Let f(x)= ax’ + bx* + ex, x € [0, 1].
7 (x) =3ax> + 2bx + c.

Since f(x) is a polynomial function of x, it is con-
tinuous and differentiable for all x € [0, 1].

Also, f(0)=0;f(1)=a+b+c=0.
S0) =/(1)
Applying Rolle’s theorem, f” (k) = 0 for atleast one
value k, 0 < k < 1. Hence £ is a root of the equation

3ax* +2bx + ¢ =0, where 0 < k< 1

(B) atmost one root
(D) None of these

If the equation a,x" +a, ' '+..+ax=0hasa
positive root x = ¢, then the equation na,x" 'Y -1
a, X" "2+ ..+a, =0 has a positive root, which is
(A) smaller than o

(B) greater than o

(C) equal to

(D greater than or equal to o

Solution: (A)

Let f(x) = ax" +a, ¥ +.. +apnx.



53.

54.

5S.

Then f(@) =0 (Given). Also f(0) = 0.

Moreover, f(x) is continuous and differentiable in
[0, ] as it is a polynomial function of x. Hence, by
Rolle’s theorem, there exists a ¢ in (0, &) such that
f'(x)=0forx=ci.e.

nax' '+ (m—1)a, x" *+.. +2ax+a =0.

a a a
If 2+ 24
n+l n n-1
tion apy” + ax" '+ ...

interval (0, 1),

(A) exactly one root

a
+-=L 14 =0, then the equa-
2 n

+a,_x+a,=0 has, in the

(B) atleast one root

(C) atmost one root (D) no root
Solution: (B)
Let
f( ) xn+1 . x" . n—1 . x2 .
X)=aq a—+a wta,  —+ax
“n+l tn Pa-l nlig T

Then f{(x) is continuous and differentiable in [0, 1],
as it is a polynomial function of x.

Also, £(0)=0

and  f(l)= 0 ;A % o ey, 2o
n+l n n-1 2

(Given)
Hence, by Rolle’s theorem, there exists atleast one real
number ¢ € (0, 1) such that /" (¢) =0 i.e., ¢ is a root of
the equation apx” + a,x" '+ .. +a, x+a,=0.
The equation x log x = 3 —x has, in the interval (1, 3),
(A) exactly one root
(C) atleast one root
Solution: (C)
Let f(x) = (x— 3) log x
Then, f(1)=—21log 1 =0and f(3)=(3-3) log3=0.
As, (x — 3) and log x are continuous and differentiable
in [1, 3], therefore (x — 3) log x = f(x) is also continu-
ous and differentiable in [1, 3]. Hence, by Rolle’s theo-
rem, there exists a value of x in (1, 3) such that

(B) atmost one root
(D) no root

S 0)=0
= 10gx+(x—3)l:0
X
= xlogx=3—x.

Between any two real roots of the equation ¢* sinx =1,
the equation e cos x = — 1 has
(A) atleast one root
(C) atmost one root

(B) exactly one root
(D) no root

56.
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Solution: (A)
Let ¢, B (< P) be any two real roots of
fx)=e" —sinx.
Then, fo)=0=7(p)
Moreover, f(x) is continuous and differentiable for
xe [a, Bl

Hence, from Rolle’s theorem, there exists atleast
one x in (&, ) such that

f(x)=0=—-¢ *—cosx=0

=-e (1+e cosx)=0=¢" cosx=—1.

If a, b, ¢ be non-zero real numbers such that

1
[+ cos® x)(ax® + bx +¢) dx
0

2
= j(1+cos8 x)(ax® +bx+c)dx =0,
0

then the equation ax’ + bx + ¢ = 0 will have

(A) one root between 0 and 1 and other root between
1 and 2

(B) both the roots between 0 and 1

(C) both the roots between 1 and 2

(D) None of these

Solution: (A)

¥
Letf(y)= J.(l +cos® x)(ax? + bx +¢) dx
0

= [ 0= +cosy) (@’ +by+o) (1)

Now, f(l)= j.(1+cosg x)(ax® +bx+c)dx =0
:

and J@)= [ (1+cos® x)(ax” + bx+c)dx =0

Also, f(0) =0 0

J0)=/1)=/2)
Now by Rolle’s theorem for f(x) in [0, 1].
1’ (a) =0, for atleast one o, 0 < x < 1
and by Rolle’s theorem for f(x) in [1, 2],
f7(B) =0, for atleast one 3, 1 < < 2.

From (1),
F()=0= (1 +costa) (ac? +bo+2)=0.
But 1+cosiar# 0,
acl +ba+c= 0,
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i.e., «aisaroot of the equation ax’ + bx + ¢ = 0.
Similarly 1’ (f)=0 = af + b+ c =0,
i.e., [isaroot of the equation ax’ + bx + ¢ = 0.

But the equation ax’ +bx+c=0, being a quadratic
equation, cannot have more than two roots.

~. The equation ax® + bx + ¢ = 0 has one root &
between 0 and 1 and other root B between 1 and 2.

57. 1f27a+9b + 3¢+ d =0, then the equation 4ax’ + 3bx>
+ 2¢x + d = 0 has atleast one real root lying between

(A) Oand 1 (B) land3
(C) 0and 3 (D) None of these
Solution: (C)
Let f(x) = ax* + bx® + ex* + dx
Then,
f(0)=0and f(3)=8la+27b+9c +3d
=327a+9+3c+d)
=0 (v 27a+9b+3c+d=0)
Therefore 0 and 3 are roots of the polynomial f{(x).
So, by Rolle’s theorem, there exists atleast one root of
the polynomial /' (x) = 4ax® + 3bx” + 2¢x + d lying
between 0 and 3.

LAGRANGE'S MEAN VALUE THEOREM

If a function f'defined on the closed interval [a, b], is

1. continuous on [a, b]
2. derivable on (a, b), then there exists atleast one real
number ¢ between a and b (a < ¢ < b) such that

_ S~ f(a)

Sley= 2o

Geometrical Interpretation

The theorem states that between two points 4 and B on the
graph of f'there exists atleast one point where the tangent is
parallel to the chord 4B.

YA

Fig. 14.17

SOLVED EXAMPLES

58. If f(x) is differentiable in the interval [2, 5], where
1 1 .
f2)= 3 and f(5) = > then there exists a number c,

2 < ¢ <5 for which f”(c) =

1 1
A) — B) —
(A) 2 (B) 5
©) % (D) None of these
Solution: (C)

As f(x) is differentiable in [2, 5], therefore, it is also
continuous in [2, 5]. Hence, by mean value theorem,
there exists a real number c in (2, 5) such that

3 1
=/ (0)223—525

_SO-f@

fey= 1

59. The value of ¢ in Lagrange’s theorem for the function

xcos| — [, x#0 | . .
Jfx)= X in the interval [ 1, 1] is

0, x=0
1
(A) 0 (B) Z
©) —% (D) non-existent in the interval

Solution: (D)

f(x) is continuous in the interval [ 1, 1], but f(x) is not
differentiable at x = 0. Hence mean value theorem is
not applicable. So, no ¢ can be found.

60. Let f'be a function which is continuous and differen-
tiable for all real x. If /(2) =—4 and f” (x) = 6 for all
x € [2, 4], then
(A) f(4) <8
©) f4=12
Solution: (B)

By mean value theorem, there exists a real number ¢
€ (2, 4) such that

-1 _
4-2

Since f* (x) 26 V x € [2, 4]

B) f(4) 238
(D) None of these

_ f@)+4
)

fo)= S ()

f'(c)26:>@ >6=f(4)+4>12

= f(4)>38
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APPLICATION OF :—y AS A RATE MEASURE
X

The importance of the derivable functions in various
practical problems of day to day life rests on the fact that
the derivatives give us a measure of the rate of change of a
function with respect to tis independent variable.

Let y =f(x) be the given function. Take a fixed value
x, for x and the corresponding value of y for x = x, is say
Vi, 1.e., ¥, = f(x)). Take another value x, of x and the corre-
sponding value of y be y,.

Let dx and dy denote the increments in x and y respec-

tively. The increment ratio 5_y - Th J(x) = )
ox  x, —x X, — X

is called the average rate of change with respect to x in the

interval [x,, x,]. If we continue choosing the values of x in

such a way that the interval [x,, x,] shrinks to zero, i.e., dx

— 0 then according to the definition of derivative.

i & i L0 LG (d_y)
— i

Sx—00x  x,—ox X, | dx

=X,

And this is known as the rate of change of y with respect to
x for the same value x = x.

d . .
Hence d_y represents the actual rate of increases in y
X

. . . dy .
per unit increase in x for the particular value of x or d_y is
X

the rate at which y is changing with respect to x.

again, & - 1A by e

dx  dx/dt dt dx dt

In order words, if the rate of change of variables x and y are
taken relative to time ¢, we have

d
Rate of change of y = d_y x rate of change of x.
x

Single Option Correct Type

1. The set of values of x for which log (1 + x) < x, is
(A) x<0 B) x>0
(C) 0<x<1 (D) None of these

2. Let f(x) = cos 2mx + x — [x], where [-] denotes the
greatest integer function. Then the number of points
in [0, 10] at which f (x) assumes its local maximum

value, is
(A) 10 (B) 9
<) 0 (D) infinite

. sinx . . .
3. The function f(x) = —— is decreasing in the interval
X

w5 o)

©) 0, m (D) None of these

4. Ifax + 2 > ¢ for all positive x, where a, b> 0, then
X

2 2

(A) ab< (B) ab > %

NG oY '“lﬁ

(C) ab = (D) None of these

5 If0<a< f< % then

A) tan 3 o ®) tan 3 S o
tanax  f tanax  f
tan o o tan o o
© tan 3 - E ®) tan 3 E

6. If a < 0, the function (e” + e *) is a monotonic
decreasing function for all values of x, where
(A) x>0 (B) x<0
©) x>1 (D) x<1

7. The range of values of a for which the function
f(x)zx3 +(a+2)x2+3ax+5
may be monotonic in R, is
(A) a<1 B) 1<a<4
(C) a>4 (D) None of these

8. The values of k for which the function

fx)= ke —9x? +9x+3 may be increasing on R are
(A) k>3 (B) k<3
(C) k<3 (D) None of these
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9.

10.

11.

12.

13.

14.

15.

16.

17.

The least possible value of & for which the function
fx) = ¥+t 1 may be increasing on [1, 2] is

(A) 2 B) -2

<) 0 (D) None of these

If £(x) = 2x° + 9x + Ax + 20 is a decreasing function
of x in the largest possible interval (— 2, — 1) then A is
equal to

(A) 12 (B) —12

(©) 6 (D) None of these

Let f’(x) > 0 and g’(x) < 0 for all x € R. Then,

(A) fle)]>f[glx— 1]
(B) flg()] >f[glx + 1)]
©) glf@]>g[f(x-1)]
D) glf@l<glf(x+ 1]

If the function f'(x) = 3 cos | x | — 6ax + b increases for
all xe R, then the range of values of « is given by

1 1
(A)a>—5 (B)a<—5

(C) asb (D) a=b

The equation x + ¢" = 0 has

(A) only one real root
(B) only two real roots
(C) no real root

(D) None of these

The value of a in order that /(x) =sinx —cosx —ax + b
decreases for all real values is given by

(A) a=2 (B) a<+2
(€ a1 D) a<1

Let f'and g be increasing and decreasing functions
respectively from [0, o) to [0, o). Let /2 (x) = f[g (x)].
If 4 (0) =0, then % (x) is
(A) always zero

(C) always positive

Iff” (x)<0Vxe (a,b),thenf (x)=0
(A) exactly once in (a, b)

(B) atmost once in (a, b)

(C) atleast once in (a, b)

(D) None of these

(B) always negative
(D) strictly increasing

The two tangents to the curve ax® + 2hxy + by2 =1,
a > 0 at the points where it crosses x-axis, are

(A) parallel
(B) perpendicular

(C) inclined at an angle %

(D) None of these

18.

19.

20.

21.

22,

23.

24.

25.

The curve y — ¢+ x = 0 has a vertical tangent at the
point

A) (1,1 (B) atno point

(© (0, 1 D) 1, 0)

The set of all values of a for which the function f(x) =
(a* —3a+2)(cos” x/4 —sin® x/4) + (a— 1)x +sin 1 does
not possess critical points is

(A) [1, ) (B) (0, Hu(,4)

©) 2,4 D) (1,3)u(3,5)
.3

Letf(x) = ¥ tlogy b 0<x<l . Then set of val-

3x x21

ues of b for which f{(x) has least value at x =1 is:

(A) R (B) (0, 16]

(C) [16, ) (D) None of these

Ifatany point on a curve the sub-tangent and sub-normal
are equal, then the length of the normal is equal to

(A) 2 ordinate (B) ordinate

(C) 2 ordinate (D) None of these

2

Tangent is drawn to the ellipse ;—7+ ¥ =1 at

(3\/§ cos 8, sinf) , where e (0, 82). Then, the value

of @ such that sum of intercepts on axes made by this
tangent is minimum, is

(A) (B)

oy w|y
IS

© D)
The minimum value of a tan’x + b cot’x equals the
maximum value of @ sin” @+ b cos” O where a > b > 0,
when

(A) a=b (B) a=2b

(C) a=3b (D) a=4b

A function f'is such that f(a) =f"(a) =f""(a) = ... =
f @n) (a) =0 and f has a local maximum value b at x
a, if f(x) is

(A) (x—a)™

B) b—1-(x+1-ay""

(€) b-(x—a)"™

(D) (x—a"?—b

1 1 -
IfP=x’— — and Q=x— —,x € (0,x) then minimum
X x

value of P/ Q2
(A) is 23

(C) does not exist

(B) is 23
(D) None of these



26.

27.

28. Ify

29.

30.

31.

32.
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If the area of the triangle included between the axes
and any tangent to the curve x"y = ¢” is constant, then
n is equal to

(A) 1

3
© 3

(B) 2
1
(D) 5

If f(x) and g (x) are differentiable functions for 0 < x <
1 such that /(0)=2,2(0)=0, f(1)=6, g (1) =2, then
in the interval (0, 1),
(A) f" (x)=0forall x
(B) /7 (x) =2g’ (x) for atleast one x
(C) f7 (x) =2g (x) for atmost one x
(D) None of these
= M;aib,thenyhas
sin(x +b)
(A) maximum at x =0
(B) minimum atx =0
(C) neither maximum nor minimum
(D) None of these

For a differentiable curve y = f'(x) having atleast two
extremum in the interval [a, b],

(A) two of its maximum values occur successively
(B) two of its minimum values occur successively

(C) maximum and minimum values occur alternatively
(D) None of the above

The points on the curve xy* = 1 which are nearest to
the origin are

1 1/3 1 -1/6 1 1/3 e
" {(5) (3] } v [(5) .
o [ +(1)"

"2

N characters of information are held on magnetic tape,
in batches of x characters each; the batch process-
ing time is o + fx* seconds; ¢, f3 are constants. The
optimum value of x for fast processing is

A < ® P
o

B
o B
©) \E (D) \/g

AB is a diameter of a circle and C is any point on the
circumference of the circle, then

(D) None of these

(A) area of AABC is maximum when it is an isosceles
(B) area of AABC is minimum when it is an isosceles

33.

34.

35.

36.

37.

38.

39.

40.

(C) the perimeter of AABC is minimum when it is
isosceles

(D) the perimeter of AABC is maximum when it is
isosceles

Let/(x)=1+3x> + 3%+ ... + 3% x°. Then f(x) has
(A) atleast one maximum

(B) exactly one maximum

(C) atleast one minimum

(D) exactly one minimum

A function fis such that /" (4) =" (4) = 0 and f has
minimum value 10 at x =4. Then f(x) =

(A) 4+ (x—4)° (B) 10+ (x—4*

(C) (x—4)* (D) None of these
The range of values of & for which the function
Fx)= (K —Tk+12) cosx + 2 (k—4) x + log 2

does not possess critical points, is

(A) (1,5) (B) (1,5) - {4}
©) (1,4 (D) None of these

The minimum value of the function

P q
fx)= x—+x—,where l+l =L,p>1lis
P

q P q
A) 1 (B) 0
©) 2 , (D) None of these
-1
If f(x) = x2 v for every real number x, then the
x“+

minimum value of f

(A) does not exist because f'is unboundecd
(B) is not attained even though f'is bounded
(C) isequal to 1

(D) isequal to—1

If a differentiable function f'(x) has a relative minimum
at x = 0, then the function y = f'(x) + ax + b has a rela-
tive minimum at x = 0 for

(A) alla>0
(C) allaand b

(B) allb>0
(D) allbifa=0

On the curve x° = 12y, the abscissa changes at a faster
rate than the ordinate. Then, x belongs to the interval

(A) (-4, 4) (B) (-3,3)
©) 2,2) (D) None of these
The maximum value of radius vector where
4 2 2
c a
— = + ;(a, b>0)is
2 sin’t  cos’t
4
c
(A) (a +b) (B)
(a+b)?

2

©) < (D) ca+b)

a+b
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41.

42.

43.

44.

45.

46.

47.

48.

49.

Let f(x) and g(x) be defined and differentiable for
x 2 x, and f(xy) = g(x), f'(x) > g'(x) for x > x,, then
(A) f(x) <g(x), x> x (b) f(x) = g(x), x > x
(©) f(x) > g(x), x >x, (d) None of these

If o and B (e < ) be two different real roots of the
equation ax® + bx + ¢ = 0, then

b b
(A) 0!>*Z (B) ﬁ<*z

(©) oc<—2i <p (D) [3<—i <«
a 2a

Iff" (x)= o2 for all x and f(0) = 0, then
+x

(A) f(2)<04 B) f(2)>2

(C) 04<f(2)<2 D) f(2)=2

The interval in which A should be if /(x) = sin’® x + A
sin® x(—72 < x < 7/2) has exactly one maximum and

one minimum is
11
B) | ——,—
® (-3.3)

A) L1

-3 3 -3 3
O |—, = D) |—,0(u|0,—
©(33) o (Fo)ee3)
Twenty metre of wire is available to fence off a flower
bed in the form of a sector. If the flower bed has the
maximum surface then radius is
(A) 10 (B) 5/2
©) 5 (D) 1572

Iff”(x)>0,V xe R, (3)=0and g(x) = f (tan’x — 2
tan x +4), 0 <x < 71/2, then g(x) is increasing in

T T T T
w(ef) @ 3)-(53)
T
® (05)

The normal to the curve x =a(l + cos ), y=a sin 6
at @ always passes through the fixed point

(A) (@, a) (B) (a,0)
©) 0,a) (D) None of these

If the tangent to the curve 2y3 = ax’ + x° at the point
(a, a) cuts off intercepts orand S on the coordinate axes
such that o + % = 61, then a =

(A) £30 B) £5

(C€) £6 (D) +61

If x € [0, 2] and g(x) =f(x) + A2 —x). Also, f”'(x) < 0,
then g(x)

(A) increases in [0, 2] (B) decreases in [0, 2]

50.

51.

52.

53.

54.

(C) decreases in [0, 1) and increases in (1, 2]
(D) increases in [0, 1) and decreases in (1, 2]

A spherical balloon is filled with 45007 cubic meters
of helium gas. If a leak in the balloon causes the gas
to escape at the rate of 727 cubic meters per minute,
then the rate (in meters per minute) at which the radius
of the balloon decreases 40 minutes after the leakage
began is

(A) 977 B) 7/9

©) 2/9 (D) 92

Let a, b € R be such that the fucntion fgiven by f(x) =

Infx| + bx” + ax, x # 0 has extreme values at x =—1 and

x=2.

Statement 1: / has local maximum at x = —1 and at
x=2.

Statement 2: a = l and b = _—1
2 4

(A) Statement-1 is false, Statement-2 is true.

(B) Statement-1 is true, statement-2 is true, statement-2
is a correct explanation for Statement-1.

(C) Statement-1istrue, statement-2 is true; statement-2
is not a correct explanation for Statement-1.

(D) Statement-1 is true, statement-2 is false.

Each side of a square is increasing at the uniform rate
of 1 m/sec. If after some time the area of the square
is increasing at the rate of 8 m%/sec, then the area of
square at that time in sq. meters is:

(A) 4 B) 9

(©) 16 (D) 25

Leta, b, c € R, a> 0 and function f: R — R be defined
by f(x) = ax* + bx + ¢

Statement 1: b* < 4ac = f(x) >0, for every value of x.
Statement 2: f is strictly decreasing in the interval

b . . L .
—00,2— and strictly increasing in the interval
a

=)

(A) Statement-1istrue, Statement-2 istrue, Statement-2
is a correct explanation for Statement-1.

(B) Statement-1istrue, Statement-2 is true, Statement-2
is not a correct explanation for Statement-1.

(C) Statement-1 is true, Statement-2 is false.

(D) Statement-1 is false, Statement-2 is true.

How many real solutions does the equation x4 14x° +
16x° + 30x — 560 = 0 have?
(A) 7
© 3

(B) 1
(D) 5



5S.

56.

57.

58.

59.

60.

61.
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Given P(x) =x* + ax® + bx* + cx + d such that x = 0 is

the only real root of P/(x) =0 . If P(-1) < P(1) , then in

the interval [-1, 1]

(A) P(-1) is the minimum and P(1) is the maximum
of P

(B) P(-1) is not minimum but P(1) is the maximum of
P

(C) P(-1) is the minimum and P(1) is not the maxi-
mum of P

(D) neitherP(—1) is the minimum nor P(1l) is the
maximum of P

Let f: [2, 7] — [0, =) be a continuous and differentiable
function. Then,

(SD*+(f2)* + f(2) f(T)

(D —1(2) ; is equal to
(A) 5/%c) f1(C) (B) 57(c)
©) flo) f (O (D) None of these

where c € (2, 7).

The fraction exceeding its pth power by the greatest
number possible, where p > 2, is

1) 1)
(A) (—] (B) (—J
p p

(©) p'?! (D) None of these
Let the function f(x) be defined as

tan' o —3x%,0<x <1
fx) =

—6x, x21
f(x) can have a maximum at x = 1 if the value of & is
(A) 0 (B) 2
O 1 (D) None of these
[x], 0<|x|<2
Let f(x) = {1 L= . Then, at x =0, f has

(A) alocal maximum
(C) alocal minimum

(B) nolocal maximum
(D) no extremum

Let f(x) = J%Stdt (x> 0); then for x = (21 + 1)% ,
f(x)has °

(A) minima whenn =0, 2,4, ...

(B) maxima whenn =0, 2,4,6, ...

(C) neither max. nor min. whenn=-1,-3,-5, ...
(D) None of these

If the equation a,x" +a, ' '+..+ax=0hasa

positive root x = ¢, then the equation

nax" '+ (n-1)a, x" ?+..+a,=0hasapositive
root, which is

(A) smaller than o

(B) greater than o

62.

63.

64.

65.

66.

67.

68.

(C) equal to o
(D) greater than or equal to o

If a, b, ¢ be non-zero real numbers such that

1
J(l +cos® X) (a)c2 +bx+c)dx
0

2
= J(l+cos8 x)(ax* +bx+c)dx =0,
0
then the equation ax’ + bx+ ¢ = 0 will have
(A) one root between 0 and 1 and other root between
1 and 2
(B) both the roots between 0 and 1
(C) both the roots between 1 and 2
(D) None of these

Let f'be a function which is continuous and differen-
tiable for all real x. If f(2) =—4 and f” (x) = 6 for all
€ [2, 4], then

(A) f(4)<38 (B) f(4)=>8
©) f4 =12 (D) None of these
If ax + é > ¢ for all positive x, where a, b > 0, then
X
2 2
c ¢

A) ab< — B) ab> —
(A) a 2 (B) a 2
(C) ab> % (D) None of these

Let f be a continuous, diferentiable and bijective func-
tion. If the tangent to y = f(x) at x = a is also the nor-
mal to y = f(x) at x = b, then there exists at least one
¢ € (a, b) such that

(A) f(©)=0
(© (<0

The values of k for which the function

B) f'(©)>0
(D) None of these

fix) = ko —9x* +9x +3 may be increasing on R are
(A) k>3 (B) k<3
(C) k<3 (D) None of these

The least possible value of &k for which the function
fx)= X2+ ket 1 may be increasing on [1, 2] is

(A) 2 (B) -2

<) 0 (D) None of these

Let a + b =4, a < 2 and g(x) be a monotonically
increasing function of x.

a b
Then, f(a) = [ g (x) dx + [ g (x) dx
0 0

(A) increases with increase in (b — a)
(B) decreases with increase in (b — a)



14.26 Chapter 14

69.

70.

71.

72.

73.

74.

75.

76.

(C) increases with decrease in (b — a)
(D) None of these

The equation x + ¢* = 0 has
(A) only one real root

(B) only two real roots

(C) no real root

(D) None of these

The value of @ in order that
f(x)=sinx—cosx—ax+b

decreases for all real values is given by

(A) a= 2 B) a< 2
(€) a>1 (D) a<1

Iff”(x) <0V x e (a, b), then f'(x) =0
(A) exactly once in (a, b)

(B) at most once in (a, b)

(C) at least once in (a, b)

(D) None of these

The minimum value of a tan’x + b cot’x equals the max-
imum value of @ sin? 8+ b cos® @ where a > b > 0, when

(A) a=b B) a=2b
(C) a=3b (D) a=4b
2
-1
If f(x)= x2 . for every real number, then mini-
x°+

mum value of

(A) Does not exist

(B) Is note attained even through f'is bounded
(C) Isequal to 1

(D) Isequal to -1

If y = a loglx| + bx* + x has its extremum values at
x=-1 and x = 2, then

(A)a=2,b=-1

B) a=2,b=-1/2

Ca=-2,b=1/2

(D) None of these

If f(x) and g(x) are differentiable functions for 0 <x < 1
such that /(0)=2, g (0)=0, f(1) =6, g(1) =2, then in
the interval (0, 1),

(A) f" (x)=0 forall x

(B) /7 (x) =2g’(x) for at least one x

(C) f7 (x) =2g’(x) for at most one x

(D) None of these

The difference between the greatest and least values of

. 1 1 .
the function f(x)=cosx+ 5 cos2x — gcos 3x is

(A) 2/3
(C) 9/4

(B) 8/7
(D) 3/8

77.

78.

79.

80.

81.

82.

83.

84.

85.

A function fis such that / (4) =/ (4) = 0 and f has
minimum value 10 at x = 4. Then f(x) =

(A) 4+ (x—4)° (B) 10+ (x—4)*

€) (x—4)* (D) None of these

The range of values of & for which the function
F(x) = (K =Tk +12) cosx + 2 (k—4) x + log 2
does not possess critical points, is

A (1,5) B) (1,5) - {4}
©) (1,4 (D) None of these

If a differentiable function f'(x) has a relative minimum
at x = 0, then the function y =f'(x) + ax + b has a rela-
tive minimum at x = 0 for

(A) alla>0 (B) allb>0
(C) allaand b (D) allbifa=0

Let f(x) and g(x) be defined and differentiable for
x = x, and f(xy) = g(x,), f'(x) > g'(x) for x > x,, then

(A) f(x) <g(x), x>x (b) f (x) = g(x), x > x,
©) f(x)>g(x),x>x, (d) None of these

If o and B (o < P) be two different real roots of the
equation ax’ + bx + ¢ = 0, then

b

b
(A) 05>—Z (B) ﬁ<—z

b b
©) 05<—Z<,B (D) ﬂ<—5<a

If p(x) = ay + ax+ay” + ...+ a,x" and [p(x)| < fe* ' — 1|
for all x> 0, then |a, + 2a, + 3a; + ... + na,)

(A) <1 (B) =1
(C) 20 (D) <0
The maximum value of radius vector where
4 2 2
c a
—=——+——;(a, b>0)is
r* sin’r cos’t
4
c
(A) (a+b)’
(a+b)?
2
© = (D) *(a+b)
a+b
.3
Let f(x) = x +logy b 0<x<1.Then, the set of
3x x>1
values of b for which f'(x) has least value at x =1 is
(A) R (B) (0, 16]
(C) [16, ) (D) None of these

The second drivative f”(x) of the function f(x) exists
for all x in [0, 1] and satisfies | f”(x)| < 1. If /(0) =£(1),
then for all x in [0, 1]

A) [/ <1
© If'®=1

®B) [/ [>1
(D) f(x) is constant



86.

87.

88.

89.

90.

91.

92.

Applications of Derivatives 14.27

Let the function f'be defined as

P(x) xX#2
f)={x-2"
7, x=2

”

where P(x) is a polynomial such that P””(x) is identi-
cally equal to 0 and P(3) = 9. If f(x) is continuous at
x =2, then

(A) P(x)=2x"—x—-6
(C) P(x)=2x*-x+6

(B) P(x)=2x>+x—-6
(D) None of these
The equation x° — 3x — 1 = 0 has, in the interval [1, 2]

(A) at least one root
(C) no root

(B) at most one root
(D) aunique root

If the equation x — sin x = k£ has a unique root in

|:— g, %:l, then the range of values of & are

T T
(A) (1—5,5—1J (B) [1——,——1]

2’2
(©) [O,§+l]

The largest term in the sequence

(D) None of these

a,=— ,neN is
n”+10
4 3
A) — B) —
(A) %6 (B) T
©) % (D) None of these

The range of values of a for which all roots of the
equation 3x* +4x* — 124 + @ = 0 are real and distinct is
(A) (0,5) B) (1,4)

©) L5 (D) None of these

If ¢(x) =f(x) + /(1 —x) and /”(x) < 0 in (-1, 1), then
@(x) strictly increases in the interval

1 1
S
©) 1,0 (D) (0, 1)

f(x) is a cubic function with f(1) =— 6, f(—1) = 10 and
has maxima at x =— 1. If /’(xx) has minima at x = 1, then
(A) fx)=x"+3x"—9x +5
(B) f(x) =X -3~ 9x+5
€) fx)=x>-3x"+9x+5
(D) fx)=x"-3x2-9x+5

93.

94.

95.

96.

97.

98.

99.

If the function
, b —b*+b-1
f(x)= b*+3b+2
2x -3,

, 0<x<l1

1<x<3

has the least value at x = 1, then all possible real values
of b are

(A) -1, 1) (B) (-2,-1) UL, o)
© 2. 1) (D) None of these

. [x+1] . . .
The function f(x) = —— is strictly decreasing in the
interval X

(A) (o=, =2)U (0, 1)
©) 2,-1D (0, )

(B) (=2,0) U (1, )
(D) None of these

If the equation ax* +bx+c= 0, a, b, c, € R has at least
one root in (0, 1), then
(A) 2a+3b+6¢c=0
(C) 2a+b+6c=0

B) a+3b+6c=0
(D) 2a+3b+c=0

The range of values of a so that the equation X = 3x+
a =0 has three real and distinct roots is

(A) (m0,=2) U (2, ) (B) (-2,0)

©) 2,0 D) (-2,2)
2 2 2 2

The curves x—+— =1 and x_+y_ =1 will cut
a b a |

orthogonally if

(A) atb=a,+b B) a-b=a,-b

©) LIS (D) None of these

a b a b

If x and y are the sides of two squares such that y = x
— x%, then the rate of change of the area of the second
square with respect to the first square is

(A) 2x* —3x+1 (B) 2x* +3x+ 1

(C) 2x* —3x—1 (D) 2x* +3x—1

The point on the curve 3x% - 4y2 =72 which is nearest
to the line 3x + 2y + 1 =01is
(A) (6,-3)

(©) (=6,3)

(B) (6,3)
(D) (=6,-3)

X
100. If the function flx) = (a” =3a+2) cos —+(a—1)x

possesses critical points, then a belongs to the interval
(A) (_ 2, 0) o (49 oo)

(B) (_ 2, 0] o [49 °°)

(C) (=oo, 0] U {1} U [4, )

(D) None of these
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101.

102.

103.

104.

105.

106.

107.

If the function f (x) = '[ |log, (log; (log, (cost
0

+a))) | dt , be increasing for all real values of x, then

(A) a>2 B) a=5
(C) a<5 (D) a<2
The value of n, for which the function f(x) = (x* — 4)"

(x*~x+1), n € Nassumes a local minima at x = 2, is
(A) an even number

(B) an odd number

(C) an irrational number

(D) cannot be determined

2
b funcion 9= [1 i MJ .

b+1

+ 5x + 4/ 16 increases for all x, then

(A) be (-1,2)

B) be (-7,3)-{-1}
C)be(-7,-1HuU(2,3)
(D) None of these

The range of parameter b, for which the function
X

f@)= [ (b7 + b+ cost)dr
0

is entirely increasing or decreasing for all real values
of xis

A) [-1,1] (B) (oo, —1] U [1, o)
(©) (oo, =D U (1, %) D) -1, 1)
Letf(x)=(x—3) (x—4) (x—4) (x—5) (x — 6), then
(A) f7(x) has four roots

(B) three roots of /"(x)=01liein (3,4) U (4,5) U (5, 6)
(C) the equation f”(x) = 0 has only one root

(D) three roots of /’(x)=01liein (2,3) U (3,4) U (4, 5)

For ae [r, 27] and ne Z, the critical points of f(x) =

| . -2

§s1natan3x+(sma—l) tanx + are
-a

(A) x=nr (B) x=2nr

©C) x=02n+ (D) None of these
Letf/” (x) >0V xe Rand g(x) =f(2 —x) + (4 +x).
Then, g(x) is increasing in

(A) (===, 1)
(©) (=1,

(B) (===, 0)
(D) None of these

108.

109.

110.

111.

112.

113.

114.

The curves x* — 4y* + ¢ =0 and y* = 4x will cut orthog-
onally for

(A) ce (0,106)
(€) ce 3,4

(B) ce (-3,4)
(D) None of these

Which of the following is not true?
The function f (x) = x2 + A has a
X

(A) minimum atx=2if A=16

(B) maximum atx=2ifA=16

(C) maximum for no real value of 1
(D) point of inflexion atx =1 if A=—1

If the parabola y = f (x), having axis parallel to the
y-axis, touches the line y = x at (1, 1), then

(A) 2/(0)+/(0)=1 (B) 2/(0)+f"(0)=1
©) 2/(0)-/"(0)=1 (D) 2/7(0)—f(0) =1

The angle between the tangents at any point P and the
line joining P to the origin O, where P is a point on

the curve In (x> + %) = ¢ tan~' , ¢ is a constant
x

(B) varies as tan’ly
(D) None of these

(A) varies as tan 'x
(C) is a constant

If the equation ax* + bx + ¢ = 0 has two distinct
positive roots, then the equation ax® + (b + 6a)x +
(c+3b)=0has

(A) two positive roots

(B) exactly one positive root

(C) at least one positive root

(D) no positive root

If f (x) is continuous in [a, b] and differentiable in
(a, b) then there exists at least one ¢ € (a, b) such that

—f(ll;) : ;Z(a) equals
(A) 3¢£1(C) ® L5
©) flo)f'(O) (D) None of these

Let f(x) = Inx and g(x) = P Ifce (4, 5), then

425
cln ST equals

(A) cIn5 -8
(C) 2(c* In5 —8)

(B) 2(c* In4 —8)
(D) cln4 -8
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115.

116.

117.

118.

119.

120.

121.

Applications of Derivatives 14.29

IfO<x< X then
2
(A) 2 S sin x (B) 2 < sin x
/4 X T X
() sinx _ 4 (D) sin x > 1
X X
Ifo<x< z,then
2
(A) cos (sin x) > cos x
(B) cos (sinx) < cosx
(C) cos (sin x) > sin (cos x)
(D) cos (sin x) < sin (cos x)
(1 +x)P< 1+ x?, where
(A) p>1 B) 0<p<i
(C) x>0 (D) x<0
The function f(x)=|x+2 |+|x—1]is

(A) increasing in (1, o)
(B) increasing in [1, oo)
(C) decreasing in (— oo, — 2]
(D) decreasing in (— oo, — 2)

Ifg(x)=/f(x) +f(1 —x) and f”(x) < 0 for 0 <x < 1, then

(A) g (x) increases in (—oo, %)

2
2
’1)
)
2’
|x—1

2

(B) g (x) increases in

[0
(C) g (x) decreases in (%
(D) g (x) decreases in (—

The function f(x) =

(A) increases in (—eo, 0) U (1, 2)
(B) increases in (0, 1) U (2, o)
(C) decreases in (0, 1) U (2, o)
(D) decreases in (— oo, o) U (1, 2)

Leth (x)=f(x)-[f (x)]2 +[f (x)]3 for every real
number x. Then

(A) his increasing whenever fis increasing

(B) his increasing whenever f'is decreasing

(C) his decreasing whenever f'is decreasing

(D) nothing can be said in general

122.

123.

124.

125.

126.

127.

128.

Given that /”(x) > g’(x) for all real x and /(0) = g (0),
then

(A) f(x)>g(x) Vx e (0, )

(B) f(x) <g(x) V x € (—e°, 0)

(€) f(x) <glx) Vxe (0,e0)

(D) f(x)>g(x) V x € (===, 0)

For the function f(x) = je754(4-—t2)ah,
2

(A) maximum occurs at x = 2
(B) minimum occurs at x =2
(C) maximum occurs at x =—2
(D) minimum occurs at x = 2

Let f(x) =sinx + %cos 2x. Then
nin 4
®) o] /@< 3
B) o] /00> 2
2

© <o,

o
©) 2] S0 <

If (x — a)* (x — b)*" !, where m and n are positive
integers and a > b, is the derivative of a function f,
then

(A) x = a gives neither a maximum nor a minimum
(B) x =a gives a maximum

(C) x =b gives a minimum

(D) x = b gives neither a maximum nor a minimum
Iffx)=|x|+|x—1]+|x—2], then

(A) f(x) has minima at x = 1

(B) f(x) has maxima at x =0

(C) f(x) has neither maxima nor minima at x = 0
(D) f(x) has neither maxima nor minima at x =2

(I +x)P< 1+ x?, where
(A) p>1 (B) 0<p<1
(C) x>0 (D) x<0

If g(x) =f(x) +f(1 —x) and f"(x) < 0 for 0 <x < 1, then

(A) g(x) increases in (—oo’ %)

(B) g(x) increases in (0, %)
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(C) g (x) decreases in (%, 1)

1
(D) g (x) decreases in (5, oo)

|x—1

2
(A) increases in (— o0, 0) U (1, 2)
(B) increases in (0, 1) U (2, o)
(C) decreases in (0, 1) U (2, o)
(D) decreases in (— oo, e0) U (1, 2)

130. Let 2 (x) =/ (x) = [ f ()] + [ f ()]’ for every real
number x. Then,

129. The function f'(x) =

(A) his increasing whenever fis increasing
(B) h is increasing whenever fis decreasing
(C) his decreasing whenever f'is decreasing
(D) nothing can be said in general

131. Given that /"(x) > g’ (x) for all real x and f(0) = g(0),
then

(A) [(x)>g(x) Vx € (0, )

(B) f(x) <gx) Vxe (=, 0)

(©) fx) <glx) Vxe (0,)

(D) f(x)>g(x) Vx € (—,0)

132. If f’(x) > 0 and g’(x) <0 V x € R, then

(A) fog (x) > fog (x+1)

(B) fog (x) > fog (x—1)

(©) gof (x)>gof (x + 1)

(D) goflx) >gof (x—1)

Passage Based Questions

133. The points on the curve ay2 = x* where the normal
line makes equal intercepts on the axes are

2a 8a 4a 8a
B) | —, —
) ( 9 27) ®) ( 9 27)
a —8a 4a 4a
C) | —,—
© ( 9 27 J D) ( 9 27)
134. The equation of the straight line which is tangent at

one point and normal at another point to the curve
y=8F—1,x=47+3,is

(A) ﬁx—y=w_1

27
®) J2x-y=242
27
© J2x+y=842_,
27
(D) \/Ex+y=ﬁ+1
27
x+2,-1<x<0
1 =
135. Letf(o)= 4>~
%,O<x£l

Then, on [— 1, 1], f(x) has

(A) a minimum

(B) a maximum

(C) neither a maximum nor a minimum
(D) f’(0) does not exist

Passage 1
Let y = fi(x) and y = f5(x) be the two curves, meeting at
some point P(x,, y,), then
0= angle between the two curves at P(x, y;)
= angle between the tangents to the curves at
P(xy, 1)
Clearly, 0=%(6,-6,),

where 6, and 6, are the inclinations of tangents to the curves
y=/1(x) and y = f,(x) respectively at the point P.

Also, tanf= * u,
1+ mm,
dy
where m;=|— for y =f,(x) =tan 6,
)

and, m, = (%) for y =f,(x) =tan 6,
(x5 0)

If the angle of intersection of two curves is a right angle, the

two curves are said to be orthogonal.
If the two curves are orthogonal, then

(%) (&)
dx ¢ dx . '

136. The acute angle between the curves y =| X -1 | and y
=| x2 — 3 | at their points of intersection when x> 0, is
tan | (m), where m =

4
(B) I

*) 2f
(©) £
7

(D) None of these
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Passage 2

If f(x) be a function of x, where f(x) is continuous in
the closed interval [a, b] and differentiable in the open
interval (a, b). Also, f(a) = f(b), i.e., the values at the
end points a andb are equal. Then, there exists at least
one point ¢ between a and b (i.e., a < ¢ < b) for which
f(c) = 0. There may be more than one point in (a, b) at
which f’(x) = 0. Geometrically, it means there exists at
least one point ¢ (¢, f(c)) on the curve between the points,
A(a, f(a)) and B(b, f(b)) at which the tangent is parallel
to the x-axis.

137. If a + b + ¢ = 0, then the equation 3ax® +2bx+¢=0
has, in the interval (0, 1)

(A) at least one root
(C) no root

(B) at most one root
(D) None of these

138. The equation x log x = 3 — x has, in the interval (1, 3)

(A) exactly one root
(C) at most one root

(B) at least one root
(D) no root

139. Between any two real roots of the equation e'sin
x = 1, the equation e*cosx = —1 has
(A) at least one root
(B) exactly one root
(C) at most one root
(D) no root

Passage 3
If two functions fand g defined on [a, b] are

1. continuous on the closed interval [a, b]
2. derivable on the open interval (a, b)
3. g'(x) #0 forany x € (a, b)

Match the Column Type

then there exists at least one real number ¢ € (a, b) such that

f(b) = f(a) _ f(o)
gb)y-gla) g'(c)

We may write it as
S(®) - f(a@)
g(b) - g(a)

Hence, there is an ordinate x = ¢ between x =g and x = b
such that the tangents at the points, where x = ¢ cuts the

f(b) - f(a)
g(b) —g(a)

g'(e) =f(c)

graphs of the functions f(x) and g(x), are

mutually parallel.

140. Thelvalue of ¢ for the functions f(x) = \/; and g(x)
= — in the interval [a, b] is

J*
@A) Ja
©) Jab

®) b

(D) None of these

141. w = F(a), where 0 < < < p < E.
cos B —coso 2
Then, F(6) =
(A) tan 6 (B) cot @

(C) sin @ (D) cos 8

142. The value of ¢ for the functions f(x) = ¢ and g(x) =
e in the interval (a, b) is

a+b a+b
(A) > (B) 4
(C) a+b (D) None of these

143.
Column-I Column-IT
L Let f(x) = (1 +b5x* +2bx + 1 (A) (0, 1]
and m(b) the minimum value of
f(x) for a given b. As b varies, the
range of m(b) is
II. The set of values of x for which (B) (0, 1)

log (1 +x)<x,is

mLoaf -y Ay By ey, (©) (0,
n+l n n-1 2

=0, then the equation ax" +

alxnfl+...+an71x+an=0hasat

least one root in the interval

IV. If 27a + 9b + 3¢ + d = 0, then the
equation 4ax® +3bx* + 2cx +d =
0 has at least one real root lying in
the interval

(D) (0,3)
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144.
Column-I Column-IT
L Iff(x) = (A) R=[-V3,\3]
4x—x*+In(a* —3a+3),0<x<3
x—18, x>3

=has a local minima at x = 3, than
a belongs to

II. If the function f(x) =

["“+1—1]x3x+1n(a1)

a-—1

(B) (0, %)

is strictly decreasing V x € R,
then a belongs to

Assertion-Reason Type

I1I.

IV.

If the function f(x) = x> + (©) [1,2]
ax® + a*x + 2 sin’x is strictly

increasing V x € R, then a

belongs to

The function f(x) = e —e ™|, (D) (3, )

a > 0 is strictly increasing in
the interval

Instructions: In the following questions an Assertion (A)
is given, followed by a Reason (R). Mark your responses
from the following options:

(A) Assertion(A) is True and Reason(R) is
True; Reason(R) is a correct explanation for
Assertion(A)

(B) Assertion(A) is True, Reason(R) is True;
Reason(R) is not a correct explanation for
Assertion(A)

(C) Assertion(A) is True, Reason(R) is False

(D) Assertion(A) is False, Reason(R) is True

145. Assertion: If a quadratic curve touches the line y = x

at the point (1, 1), then the values of x for which the
. . 1

curve has a negative gradient are x < 5

Reason: The equation of the curve is y = x> —x + 1

146. S x

Assertion: The function f'(x) = is decreasing
in the interval (0, %)

b3
Reason: tan x > x for 0 <x < E

T 2 si
Assertion: If 0 <x < — , then — < S x
2 T X

147. <1

T
Reason: tan x <x for0 <x < E

148. Assertion: If 0 <x < % , then cos(sin x) > cos x > sin
(cos x)

. b4
Reason: sinx<xfor0<x< 3

149.

150.

151.

152.

153.

t o
anﬂ>

Assertion: If0 < o< <, 7 then =
2 tanoe  f

Reason: x tan x is increasing for 0 < x < 3

Assertion: Let f and g be increasing and decreas-
ing functions respectively from [0, o] to [0, eo]. Let
h(x) =f(g(x)). If A(0) = 0, then A(x) is always zero

Reason: /(x) is an increasing function of x

Assertion: If //(x) =

then 0.4 < f(2) <2

Reason: By mean value theorem, there exists a point
c € (0, 2) such that

3 for all x and f'(0) = 0,

won_ S (2= f(0)
o=
Assertion: If f(x) =tanx ,x € |:O, g] , then g
) 2r¢
< f(;) < 7

. . . L V3
Reason: sec’x is strictly increasing in [0, 7:|

L _fB)-f@)

Assertion: For b > a > 1,
binb b—a

L, where f(x) = In(Inx), x > 1
alna

Reason:

is strictly decreasing in (a, b)
xInx



154.

155.

Previous Year’s Questions

158.

159.

160.

161.

162.

163.

164.
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. b4
Assertion: sin (tan x) >x, Vx € l:O, Z]
Reason: 1 — cosx <

Assertion: (a + )" < a"" + b"" where a, b > 0 and
n>1

Reason: The function f(x) = (1 +x’ —x’ - 1,x2>0
and 0 < p < 1 decreases in (0, o)

156.

157.

Assertion: 303°% < 202°%

. In x . .
Reason: The function f(x) = —— strictly increases
in (e, oo). *

Assertion: In (cos 6) < cos (In6),
where e 9% < 6< g

Reason: Inx<xV x>0

The two curves x°— 3xy2 +2=0and 3x2y—y3— 2=0:
[2002]

(A) cut at right angle (B) touch each other

(C) cut at an angle % (D) cutatan angle %

The function f(x) = cot ' x + x increases in the

interval: [2002]
(A) (I, ) (B) (-1, )

(C) (=00, %0) (D) (0, =)

The greatest value of f(x) = (x + 1)1/3— (x— 1)1/3 on
[0, 1] is: [2002]
A) 1 (B) 2 ©) 3 (D) 13

If the function f (x) = 2x°~9ax® + 12a°x + 1, where

a> 0, attains its maximum and minimum at p and ¢

respectively such that p2 =g, then a equals  [2003]
1

(A)3 B) 1 © 2 D) 5

A function y = f(x) has a second order derivative

f”(x) = 6(x — 1). If its graph passes through the point
(2, 1) and at that point the tangent to the graph is y =

3x — 5, then the function is [2004]
(A) (= 1)? (B) (x—1)°

©) x+1’ (D) (x+1)

The normal to the curve x = a(1 + cos6), y = asinf at
0 always passes through the fixed point [2004]
(A) (@,0) (B) 0,09) (C) (0,0) (D) (a,a)

The normal to the curve x = a (cos8 + 6sinf), y =
a(sin@— 6 cos6) at any point fis such that  [2005]

(A) It passes through the origin

(B) It makes angle §+ 6 with the x-axis

(C) It passes through (a%,—a)

(D) Itis at a constant distance from the origin

165.

166.

167.

168.

169.

A function is matched below against an interval
where it is supposed to be increasing. Which of the

following pairs is incorrectly matched? [2005]
Interval Function
(A) (=00, ) =3 +3x+3
(B) [2, <) 23— 12x + 6
—oo, — X'—2x +
C) ; 3x%— 2x +1
(D) (=0, —4] X +6xt+6

Let f be differentiable for all x. If f(1) = -2 and

f'(x)=2forx e [1, 6], then [2005]
(A) f16)=28 (B) fl6)<8
(C) f6)<5 (D) fi6)=5

A spherical iron ball 10 cm in radius is coated with a
layer of ice of uniform thickness than melts at a rate
of 50 cm®/min. When the thickness of ice is 5 cm,
then the rate at which the thickness of ice decreases,
is [2005]

(A) Lcm/min B) L cm/min
36m 187

© 1 cm/min (D) S cm/min

S54r 6r
If the equationa x" + a, X" + -+ ax =0, a, # 0,
n 2 2, has a positive root x = o, then the equation
na X" + (n - a, x>+ ... +a, =0 has a positive
root, which is [2005]
(A) greater than a
(B) smaller than a
(C) greater than or equal to a
(D) equaltoa

The function f(x)= i 2 has a local minimum at

2 x [2006]
(A) x=2
(C) x=0

(B) x=-2
(D) x=1
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170.

171.

172.

173.

174.

175.

176.

Angle between the tangents to the curve y = x—
5x + 6 at the points (2, 0) and (3, 0) is [2006]
/4 / T T

A) — B) — ) — D) —
(A) 3 (B) © & D) 7
The normal to a curve at P(x, y) meets the x-axis at
G. If the distance of G from the origin is twice the

abscissa of P, then the curve is a [2007]
(A) ellipse (B) parabola

(C) circle (D) hyperbola

A value of C for which the conclusion of Mean Value

Theorem holds for the function f(x) = log,x on the
interval [1, 3] is [2007]

1
(A) 2 logse (B) 5 log,3
(C) logse (D) log,3
The equation of a tangent to the parabola y2 = 8x is

y=x+ 2. The point on this line from which the other
tangent to the parabola is perpendicular to the given

tangent is [2007]
A) 1,1 (B) (0,2)

© 2.4 (D) (=2,0)

Suppose the cube X - px + g has three distinct real

roots where p > 0 and ¢ > 0. Then which one of the
following holds? [2008]

(A) The cubic has minima at \/% and maxima at — \/%
(B) The cubic has minima at — \/z and maxima at \/Z

3 3
(C) The cubic has minima at both \/% and — \/%

(D) The cubic has maxima at both \/% and — \/%

How many real solutions does the equation x” + 14x
+16x” + 30x — 560 = 0 have? [2008]
(A) 7 (B) 1 © 3 D) 5

Given P(x) =x* + ax’ + bx* + cx + d such that x = 0 is

the only real root of P’(x) =0 . If P(—1) < P(1), then

in the interval [-1, 1] [2009

(A) P(-1) is the minimum and P(1) is the maximum
of P

(B) P(-1) is not minimum but P(1) is the maximum
of P

(C) P(-1) is the minimum and P(1) is not the
maximum of P

(D) neither P(—1) is the minimum nor P(1) is the
maximum of P

177. The shortest distance between the line y —x = 1 and

178.

179.

180.

181.

182.

183.

the curve x =) is [2009]

32 23

W ® =
W2 V3
© = (D) e

. 4
The equation of the tangent to the curve y = x+—,
X

which is parallel to the x-axis, is [2010]
A) y=1 B) y=2
(€) y=3 D) y=0
k—2x, ifx<-1
Letf: R— Rbedefined by f(x) = . .
2x+3 ifx>-1

If f has a local minimum at x = —1, then apossible
value of k is [2010]

(A) 0 (B) —% © -1 (D) 1

A spherical balloon is filled with 4500 7 cubic meters
of helium gas. If a leak in the balloon causes the gas
to escape at the rate of 72 & cubic meters per minute,
then the rate (in meters per minute) at which thera-
dius of the balloon decreases 49 minutes after the
leakage began is [2012]
9 7 2 9
(A) 2 (B) 9 © 9 (D) 2
Let the real values a, b be such that the function f
given by f(x) = In |x| + bx* + ax, x# 0 has extreme
values at x =—1 and x = 2. [2012]

Statement 1: /' has local maximum at x = —1 and at
x=2.
1 -1
Statement 2: a = —andb = —
2 4
(A) Statement 1 is false, statement 2 is true
(B) Statement 1 is true, statement 2 is true; statement
2 is a correct explanation for statement 1
(C) Statement 1 is true, statement 2 is true; statement
2 is not a correct explanation for statement 1
(D) Statement 1 is true, statement 2 is false

If the functions f'and g are differentiable functions on
[0, 1] satisfying /(0) =2 =g(1), g(0) =0 and f(1) = 6,
then for some ¢ €]0,1[ [2014]
(A) 217(C) = g" () B) 2/7(C) =3g" ()
©) /() =g (o) D) f7(C) =2g" ()

If x = -1 and x = 2 are extreme points of
f(x)=alog|x| +Bx* +x , then [2014]
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185.
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1 1

(A) a=—6,13=5 (B) oe=—6,/3__E
1 1

© a=2.p=-2 (D) a=2,p=-

The normal to the curve, P 2xy — 3y2 =0,at(l,1):
[2015]

(A) meets the curve again in the second quadrant.

(B) meets the curve again in the third quadrant.

(C) meets the curve again in the fourth quadrant.

(D) does not meet the curve again.

A wire of length 2 units is cur into two parts which
are bent respectively to form a square of side = x units
and a circle of radius = r units. If the sum of the areas
of the square and the circle so formed is minimum,
then: [2016]

(A) 2x=r (B) 2x=(m+4)r
C) G-n)x=nr (D) x=2r

/1 +si
186. Consider f(x)= tan ! S%nx , XE€ (0,2) .
1—-sinx 2

Anormaltoy=f(x)at x = % also passes through the

point: [2016]

(A) (30) (B) (0,0)

2r /4
© (05) ® (5]

ANSWER KEYS

Single Option Correct Type

1.
11.
21.
31.
41.
51.
61.
71.
81.
91.

101.
111.

B) 2.(A) 3.(B 4.(B) 5 (B
(B) 12. (B) 13.(A) 14.(A) 15. (A)
(A) 22.(B) 23.(D) 24.(C) 25.(C)
(C) 32.(A) 33.(D) 34.(B) 35. (B)
(C) 42.(C) 43.(C) 44.(D) 45. (C)
(B) 52.(C) 53.(B) 54.(B) 55. (B)
(A) 62. (A) 63.(B) 64 (B) 65. (A)
(B) 72. (D) 73.(D) 74. (B) 75. (B)
(C) 82.(A) 83.(C) 84.(C) 85. (A)
(A) 92. (B) 93.(B) 94.(C) 95. (A)
(B) 102. (A) 103. (C) 104. (B) 105. (B)
(C) 112. (C) 113. (B) 114. (B)

More than One Option Correct Type

6. (A) 7.(B) 8. (A)  9.(B) 10. (A)
16. (B) 17.(A) 18. (D) 19. (B)  20. (C)
26. (A) 27.(B) 28.(C) 29.(C) 30. (A)
36. (A) 37.(D) 38.(D) 39.(C) 40. (C)
46. (C) 47. (B) 48.(A) 49. (D) 50. (O)
56. (A) 57.(A) 58.(D) 59.(A) 60. (B)
66. (A) 67. (B) 68. (A) 69.(A) 70. (A)
76. (C) 77.(B) 78.(B) 79.([D) 80. (C)
86. (A) 87.(D) 88.(B) 89. (B) 90. (A)
96. (D) 97.(B) 98.(A) 99.(C) 100. (C)
106. (D) 107. (C) 108. (D) 109. (B) 110. (B)

115. (B) and (C) 116. (A) and (C) 117. (B) and (C) 118. (A) and (D) 119. (B) and (C)
120. (A)and (C)  121. (A) and (C) 122. (A) and (B) 123. (A) and (B) 124. (A) and (D)
125. (A)and (C)  126. (A), (C)and (D) 127. (B)and (C) 128. (B) and (C) 129. (A) and (C)
130. (A)and (C)  131. (A)and B) 132. (A)and C) 133. (B) and (C) 134. (B) and (C)
135. (C) and (D)

Passage Based Questions

Passage 1 Passage 2 Passage 3
138. (B) 139. (B) 140. (B) 141. (A) 142. (C) 143. (B) 144. (A)
Match the Column Type

136. 1 — (A); Il - (C); IIl — (B); IV — (D)
137. I — (C); I - (D); 111 — (A); IV — (B)
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Assertion-Reason Type

145. (A) 146. (A) 147. (C) 148. (A) 149. (A)
153. (A) 154. (A) 155. (A) 156. (C) 157. (A)
Previous Year’s Questions

158. (A) 159. (A) 160. (C) 161. (C) 162. (B)
168. (B) 169. (A) 170. (B) 171. (A)and (D)
177. (A) 178. (C) 179. (C) 180. (C) 181. (B)

Single Option Correct Type

1. Letf(x)=log(l +x)—x

150. (C) 151. (A) 152. (A)
163. (A) 164. (D) 165. (C) 166. (A) 167. (B)
172. (A) 173. (D) 174. (A) 175. (B) 176. (B)
182. (D) 183. (C) 184. (C) 185. (D) 186. (C)
HINTS AND SOLUTIONS
12
—-c20

S S 1=
I+x 1+x

= f’(x)<0,forx>0

= f(x) is decreasing for x > 0

= f(x)<f(0), forx>0

= log(l+x)—x<0,forx>0

ie., log (1 +x)<x, forx > 0.

The correct option is (B)

2. Clearly, f(x) is periodic with period 1 and f(x) has one local
maximum in [0, 1]
The correct option is (A)

sin x

3. We have, f(x) =

xXcosx—sinx  cosx(x—tanx)
x X

But tan x > x and cosx > 0, for 0 <x < %
7’ . . ”
f’(x) <0 in the interval .(0, 5)

Thus, £ (x) is decreasing in [o, %J .
The correct option is (B)
4. Let f(x)=ax+ é —c;x>0;a,b>0
x

, b ax*=b
= ff=a-— = 5
X X

12
f'x)=0= a—xiz =0=> x= (é)

a

But ax + b 2c¢; o f(x)=20forallx>0
X

=

S}

C

2\/5 >c= abZI

The correct option is (B)
5. Letf(x)=xtanx

= f (x)=tanxx | +xsec’x>0, forxe (0, %)

So, f'(x) is increasing for x € (0, %) .

Since,0<a<ﬁ<.% nf (o) >f (B)

=

tan o
B o

tanoe  f8

otan B> atan Bie.,

The correct option is (B)
6. Letf(x)=e“+e™

=

f@=a@E-e®)= =——"

£ (x) is a decreasing function if /” (x) <0

=

=

a(e*® —1)

ax

<0 = - 1<0=e

2ax

e

2ax <0 = x>0

Thus, f'(x) is a decreasing function for x > 0.

The correct option is (B)
7. We have, f(x) =X +(@+2)x* +3ax+5

=

F)=3x>+2(@@+x)x+3a

f(x) is monotonic in R if f'(x) <0,V xe R

or

f(x)>0,VxeR

<1

(*ra<0)

Since the coefficient of x* = 3 > 0, therefore, /* (x) £ 0 V
xeR.

fx)>0,VxeR
Discriminant = 4 (a+2)274 x3%x3a<0
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11.
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= &-5a+4<0 = (a-1)(a-4)<0
ie., l<a<4
The correct option is (B)

. Wehave,f(x)zloc3—9x2+9x+3

= f(x)=3k’—18x+9

Since f(x) is increasing on R, therefore,
f(x)>0,VxeR

= 3k’ 18x+9>0,Vxe R

= k’-6x+3>0,VxeR

= k>0and36-12k<0
('.'ax2+bx+c>0,Vxe R

= a> 0 and discriminant < 0)

= k>3

Hence, f'(x) is increasing on R, if k> 3.
The correct option is (B)

. Wehave,f(x)=x2+kx+1

= f(x)=2x+k Also, f"(x)=2.
Now, f"(x)=2,Vxe [1,2]
= f"(x)>0,Vxe[l,2]
= f’(x) is an increasing function in the interval [1, 2]
= f7(1) is the least value of /"(x) on [1, 2]
Butf(x)>0Vxe [l,2]
[ fix) is increasing on (1, 2)]
F(1)>0,Vxe [1,2] = k>-2.
Thus, the least value of k is —2.
The correct option is (B)
Since f{(x) is decreasing in the interval (-2, —1), therefore,
() <0 = 6x*+18x+A<0
The value of A should be such that the equation
6x* + 18x + A =0 has roots — 2 and —1.

Therefore, (-2) (1) = % = A=12

The correct option is (A)
We have, f’(x) >0, Vxe R
= f(x) is increasing, Vxe R
f<f(x+Dandf(x)>f(x—1)VxeR
= glf)]>glf(x+ )] and g[ /()] < gl fx— 1]
as  g(x)is decreasing, V x € R
Also, g'(x)<0,Vxe R
= g(x)is decreasing, V x € R
= g(x)>gx+1)andgx)<g(x—1),VxeR
F1g0)]> (gl + )] and f[g()] <f[gx— 1), V x € R
as f(x) is increasing.
The correct option is (B)
We have,
f(x)=3cos|x|—6ax+b
=3cosx—6ax+b
= [ (x)=-3sinx - 6a.

(. cos (—x) =cos x)

13.

14.

15.

16.

17.

Since f(x) is an increasing function V x € R
= f(x)>0VxeR
= -—3sinx—-6a>0VxeR

. T
In particular, at x = 5

-3-6a>0 = a<—%

The correct option is (B)
Letf(x)=x+¢e" =0.
Since f(—eo) = —eo and f'(+e0) = oo,
f(x) =0 has a real root.
Let the real root be o. Then f(@) = 0.
Now, f'(x)=1+¢">0,Vxe R
f(x) is an increasing function Vx € R.
for any other real number ¢,
fl)y>f(Porf(P)<f(a).
But /() = 0; so, f(p) #0.
f(x) =0 has no other real root.
Hence, the equation has only one real root.
The correct option is (A)
We have, f(x) =sinx—cosx —ax + b
= f'(x)=cosx+sinx—a
f(x) is a decreasing function for all real values of x, if
f(x)<0Vxe R = cosx+sinx<aVxeR.

As the maximum value of cos x + sin xis ﬁ , the above is
possible when a > V2.

f(x) decreases for each xe Rifa > J2.
The correct option is (A)
Sinceg (x) is decreasing,
g(x,) < g (x;) when x, > x,.
Since f{(x) is increasing,
Flg ()1 2/1g ()]
= h(x))=h(x,) whenx,>x,.
= h(x)is a decreasing function of x and 4 (0) = 0.
Also, domain of / = [0, o) and range of /2 = [0, o).
h(x)=0,V xel0, o).
The correct option is (A)

Suppose, there are two points x; and x,in (@, b) such that
f(x;)=f"(x,) =0. By Rolle’s theorem applied to /" on [x,, x,],
there must then be a ce (x|, x,) such that f”(c) = 0. This con-
tradicts the given condition /”(x) < 0 V x € (a, b). Hence,
our assumption is wrong. Therefore, there can be atmost one
point in (a, b) at which f”(x) is zero.

The correct option is (B)

When the curve meets x-axis, then

1
= x=t —=

Ja
Hence, the points are (1 0) and (—1 0)
£ \/; ) \/; ) .

y=0 = ax’=1
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Differentiating the given equation with respect to x, we get 21. We are given, sub-tangent = sub-normal
2ax+2h(y+x@)+2byﬂzo Y = yﬂ zﬂzil.
dx dx dy/dx dx dx
d ax+h 2
= 2. Y So, length of the normal = v 1+ &
dx hx + by dx
d d = = i
= l] = % and l] — y2x=2 (ord‘mate).
dx (% 0) h dx (,% 0) h The correct option is (A)
’ . ‘ . . x/3 cost .
Hence, the tangents at these points are parallel. 22. Equation of tangent is Era— + ysin@
The correct option is (A) .
18. We havey — ™+ x=0 Now, sum of intercepts
9 1
dx dx (2)=a+b= +
= lex)’(x+yd)})+(b}:() \/gc()se sin@
Xy = z= 33 secH+ cosech
dx  xe” -1 .
Now, — = - = 0 for vertical tangents dz
dy  1-ye” = i 34/3 sec tan 6 — cosecO cot 6
xe"—1=0 NG
= = ly=0 = x=1 Now, 3+/3 secO tan6 = cosec 0 cos 6
The correct option is (D) = 33 sinf _ cos@ tan® O= 1
2 2
19. f(x) = (a® - 3a + 2)(cos’ x/4 — sin® x/4) + (a— 1) x + sin 1 cos“6  sin"6 33
= f(x)=(@-1)(a—-2)cosx/2+(a—1)x+sin 1 N tan@zizwzﬁ

NG 6

The correct option is (B)
) (a-2)  x 23. Minimum value sza tan” x +2b c.ot2 xis 2+/ab and maxi-
= fxX)=(a-1 [1 BT Sln5:| mum value of a sin” 6+ b cos” Ois a
[ asin® @+ b cos® 6= (a — b) sin® 6+ b]
Given: a =2+Jab

= f'(x)=—%(a—1)(a—2)sin §+(a—1)

If /(x) does not possess critical points, then /’(x) # 0 for any

xe R
a=4b
(a-2) . x .
= (a-1|1- 2 smE #0 forany x € R The correct option is (B)
24. Since f* 1 (@) =0, % *(a) =—ve and f (a) = b,
S a¢1and1-(“;2)sin§:o L= G-a b= b (-

The correct option is (C)

must not have any solution in R. 1

1
25. P=x- —,0=x——
x

= a#land sin> = is not solvable in R X
o . (s 1))
o gz1and >1|:Fora=2,f(x)=x+sm1:| P N 2
a-2 s f(x)=1#0 0? 1)?

= a#landla—-2|<2 (x—x)

= a#land-2<a-2<2 )

= a#land0<a<4 (x_;) +3 . ;

= ae (0,1)Hu(l,4). =71=(x—;)+71

The correct option is (B) (x - ;) (x - ;)
20. Function fis decreasing before 1 and increasing after 1. f has Clearly, the minimum does not exist.

least value at x = 1 if xli_r)r}i f(x)=2f(1) The correct option is (C)

= —l+log,h>3 = be[l6,) 26. Let P(x,, y;) be any point on the curve x"y = "

The correct option is (C) Then, X'y =a" (N



27.

28.
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Now, the given curve is

= nx +x =0
7 dx
d d -
Y _ LA "™
dx x x|y X
an

= mp=-n [using (1)]

n+1
1

The equation of the tangent at P(x,, ;) is
n
na
n+l (x = xl)
X

y=n"n=

The tangent intersects the coordinate axes at

n+1 n
A["l ! +x1,0] and B[O, y+ J
n n
na x|

. Area of AAOB = %(OA X OB)

1 n+1 n
= AAOB:Z[X1 ny‘+x1 yl+%
na x|

1 " " .
= AAOB= — ﬁ+x1) 4., [using (1)]
2 N

2
= AAOB= %(”“)

a"xll_"

n
For the area to be a constant, we must have 1 —n =0 i.c.,
n=1.
The correct option is (A)
Let  A(x)=f(x)—2g(x), x € [0, 1].
= Ke)=f (x)-2¢'x
Also, h(0)=f(0)—2g(0)=2-2x0=2.

M) =f(1)-2g(1)=6-2x2=2.

h(0) = A(1).
Since f(x) and g(x) are differentiable in [0, 1], 4 (x) is also
differentiable in [0, 1]. Hence, /4 (x) is also continuous in
[0, 1].
So, all the conditions of Rolle’s theorem are satisfied. Hence,
there exists a point ¢, 0 < ¢ < 1 for which 4" (¢) = 0.

S(©=2¢ ()=0ie.,f"(c)=2¢ (o).

The correct option is (B)

We have, y = w
sin(x + b)
dy _ sin(x+b)-cos(x+a)-1-sin(x+a)cos(x +b)-1
dx sin’(x + b)
= w;tOforanyxasaib.
sin“(x + b)

Hence, y has neither maximum nor minimum.
The correct option is (C)

29.

30.

31.

32.

For a differentiable curve maximum or minimum occurs
only at those points where the nature of the curve changes
(i.e., if it is increasing then at that point it starts decreasing
and vice-versa).

The correct option is (C)
Let P (x, y) be such a point then oP*=x*+ yz.

Let S=OP*=x*+ l:>§ =2x— Lz
x dx X

a5 =0= 2x-
dx

(1)1/3
x=|—-
2

2 2

2 2
Also,d—f=2+—3:>ﬂ =2+ —>0
dx X x:( ’

1/3
L. 1
S'is minimum at x = (E)

13
Thus, for nearest point x = (%) and then

-1/6
1
S
d (2)

The correct option is (A)

7=~ (a+ ﬂxz):N(g+ﬁxJ
X X

dT o
= — =N|-—+
dx ( x2 ﬁ)

dar , o a
— =0 = x=—= = x= |-
dx B B
d’T

Also,

2
—zzN(—‘f)wam: &
dx X B
T is minimum for x = \/g

The correct option is (C)

Let the equation of the circle be x* + y* = a*

Let 4 (a, 0), B (—a, 0) be the ends of the diameter and
C (x, ) be any point on the circle.

Then, area of AABC

Cx.y)
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33.

34.

35.

36.

ZAZ%XABXy

=ay=aa® - x*

. A is maximum if x = 0

i.e., C lies on y-axis and then CAB is an isosceles triangle.
The correct option is (A)
We have,
fx)=1 302+ 32xxt + L+ 330 % k%

= () =x(6+4x32xx?+ .. +60x30xx®)
" x)=0=x=0.

Also, f”(x) = 1 X (6 +4 x 3% + ..+ 60 x 3°* x x°%)

+x (4% 32 % 2x + ...+ 60 x 3°" x 58x°T)

= f”(0)=6>0. .. f(x) has minimum at x = 0 only.
The correct option is (D)

Since /7 (4) =1 (4) = 0, therefore,
f(x)=(x—4)"+ k, where n>3

But f'has minimum at x =4, so n =4.

f)=@-4*+k

Since f(4) = 10, therefore, k= 10.

Thus, f(x)=(x—-4)*+10

The correct option is (B)

We have,
F(x)= (k= Tk +12) cosx + 2 (k—4) x + log 2

(k—3) (k—4)cosx +2 (k—4) x +log 2

= )= —(k-3) (k-4 sinx+2(k-4)

(k—4) [~ (k—3) sinx + 2]

Since f (x) does not have critical points, therefore /'(x) = 0
does not have any solution in R.

= k#4and2 - (k- 3)sinx =0 is not solvable in R

= k#4andsinx= is not solvable in R

= k#4and L>1
k-3

= k#4and|k-3]<2

= k#4and-2<k-3<2

= k#d4andl1<k<5 = ke (1,5 -{4}.
The correct option is (B)

P
We have, f(x) = r
p q

= fl=x""-x1!

1
it = (&P -/

=

f(x)=0givesx¥* =1 =
When x < 1, f’(x) <0 and whenx > 1, f(x) > 0

Hence f”(x) changes sign from negative to positive as x
passes through the value x = 1 and hence f(x) has a mini-
mum value at x = 1.

x=1.

37.

38.

39.

40.

1 1
The minimum value = f(1) = —+— =1 (given).
P q

The correct option is (A)

2
-1 2
S|

We have, f(x) = = .
/@ x2+1 x2+1

fix) will be minimum when is maximum i.e. when

x2+1

x>+ 1 is minimum i.e. at x = 0.
Minimum value of f'(x) = f(0) =—1.
The correct option is (D)
Since f{(x) has a relative minimum at x = 0
S/(0)=0andf” (0)>0.
Now, y=f(x)+ax+b

= & =f"(x)+a.
dx
@:l =f"(0)+a=a=0,ifa=0
dx x=0

dzy dzy
Also, — =f"(x). .. — =f"(0)>0.
2 J7(x) 2 B S7(0)

y has a relative minimum at x = 0, if ¢ = 0 and for all b.
The correct option is (D)

By the given condition & > 1
dy
dx
Now, ¥’ =12y = 3’4 =12
dx _ 4
dy x*
4
—>1
2
2

= x"—-4<0
= -2<x<2
The correct option is (C)

4
¢ 2 2 2 2
— =d cosec t+b°sect
,
4
c
= =
2 2 2.2
a® cosec”t+ b sect
2 ¢

@1+ cot’t) + b>(1 + tan’?)

2 c*

r =
(a2 + bz) + (azcotzt + b’ tan’ t)
2 c*

r= 2 2
(a+b)" +(acott—btant)

Now 7~ is maximum if denominator is minimum,
¢ is constant



41.

42.

43.
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The denominator is minimum if (a cot  — b tan t)2 =0
4

. c
Maximum value of 7% = 3
(a+Db)
2
= Maximum value of » =
a+b

2
. . . c
Hence, Maximum value of radius vector is [ J .
a+

The correct option is (C)
Since f(x,) = g(x,) and f’(x) > g’(x), V x > x,
S0 -g(@)>0
= f(x)—g(x) is an increasing function V x >x,,.
()~ g) >/ (xp) ~ g(xp) = 0
S x)>g(x), Vx> x,.
The correct option is (C)
Letf(x)= ax’® + bx+ c.
Then /() =0 =/(f).
Also, f(x) is continuous and differentiable in [¢, f] as it is a
polynomial function of x.

Hence, by Rolle’s theorem, there exists a k in (¢, f3), such
that

F)=0 = 2ak+b=0 = szzi
a

b
o< - —<
2a p

The correct option is (C)

We have, f'(x) = " !

5 forallx. (1)
+Xx

= f’(x)>0, forall x (= 1+x>0)
From (1), it follows that f'(x) is differentiable at all x, there-
fore, f'(x) is also continuous at all x.

By mean value theorem in [0, 2]

f(2)—f(0) 1
— 2 -~ =f"(¢)= —— where0<c<2
2-0 S 1+c2
f(2)-0 1 2
— =——orf(2)= 2
2 1+c2 /@ 1+¢? @
Now, 0<c<2,
2 2 2
< or <2 3
1+ 140 142 @
2 2 2
and 7 > 5> =7 =04
l+c 1+2 5
or >0.4 4
1+c? @

From (2), (3) and (4) it follows that 0.4 < f(2) < 2.
The correct option is (C)

44. f(x)=sin’ x + msin® x, xe (—g, E)

45.

2

Now, /”(x) = 3 sin? xcos x + 277 sin xcos x

= f/(x)= 2sinx cosx(% sinx + /1)

, . 3.
= flx)= sm2x(§ sinx + l)
For f(x) to attain only one maxima or minima, we must have

%sinx+l >0Vxe

orie (—E,O)U(O, é)
2 2

The correct option is (D)

Let the radius of the sector of the flower bed be r and the
angle subtended be 6

= A> —ésinx
2

S = Surface Area of Sector

S= i7rr2
360
20-2r
r r
%
Also, 6= Length 9fArea _ 20 -2r
Radius r
0 20-2
S=—(nr?) = "2 S =(10-r)r
2r 2r

Now, a5 =(10-r)+r-1)
dr

For surface area to be maximum
ds

— =0=r=>5.

dr

The correct option is (C)

46. g'(x)=f"[(tanx — 1)2 + 3] x 2(tan x — l)seczx

Since f”(x) >0 = f’(x) is increasing

So, f[(tan x — 1)* + 3] >/'(3) = 0, Vxe (0, %) U (% g)

Also, tan x — 1 > 0 Vxe (E, E)
4" 2

. . . (mn 7w
So, g(x) is increasing in (Z, 5)

The correct option is (C)
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47.

48.

49.

The given curve is x = a(1l + cos 6), y = a sin 6. The slope of
the tangent at any point P(x, y) i.e.,

Pla(1 + cos 6), a sin ] is m;= &
Xlp
@
dy _do _ aco.s9 ot
dx  dx  —gsinf
do

= mpy=—cot 6,0 my=tan @

The equation of the normal at

[a(1 + cos 0), a sin 6] and slope mis

y—asin @=tan 0 [x —a(l + cos 6)]

= xsin 8—ycos B=a sin O

Clearly, it passes through (a, 0).

The correct option is (B)

The slope of the tangent at any point (@, a) on the curve is

_ %
"= (2, a)
6y2d—y =2ax + 3x°
dx
dy 2ax +3x2
= = —
dx 6y2
dy 5
= mp= ; = g
Y, a)

The equation of the tangent at (a, @) is

y—a= %(x—a):> Sx—6y+a=0
This cuts off intercepts of lengths —g and g with x and

y-axis respectively. So, o= —% and f= g .

Since, o + ,Bz =61 (given)

£+£ =61 =a’ =25 %36

25 36

a==%30
The correct option is (A)
Since, g(x) =f(x) +f(2-x),0<x <2 (€))
and f”(x)<0,0<x<2 2)
= gW='"0-'"2-x 3

x=2-x)=2(x-1)
From (2), f’(x) is a decreasing function in [0, 1), x <2 —x
= [0>/2-)
. From (3), g’(x) > 0 and hence g(x) increases in [0, 1)
In(l,2,x>2-x = [f'(X)<f'(2-x)

From (3), g’(x) < 0 and hence g(x) decreases in (1, 2].
The correct option is (D)

50.

51.

52.

53.

4’

V= gnﬁ = 45007 =

a 4nr2(ﬂ) =45%x25%x3=7"
dt dt

= r=15m
After 49 min = (4500 —49.72)x = 9727 m’

9727 = gnﬁ

P =3%x243=3x3’
r=9

T2r=4mrx9 X 9(£)
dt

dr (2)

dr o

The correct option is (C)

fx)= l+2bx+a
x

atr =—1 —-1-2b+a=0
a-2b=1
atx =2 %+4b+a=0
a+4b=—l
2

. . 1 1
On solving Equation (1) and(2)a=5,b=—z
, 1 x 1 2-x*+x  —(x+D(x-2
P S _ G D(x-2)

x 2 2 2x 2x

—0

N
-N_

So maxima at x =-1, 2

The correct option is (B)

ﬁ =1 m/sec

dt

M =8 m%/sec
dt

= Ly =852 ® g o=y
dt dt

= x=4= A=16
The correct option is (C)
Statement-2 is true

(M

2



54.

5S.

56.

57.
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b<4ac = Disc.<0 = fix)>0forallxe R
So Statement 1 is also true
The correct option is (B)
X+ 142’ + 16x° + 30x - 560 = 0
Let f(x)=x + 14x> + 16x> + 30x
= ) =T+ 70x* +48x* +30>0 V x.
f(x) is an increasing function Vx.
The correct option is (B)
P(x) =x*tal + b’ tex+d
P(x) =4+ 3ax* + 2bx + ¢
- x=01is asolution for P’(x)=0, = ¢=0
P(x):x4+ax3+bx2+d (1)
Also, we have P(—1) < P(1)
P’(x) =0, only when x = 0 and P(x) is differentiable in
(-1, 1), we should have the maximum and minimum at the
points x =—1, 0 and 1 only. Also, we have P(-1) < P(1)

Max.ofP(x) = Max. [P(0), P(1)]
and Min. of P(x) = Min. [P(-1), P(0)]
In the interval [0, 1],
P'(x) = 4x° + 3ax® + 2bx = x(4x* + 3ax + 2b)
P’(x) has only one root x = 0, 4x* + 3ax + 2b = 0 has no
real roots.

(Ba)’~-32b<0 =

b>0
Thus, we have a> 0 and b> 0

P'(x) = 4x> + 3ax® + 2bx> 0, Vxe (0, 1)
Hence P(x) is increasing in [ 0, 1 ]

Max.of P(x) = P(1)
Similarly, P(x) is decreasing in [-1, 0]

2
3L<b
32

Therefore Min. P(x) does not occur at x =—1

The correct option is (B)

Letg) =/"(x) = g)=3’() /()
fi[2,7] > [0,) = g:[2,7] [0, )

Using LMV theorem on g(x), we get

Z(c) = g(7);g(2) e @)

= 5% f(c)

2 2
— (J7) - f2y), L+ Q@) + /) /()

3

The correct option is (A)
Let y = x — x*, where x is the fraction

dy —1
= = =1-px .
dx P
. . dy
For maximum or minimum, — =0

dx

- 1 V(p-1)

= l-px =0 = x=|— .
p

58.

59.

60.

d .
SEEppon

X
-2/(p-1)
d? 1Y
e X)) (] <0
“hi) :
1 %pfl)
yis maximum atx = | — .
P

The correct option is (A)

We have,
s ]76x,0<x <1
fw= {—6, x>l
f(l-h=-6(1-h)<0
and, f'(1+h)=-6<0.
Since f’(x) does not change sign as x passes through 1,

therefore, f(x) does not have a maximum or minimum at
x = 1, whatever be the value of c.

The correct option is (D)
We have,

—-x,—-2<x<0

fx)=41, x=0

x, 0<x<£2

Clearly, from the graph,
fO)=Lf0-e<Lf(0+e<1

where ¢ is small and positive.
. f(x) has a local maximum at x = 0.
The correct option is (A)

We have, f”(x) = oSt
x

F/(0) =0 =cosy = 0 =x = (2 + 1) g,ne Ja

—Xxsinx —cosx

Also, [”(x) = 5
X

T . T
—(2n+1)—sin(2n+1)—-0
(2n )21(71 )2

2
[(2;1 + 1)%}

_ 2=
CQn+hrm

f (x)]x=(2n+l)§ =
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61.

62.

63.

64.

<0,forn=0,2,4,6, ..

f(x) has maxima whenn =0, 2,4, 6, ...
The correct option is (B)
Let f(x) =ax" +a, X" +..+ax
Then, f(0) = 0 (Given). Also, f(0) = 0.
Moreover, f(x) is continuous and differentiable in [0, 6] as
it is a polynomial function of x. Hence, by Rolle’s theorem,
there exists a ¢ in (0, 6) such that /” (x) =0 forx =¢, i.e.,
nax" '+ (n-1)a, X" *+..+2ax+a, =0
The correct option is (A)

Let /() = [ (1+cos® x)(ax® + by + ) d
0
= ) =(1+cosy) (@’ +by+c) 1)

1
Now, /(1) = [(1+cos® x)(ax” + bx + c)dx =0
0

2
and, f(2)= J‘(1+cos8 x)(ax? +bx+c)dx =0
0

Also, f(0)=0

J0)=/(1)=/(2).
Now, by Rolle’s theorem for f(x) in [0, 1],
f(6)=0, for atleast one 6,0 < 6< 1
and by Rolle’s theorem for f(x) in [1, 2],
17(0)=0, for atleast one 6, 1 < 0< 2
From (1), /7 (8)=0= (1 +cos*6) (a6*+bO+c)=0
But 1+ cos®0 = 0,

al +b6+c=0,
i.e., Ois aroot of the equation ax? + bx+ ¢ =0.
Similarly, /() =0 = a6 +bO+c=0,
i.e., 61isaroot of the equation ax? +bx +c=0.

But the equation ax” + bx+ ¢ =0, being a quadratic equation,
cannot have more than two roots.

. The equation ax” + bx+ ¢ = 0 has one root 8between 0 and
1 and other root 6 between 1 and 2.

The correct option is (A)

By Mean Value theorem, there exists a real number c € (2, 4)
such that

ro= OB o - [O22
Since f'(x) 26 V x € [2, 4]

= fA)+4z12

= f(4)=8

The correct option is (B)

Let f(x) =ax + b —c;x>0;a,b6>0
X

65.

66.

67.

68.

, b ax’-b
= f(x):af—zz 3
X X

1/2

b b

S =0 = a-—=0 = x:(,)
a

But axt+2>c¢;

f(x)=0forallx>0

= 2Jab 2¢c = ab>

The correct option is (B)

Since the same line is tangent at one point x = @ and normal
at other pointx = b

= Tangent at x = b will be perpendicular to tangent at x = a

= Slope of tangent changes from positive to negative or
negative to positive. Therefore, it takes the value zero some-
where. Thus, there exists a point ¢ € (a, b) where f’(c) =0

The correct option is (A)
We have, f(x) = o = 9x* +9x + 3
= f/(x)=3k’—18x+9
Since f(x) is increasing on R, therefore,
f'x)>0Vxe R
= 3k’ 18x+9>0Vxe R
= k’-6x+3>0VxeR
= k>0and36—-12k<0
[ax’*+bx+c>0Vxe R = a>0andD<0]
= k>3
Hence, f(x) is increasing on R, if k> 3.
The correct option is (A)
We have, f(x) = x> + kx+ 1
= f'(x)=2x+k Also, f"(x)=2
Now, f”(x)=2,Vxe [l,2]
= f"(x)>0,Vxe[l,2]
= f’(x) is an increasing function in the interval [1, 2].
= f’(1) is the least value of f(x) on [1, 2]
But f'(x)>0Vxe[l,2]
[ f(x) is increasing on [1, 2]]
f(H>0,Vxe[l,2] = k>-2
Thus, the least value of k is -2
The correct option is (B)
We have,a +b=4
= b=4—-aandb—a=4-2a=1t (say)
a b a 4-a
Now, f(a) = Jg(x)dx + J.g(x)dx = jg(x)dx + J. g(x)dx
0 0 0 0

df (a)
da

As a <2 and g(x) is increasing

=g(a)-g4-a)



69.

70.

71.

72.

73.
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= 4-a>a = gla)-gld-a)<0

M<0
da '
Now, LAC . Mﬁ -0 M:'M>().
da dt da dt dt

Thus, f(a) is an increasing funciton of 7. Hence, the given
expression increases with increase in (b — a).

The correct option is (A)
Letf(x)=x+¢€" =0.
Since f(—eo) = —o and [ (+o0) = oo,

f(x) =0 has a real root.
Let the real root be . Then f() = 0.
Now, f'(x)=1+¢">0,Vxe R

f(x) is an increasing function Vx € R.

for any other real number 3,
fla)y>f(PByorf(P)<f(a.
But /' (f) = 0; so, f(f) #0.

f(x) =0 has no other real root.
Hence, the equation has only one real root.
The correct option is (A)
We have, f(x) =sinx—cosx —ax + b
= f'(x)=cosx+sinx—a
f (x) is a decreasing function for all real values of x, if
f(x)<0Vxe R = cosx+sinx<aVxe R.
As the maximum value of cos x + sin xis /2 , the above is
possible when a> V2.

f(x) decreases for eachx € Rifa> V2
The correct option is (A)
Suppose, there are two points x; and x,in (@, b) such that
f’(x)) =f"(x,) = 0. By Rolle’s theorem applied to f” on [x,,
X,], there must then be a ¢ € (x,, x,) such that f”(c) = 0. This
contradicts the given condition /”(x) <0 V x € (a, b). Hence,
our assumption is wrong. Therefore, there can be at most one
point in (a, b) at which f’(x) is zero.
The correct option is (B)
Minimum value of a tan® x + b cot® x is 2 \/E and maxi-
mum value of a sin® 6+ b cos” Bis a
(. asin® @+ b cos® 0= (a—b) sin®> 0+ b)
Given: a=2+ab .

a=4b
The correct option is (D)
2
We have f(x)=1-—
x°+1

is maximum, i.e., if x> +1

J(x) will be minimum if —
x“+1

is least i.e., when x = 0. Thus, minimum value of f(x) is
f(0)=-1.

The correct option is (D)

74.

75.

76.

77.

78.

We have y’:E+2bx+1 and y’(-1)=0 and »’(2)=0
x

so—a-2b+1=0anda2+4b+1=0

= %—2a+2+1=0

Hence, a=2and b =-1/2.
The correct option is (B)

Leth (x)=f(x)—2g (x),x € [0, 1]
= W @)=f (x)-2¢x)
Also, h (0)=£(0)—2g (0)=2-2x0=2
h()=f(1)-2g(1)=6-2x2=2

h(0)=h (1)
Since f(x) and g(x) are differentiable in [0, 1], 4 (x) is also
differentiable in [0, 1]. Hence, 4 (x) is also continuous in
[0, 1].
So, all the conditions of Rolle’s theorem are satisfied. Hence,
there exists a point ¢, 0 < ¢ < 1 for which 2" (¢) = 0.

S(©)=2¢'()=0,ie.,f(c)=2¢"(c)
The correct option is (B)

The given function is periodic with period 2. So the differ-
ence between the greatest and least values of the function is
the difference between these values on the interval [0, 27].
We have, f'(x)=—(sinx +sin2x —sin3x)

. . 3x . x
= —4sin xsin—sin—.
2 2

2
Hence, x=0, Tﬂ’ mand 2z are the critical points. Also

A W ! -
f(0)—6,f(3) o /(W= and fCm)

7
-

T . —13
Hence, the greatest value is 3 and the least value is TN

Thus, the difference is

1 (-a). 1
6 12 12 4
The correct option is (C)

Since f* (4) =f" (4) = 0, therefore,

f(x)=(x—4)"+k, where n>3

But fhas minimum at x =4, so n = 4.
f)=x-4)'+k

Since f'(4) = 10, therefore, k=10

Thus, /'(x) = (x —4)* + 10

The correct option is (B)

We have,

F(x)=(k* =Tk +12) cosx + 2 (k—4) x + log 2
=(k-3)(k—4)cosx +2 (k—4)x+log 2
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79.

80.

81.

82.

= f)=—(-3)(k—4)sinx+2(k—4)
=(k-4)[-(k—3)sinx+2]

Since f (x) does not have critical points, therefore f’(x) = 0

does not have any solution in R

= k#4and2 - (k—3)sinx =0 is not solvable in R

is not solvable in R

= k+#4andsinx=

= k#4and i>1
k-3

= k#4and|k-3|<2

= k#4and-2<k-3<2

= k#dandl<k<5 = ke (1,5 -{4}

The correct option is (B)

Since f{(x) has a relative minimum at x = 0
f(0)=0andf”(0)>0

Now, y=f(x)+ax+b

= 4 f’(x)+a

dx B
Q] =f"(0)+a=a=0,ifa=0
dx |,

2
Also, % = f"(x).

d2 ”
df} =1 (0)>0.
X x=0

.. y has a relative minimum at x = 0, if ¢ = 0 and for all b
The correct option is (D)
Since f'(x,) = g(x,) and f"(x) > g’(x), V x > x,
S0 -g (x>0
= f(x) —g(x) is an increasing function V x > x;,.
S0) ~ 8(0) > (xg) ~ ) = 0
Sx) > g(x), Vx> x,.
The correct option is (C)
Letf(x)= ax’® + bx+ c.
Then, f(c) = 0 =1 ().
Also, f(x) is continuous and differentiable in [¢, f] as it is a
polynomial function of x.

Hence, by Rolle’s theorem, there exists a k in (¢, ), such that

SH®=0 = 2ak+b=0 = k=--.
a

b
a<—- — <pf.

2a A
The correct option is (C)
i P01 — p()
-0 h
p(+h) - p(l)

h

We have, p’(1) = }l’

= /()= lim

li
h—0

[p+m=pM)| _ [ p0+h)+ p()]
= b0 |5

(M

= lim
h—0 | Al

83.

84.

8s.

Now, [p(x)| <le*! -1

= [p(1+h)|<l—1]and p(1)|<0 = p(1)=0
le" 1]
|h]
la; +2a,+3ay+ ... + na,| < 1.

Hence, [p’(1)] £ lim =1
h—0

= POl =
The correct option is (A)

4

c
- =a? cosec? 1+ b? sec?
,
4
c
= = 2 2 2.2
a” cosec t+ b sect
2
c
= = 2 2 2 2
a“(1+cot“t)+b"(1+tan" 1)
A
=

(@* + b?) + (a*cot® t + b* tan’ 1)
2 c*

r= 2 2
(a+b)" +(acott—btant)

Now, #* is maximum if denominator is minimum,
.. ¢ is constant

The denominator is minimum if (a cot ¢ — b tan z‘)2 =0
4

. c
. Maximum value of 7% = 3
(a+b)
2
= Maximum value of r =
a+b

The correct option is (C)

Function f'is decreasing before 1 and increasing after 1.
f'has least value at x = 1 if lin} f(x) 2f(1)
x—=1

= —1l+log,b=23 = be[l6, )
The correct option is (C)

The first derivative f’(x) exists for all x in [0, 1] which
implies that f(x) is continuous for all x in [0, 1]. Also, it is
given that /(0) = f(1)

Thus, applying Rolle’s theorem on f(x) in the interval [0, 1],
we have

f7(C) =0 for some c in [0, 1]

The second derivative f”(x) exists for all x in [0, 1] which
implies that /’(x) is continuous for all x in [0, 1]

Thus, applying Lagrange’s theorem on f’(x) in the interval
[c, x] (¢ <x=1), we have

PG EIAC
xX-c

ie. [(0)=(-0)/"6) [

Le, [/ [=]x-c|[/"(6)]<]1

[«/x—c/<land|f"(x)|<1 vx]

Similarly, applying Lagrange’s theorem on f’(x) in the inter-

val [x, c] (0 £x < c), we have

for some 6, € [c, x]

S(e)=0]



86.

87.

88.
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f//( 92) —

Le., ['(x)=(x—0c)f"(6,)

Le, [f/®)[=|x=c[|f"(6)[<1
Hence, we have

| f(x)| <1 forall xin [0, 1]

The correct option is (A)

for some 6, in [x, c]

S0 = /()
c—X

P”(x) is identically equal to 0 implies P(x) is a second
degree polynomial.

Let P(x) = ax” + bx + ¢. According to the given condition, we
have

P3)=9
ie, 9a+3h+c=9 (1
Now, f(x) is continuous at x =2
o im 2@
x=2x—2

For the above limit to exist, we have

P(2)=0

ie,4a+2b+c=0 2)
Now, applying L” Hospital’s rule, we have

lim £ (9) —1im ZY) _py=7

=2 x—=2\0 x—2

ie,4a+b=7 [P'(x) =2ax + b] 3)

Solving (1), (2) and (3), we have
a=2,b=-1,c=-6

and, P(x) =2x* —x— 6

The correct option is (A)
Letf(x)=x"—3x—1,x€e [1,2]

Then, f'(x)=5x'-3>0Vxe (1,2)
= f{(x) strictly increases in (1, 2)

Also, we have

f(h=1-3-1=-3

and, f2)=32-6-1=25

Therefore, the curve y = f(x) will cut the X-axis exactly once
in[1,2]

i.e., f(x) will vanish exactly once in [1, 2]
The correct option is (D)

Consider the function

. T T
X)=x—-sinx—k,xe|—-—,—
" Y
7 .2 E T T
Then, f'(x)=1—-cosx=2sin"| » ] 20,V x e iy
. . T
= increases in | ——, —
Sx) ( 3 2)

Also, we have

f(—g):—§+l—a and f(%) :%—l—a

89.

90.

The curve y = f(x) will cut the x-axis exactly once, if

T . . T . ..
f(— 5) is negative or zero and f(zj 1S pOSIIVE Or Zero.

ie., —%+1—a§0 and E—l—aZO

ie., aZ—E+1 and aSE—l
2 2

Hence, we have a € l—ﬁ,ﬁ—l
22

The correct option is (B)
X
2 +10°
(¥ +10) — 2x?
(x? +10)?
= (XJ”/@)(X_Z\/E) >v 0, 0<x<~/10
(x> +10)
< 0V x>+/10
= f(x) strictly increases in (0, J10 )
and strictly decreases in ( J10 , ©0)
= f(x) has greatest value at x = Jio

Hence, the given sequence has greatest value at n =3

x>0

Let f(x) =

Then, //(x) =

or,n=4
Now, we have,

3 4
as = E anda4= %

3. .
Hence, a; = o is the largest term of the given sequence.

The correct option is (B)

Let fix) = A4 - 1287 +a

= =123 +xX -2 =12x (x— 1) (x + 2)
From the shape of the curve given below, we have

for four real and district roots, the two minima must lie
below the X-axis and the maxima must lie above the X-axis

-ve +ve —ve +ve

N
N

Thus, we have,

£(-2)<0

ie, 48-32-48+a<0ie,a<32 (1)
and, f(1)<0

ie,3+4-12+a<0ie,a<5 2)
and, f(0)>0ie,a>0 3)
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91.

92.

93.

From (1), (2) and (3), we geta € (0, 5)
The correct option is (A)
We have,
= fl)=x)+/1-x)
and, f'(x)=/"(x)—f"(1-x)
which vanishes at the points given by
1

xX=—

2

x=l-x =

Now, we have,

ST =f") + (1 -x)
” 1 — 4 l ” l
z)= (5 rz)e
[ f7(x)<0in (-1, )]

. 1
= maximaatx= 5

1
Hence, f(x) strictly increases in (O, 5)

The correct option is (A)

Let fix) = ax’ +bx*+ex+d

Then, /”(x) = 3ax> + 2bx + ¢

and, f”(x)=6ax+2b

Now, using the given conditions, we have

(=0 ie.,3a+b=0 (1)
F-1)=0 ie,3a—2b+c=0 )
fiH=-6 ie,at+tb+c+d=-6 3)
and, f-1)=10ie,—atb—c+d=10 “4)

Solving the above equations (1) — (4), we have
a=1,b=-3,c=-9andd=5

Hence, we have,

A)=x>-3x>—9x+5

The correct option is (B)

We have,
fx)=—x+¢b),0<x< 1
=2x—-3, 1<x<3
342
where, ¢(x) = % (b is a constant)
and, f'(x)=-3x%0<x<1
=2,1<x<3

= flx) strictly decreases in (0, 1)

and, strictly increases in (1, 3)

Now, we have for minima at x =1

S <)

ie, 2-3<-1+¢(b)ie,db)=0
(B> +1) (b 1)

ie., b (b12) 20 = be (-2,-1)U[l, )

o J

-2 -1

The correct option is (B)

94. We have,
x+1
f(X)=‘ 2‘
X
(G2 W] U
= f@=1 7 o
x+1_l+i >l
2 ox X
(x(x+2)
x4 >0V xe(—oo,—2)
, <0Vxe(-2,-1)
f= -x(x+2)
4 >0Vx€(—1,0)
X
<0V xe(0,)

= fisdecreasing in (—2,— 1) U (0, =)
The correct option is (C)
95, Let/'(x)=ax’+bx+c

Integrating both sides,

ax3 2

= flx)= T+%+cx+d

= f(0)=dandf(1)= §+§+c+d
Since, Rolle’s theorem is applicable
= fO)=f(1) = d= §+§+c+d

= 2a+3b+6c=0
Hence, required condition is 2a + 3b + 6¢ =0
The correct option is (A)
96. Let, f(x)=x"—3x+a
= f(0)=3"-3=3x-1)(x+1)
Now, f()=a-2,f(-1)=a+2
The roots would be real and distinct if,
A1) <0
= (@a-2)(a+2)<0 or
= -—-2<a<?2

Thus the given equation would have real and distinct roots if

ae (-2,2)
The correct option is (D)

97. Let (o, P) be the point of intersection of given curves,

2 2
ai+ﬁ7=1
a b

2 2
and, a—+ﬂ— =1
a b

Then,

2 2

. LX .

Differentiating — + )b}—z = 1 with respect to x we get,
a

2x+zl.dl :0:>(dy) = 7_bx

a b dx dx ay

(M

@



98.

99.
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d - bo
(l) == =m (say) 3)
dx ) g, 5) ap
2 2
Similarly, from Ly 1, we get
a !
d -b a
(d—y) = =% =m, (say) @
iap @B

Since the curves cut each other orthogonally, we have
mm, =—1
-bo —bha
ap  ap
= bb,ol+aa, =0 (5)
Subtracting (1) from (2), we get,

o LD, g L L)
a(“l C’J+ﬁ (bl b) ’ ©
From (5) and (6),
bb, aa,

(A I

a q b b
or, bb L = aq, 1.1

b b a aq

b—b=a,—a
a—b=a, —b,
The correct option is (B)

=-1

ie.,
Therefore,

Given x and y are sides of two squares, thus the area of two
squares are x? and y2

dy
2 2y —
NOW, d()’z) — dx — Xdl (1)
d(x7) 2x X dx
The given curve is,
y=x—x2
dy
= = =1-2 2
0 X @
2
Thus, 4 2) =2Ya-2x) [from (1) and (2)]
d(x*) x
o 207 =2 (-2
Tod(x?) x
2
- d(yz) =2 -3x+1)
d(x7)

The correct option is (A)

Slope of the given line 3x + 2y + 1=01s (_73) . We first find

the point on the curve at which the tangent is parallel to the
given line. Differentiating the given curve with respect to x,
we get,
d

v _o

dx

6x —8y

100.

101.

LY

4y

= (Q) = — 3 [Since parallel to 3x + 2y = 1]
dx (xs0) 2

Also, the point (x,, ;) lies on 3% - 4y2 =72, therefore,
= 3x -4y’=72

W, .1
ylz y12
= 3@)-4= 2 [asxl:—2:|
bl N

= y12 =9 or y=13
Required points are (- 6, 3) and (6, —3)
Distance of (- 6, 3) from the given line,

| -18+6+1| _1n
N ENE

and distance of (6, 3) from the given line,

|18—6+1| 13
= =——=13
J B vis

Thus, (— 6, 3) is the required point
The correct option is (C)

Given f(x):(a2—3a+3)cos§+(a—1)x
RV DO ) _
= fx)= 5 (a=1(a 2)sm(2)+(a 1)

= f'(x):(a—l)[l—;(a_z)sin(;‘)]

If £ (x) possesses critical points, then

Sx)=0
Z)Sinx] =0
2

= (a—l)[1—(”;

a_z)sinf =0
2 2

= a=1land 1-

a=1and sin(

X 2
= — | =
2 a-2
2
= a=1and <1
a—
= a=landla—-2|=2
= ag=landa-222 or a-2<-2
= a=landa>4o0ra<0
= a=1landae€ (-, 0] U [4, o)

Therefore, a € (—oo, 0] U {1} U [4, o0)
The correct option is (C)
We have,

fx)= I |log, (logs (log, (cost + a)))| dt
0

Differentiating with respect to x, we get
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102.

103.

S (x) =|log, (log; (log, (cosx +a))) |,
which is clearly increasing for all x € R
But it must be defined,

log; log, (cosx +a) >0,V xe R
= log,(cosx+a)21,VxeR

= cosxta=4,VxeR

ie.,

= a=4-cosx

= az25

Thus, f'(x) is increasing for all real values of x when a = 5
The correct option is (B)

We have,

f(x)=(x*—4)" (x> —x + 1) assumes local minima at x = 2
= fQ<fQ-h

and, £(2) </ (2 + h),

where 4 > 0. Since /' (2) =0

= fQ2-h)>0

and, f2+h)>0,VAi>0

= (W' @G-h"[P-3h+1]>0

and, A'"(4+h)" (WP +5h+1)>0

ie., (—h)">0 [ (4=h)>0,*-3h+1>0,
4+ h>0,2+5h+1>0Y h>0]

= nis an even number

The correct option is (A)

Since the function f(x) increases for all x, therefore,

21— 4p—b?
f)=|1- Y ——[3x*+5>0,VxeR
b+1
21—4p - b?
. [J]
b+1
1—+/21—4b - b?
and, (0)2—4x3[J5<0
b+1

[« ax’+bx+c>0VxeR = a>0andD>0]

1_1/21—41;—1)2 0
b+1

The above inequality holds, when
(i) b+1<0and
(ii) 21 -4b—b*>0

b<—1landbh*+4b—-21<0
= b<—-land(b+7)(b-3)<0
= b<—-land-7<b<3

be (-7,-1) (1)
Again, when b + 1 > 0, f(x) will be increasing for all x,

_ _ 2
if, 21 —4b—b*> 0 and |5 N21=4b=b7

b+1
or, b*+4b-21<0

and, (b+1)>(21—4b-b?)
or, (b+7)(b-3)<0andb*>+3b-10>0
= (-7<b<3)and(b<-5 or b>2)

[asb+1>0]

= 2<b<3 ?2)
From (1) and (2), we have

be (-7,-1H)U(2,3)

The correct option is (C)

104. f(0)= [ (b + b+ cost)dt
0

105.

106.

= f(x)=bx*+b+cosx

Casel: f(x) >0V xe R

= bx2+b+cosx20,VxeR

= b’+b-120,VxeR

= b>0and(-4b(b—-1))<0

= b21 )
Case II: /'(x) <0, VxeR

= b*+b+1<0,VxeR

= b<0and (0-4b(+1)<0

= b+1<0

= b<-1 (2)
From (1) and (2), we get b € (—oo, —1] U [1, o).

The correct option is (B)

We have,

S =(x=-3)x-4) (x-5) (x-06)

Consider the interval [3, 4]

Since f'(x) is a polynomial function,

.. it is continuous in [3, 4] and derivable in (3, 4)

Also, f(3)=f(4)=0

. ByRolle’s theorem, there exists a point x = ¢ in (3, 4)
such that /”(c) = 0 i.e., there exists a root of /’(x) = 0 in the
open interval (3, 4). Clearly, this root is positive. Similarly,
two more positive roots of /’(x) = 0 exist in the other inter-
vals (4, 5) and (5, 6). Hence, three roots of f”(x) = 0 are
positive and they lie in (3, 4) U (4, 5) U (5, 6).

The correct option is (B)

f(x)=sina tan® x sec’ x + (sina—1) sec’x

= (sin a tan®x + sin a — 1) sec*x
At critical points, we must have f"(x) =0
= sinatan’x+sina—1=0 (- sec’x # 0 for any x€ R)

5 1-sina
= tan"x= -
sina
. 1—sina
Since ae [6,26], — <0
sina
1 —sina

2 . .
tan“x = has no solution in R

sina
= f(x) has no critical points.
The correct option is (D)

107. f"(x)>0Vxe R = f'(x)isincreasing V x € R

Now, g(x)=—f(Q2-x)+f(4+x)
If ¢'(x) > 0, thenf” (4 +x) > f/(2 —x)

= 4+x>2-x [«. f'(x)is increasing Vxe R]



108.

109.

110.

= 2x>-2 or x>-1
g(x) is increasing in (—1, oo).

The correct option is (C)

Curves will intersect if x* — 16x + ¢ = 0 has real roots.
256 —4c=01ie.,c <064

x274y2+c:0

dx y
Since the curves intersect orthoganally,
*.2_
4y v
= x=-27=—2 (4x) (-
= Xx=0=x=0,Ay=0
But if y = 0, slopes of both curves are undefined
.. Curves cannot cut orthogonally.
The correct option is (D)

fx)= QX—;);

13
(=0 = xz(%)
If A=16,x=2
Now, f”(x)=2+%
X

IfA=16,1"(x)>0
i.e., fix) has a minimum at x = 2

1/3
Also, f[(';) ]= 2+/12—/”L2 =2+4>0

Hence, f{x) is maximum for no real value of 1.
When A=—1,f"(x)=0ifx=1.

f(x) has a point of inflexion at x = 1.
The correct option is (B)
Lety=f(x)=ax’+ bx +c
S f(x)=2ax+b
f(O)=candf(0)=b
S @y =2a+b=1
f(H=a+b+c=1
Subtracting (2) from (1), we havea —c=0ora=c
Now, 2f(0)+f(0)=2c+b=2a+b=1
The correct option is (B)
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111.

y* = 4x)
112.

113.

114.

(M
@

Let P(x, y) be a point on the curve

In (x2 +y2) =ctan' 2
X

Differentiating both sides with respect to x, we get
2x+2yy _ (' -y)

(CE S S BN Cat S
,  2x+cy

= =m, (say)

cx =2y
and, slope of OP = 2 - m, (say)
X

Let the angle between the tangent at P and OP be 6

+
Then, tan 8= Ty
1+ mym,
Zx+oy y
| ex-2y «x 2
2xy + ¢p? c
42+’

ox? - 2xy

2 S
0= tan™' (7) , which is independent of x and y.
c

The correct option is (C)

Consider f(x) = " (ax* + bx + ¢). Clearly, f'(x) = 0 has two
distinct positive roots v and S.

So, by Rolle’s theorem, /”(x) = 0 has at least one root in (¢, )
1
o, 3 e {ax2 +(b+6a)x+c+ 3b} = 0 has at least one

root in (¢, )

= ax’+(b+6a)x+c+3b=0 has at least one positive root.
The correct option is (C)

Define a function A(x) =f(x) —f(a) + k - @ ), where k is
chosen in such a way that 4(b) = 0. Also, A(a) = 0. So, the
function A(x) satisfies all the conditions of Rolle’s theorem.
Therefore, there exists ce (a, b) such that 4’(c) = 0.

= f(c)+k(3c)=0

= 1 = 18T 0 6
|:Where k=2 70 (fl(]f) — {(a)):|
—da

The correct option is (B)

Let ¢ (x)= *ln (4) — 16 In (x), which is continuous on [4, 5]

and differentiable on (4, 5), so by LMVT,

¢(5) — ¢(4)
5-4

425
Now, ¢ (5)— ¢ (4)= In (516)

=f(c).ce (4,5)

and, ¢’(C) = %(02 In4-8)

425
= ch P =2(?In4-3)

The correct option is (B)
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More than One Option Correct Type

sinx

, #0
15, Letf()=1 x *
1, x=0
Then, £ (x) = xcosxz—sinx
X
— .
= 7cosx(x2 anx) <0ifxe (O, EJ.
X 2

( tanx > x and cosx >0 when 0 < x < %)

(x) is decreasing in .| 0, r Since 0 <x < r s
2 2

f(f) SO <f0) = 2SNy
2 T X

The correct option is (B) and (C)

116. We know that sinx<xif0<x<§ )

. . .. V4 .
Since cosx is decreasing in | 0, E , COs (sin x) >cosx.

. T T
Also, since 0 <x < E,n0<cosx<1< B

Tsin (Cos x) <cos x [Using (1)]

. . . T
Hence, cos (sin x) > cos x > sin (cos x) if 0 < x < 7

The correct option is (A) and (C)
Letf(x)=1+x"— (1 +xy
= [ =p" p (L)

v
IR R e

20ifp20,1-p20,x>0
flx) increases whenx>0and 0 <p < 1.
Since x > 0, f'(x) > £ (0)
L+x7—(1+x)P>0
ie, 1+x’>(1+x)?if0<p<landx>0
The correct option is (B) and (C)
118. We have,

117.

(2f(0)=0)

2x-1,x<-2
o) =]x+2[+|x-1]=43,  -2<x<I
2x+1, x>1

-2
does not exist, x=-2

does not exist, x=1

s x<-2

—2<x<l1

2, x>1

119.

120.

121.

Thus, f(x) is increasing in (1, e) and decreasing in (—oo,—2).
The correct option is (A) and (D)

We have, /" (x) <0, for0<x <1

= [’ (x)is a decreasing function in [0, 1].

Now, " (x) =/"(x) =" (1 - x).

g (x) is increasing if g’ (x) > 0

= f@>(1-x)

= x<1-x(f (x)is decreasing)
. 1
ie., x<—
2
. . . . 1
2(x) is an increasing function for 0 < x < 3

Also, g (x) is decreasing if g" (x) < 0
= @</ 1-x

= x>1-x ( /" (x) is decreasing)
. 1
ie, x> —
2
. . . 1
g(x) is a decreasing function for 5 <x<l1.

The correct option is (B) and (C)

x—1

I x>l
|x—1| x2
f)=—7F =
X 1-x
T,x<l,x¢0
X
-2
x3 S x<l,x#0
X
1" (x) = {does not exist, x =1
2
3x, x>1
X

Clearly, /" (x) >0 forx<0Oor 1l <x<2

and /" (x)<0forO<x<1orx>2.

Thus, f'(x) is increasing for (—eo, 0) U (1, 2) and decreasing
for (0, 1) U (2, o).

The correct option is (A) and (C)

We have,

) =f () [~ 20 +3 (f@)]
=3 @) [(f(x))z - %f(x) ¥ ﬂ

=3/ () [(f(x)—;) +§]

Note that 4’(x) < 0 whenever /”(x) < 0 and 4’(x) > 0 whenever
f'(x) > 0. Thus, h(x) increases (decreases) whenever f(x)
increases (decreases).

The correct option is (A) and (C)



122.

123.

124.

125.

Let h (x) =/ (x) — g (x)

Since, f” (x) >g’ (x) Vx € R, therefore,
@)= (x-gx>0VxeR

= h(x) is an increasing function Vx € R
But £ (0)=/(0)-g (0)=0,

So, for x > 0, we must have 4 (x) >4 (0) =0
and for x < 0, we have & (x) <k (0) =0.

= f()>gx) Vxe (0,)

and f(x)<g(x) Vx e (-, 0)

The correct option is (A) and (B)

We have, £/ (x)= e~ /% (4-x%).
For maximum or minimum, f” (x) = 0

= e @4-PH=0 = x=-2,2
Also, /" ()= e ¥ * C2x)+ e X (4 -2 x (- X)

<0ifx=2
and
>0ifx=-2

f(x) has a maximum at x = 2
and minimum at x = -2
The correct option is (A) and (B)

1
We have, f(x) = sin x+ 3 cos 2x

= f'(x) = cos x—sin 2x = cos x(1 — 2 sin x).
S (x)=0

. 1
= cosx (1 —2sinx)=0=cosx=0 orsin x= 5

Now, f(0)= %f(%) = % and fg) - %
3

Of these values, the minimum value is % <§ < 3

The correct option is (A) and (D)

Let /" (x) = (x — a)* (x — by *!

The extreme values of fare given by /7 (x) =0

= @-a’xXx-b)""'=0 = x=a,b.

For x < b, (x — b)*"*! is negative and for x > b, (x — b)
is positive (* 2m+ 1 1s odd).
Thus, f” changes sign from negative to positive as x passes
through b and so, f'has a minimum at x = b.

2m+ 1

Since 2n is an even integer, (x — a)*" does not change sign
as x passes through q, i.e., f’(x) does not change sign as x
passes through a. Hence, f has neither a maximum nor a
minimum at x = a.

The correct option is (A) and (C)

126.

127.

Applications of Derivatives 14.53
We have,
SOy =[x|+]x—1[+[x-2]
-3x+3,x<0
B —-x+3, 0<x<1
T x4+, 1<x<2
3x—3, x=2
(-3 x<0

does not exist x =0
-1 O0<x<l1
= f'(x) = {does not exist x =1
1 I<x<2
does not exist x =2

13 x>2

Clearly, f(x) has minima at x = 1 and neither maxima nor
minima at x =0 and x = 2.

The correct option is (A), (C) and (D)
Letf(x)=1+x"— (1 +xy
= f=p -p(+xy !

_ r v
Plyr (1+x)17?

20ifp20,1-p20,x>0

f(x) increases whenx>0and 0<p < 1.
Since x > 0, 1(x) > f(0)

1+xX—(1+xFf>0
ie, 1+xX>1+x)if0<p<landx>0
The correct option is (B) and (C)
We have, /" (x) <0, for0<x <1
= [’ (x)is a decreasing function in [0, 1].
Now, ¢’ (x) = //(x) — /(1 —).
g(x) is increasing if g’(x) > 0
= f®>/1-x)

= x<l-x (-

(f(0)=0)

1"(x) is decreasing)
. 1
ie., x< —
2
. . . . 1
g(x) is an increasing function for 0 <x < 5

Also, g (x) is decreasing if g" (x) <0
= f<f(1-x)

= x>1-x (= f'(x) is decreasing)
. 1
ie, x> —

2

1
g(x) is a decreasing function for 5 <x<1

The correct option is (B) and (C)
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129.

130.

131.

132.

133.

x-1
| | 3 ,x>1
X — X
S = =
1-x
5 ,x<l,x#0
X
-2
XT, X<1,X¢O
X
f'(x) = {does not exist, x =1
2
73)6, x>1
X

Clearly, /" (x) >0 forx<Oor 1 <x<2

and, /" (x)<0forO<x<lorx>2

Thus, f(x) is increasing for (—ee, 0) U (1, 2) and decreasing
for (0, 1) U (2, =)

The correct option is (A) and (C)

We have,

B =/ () [1-2f(x)+3 (f(x))]
=3/ [(f(x))z - %f(x) ¥ ﬂ

2
=3/ [(f(x)—;) +§]

Note that /’(x) < 0 whenever f'(x) < 0 and 4’(x) > 0 when-
ever f’(x) > 0. Thus, A(x) increases (decreases) whenever
[ (x) increases (decreases)

The correct option is (A) and (C)
Let h (x) =/ (x) - gx)
Since, /7 (x) >¢’ (x) V x € R, therefore,
Hx)=f(x)-g x)>0Vxe R
= & (x) is an increasing function Vx € R
But 4 (0) =/(0)-g (0) =0,
So, for x > 0, we must have 4 (x) >4 (0)=0
and for x < 0, we have 4 (x) </ (0)=0
= f()>g() Vxe (0,)
and, f(x)<g(0) Vx e (-0, 0)
The correct option is (A) and (B)
We have,
f(x)>0and g'(x) <0V xe R
f(x) is increasing and g(x) is decreasing V x € R
Hence, we have,
00> gl + 1) and fog (x) > fog (x + 1)
g(0) <g(r— 1) and fog () < fog (x— 1)
S &) <f(x+1)and gof (x) > gof (x + 1)
S (x)>f(x—1) and gof (x) <gof (x — 1)
The correct option is (A) and (C)

Let the points at which normal be drawn is (x;, y,). Then, it
must satisfy ay2 =x,

3
e, ay’=x" or y =4,/
a

134.

Now, differentiating both sides of the given curve with

respect to x we get; 2ay & =3’
dx
(iy) _
dx (x50)

Thus, slope of normal = | — — —2 e
dy ) 3 X

3x, X' 3 {
L = = (1
Zayl 3 )

Since the normal line makes equal intercept with the axes,
therefore, slope =+ 1

-2 4
= — i:illez—a

4 4a —
Hence, the required points are —a, 8a and l, $a .
9 27 9 27

The correct option is (B) and (C)
We have, y = 8 —landx=4~+3
= Y _4tand E =y
dt dt
dy 24t
de 8
. tangent at 7 is
y— (8 —1)=3t(x — 4 —3) )
Let the tangent meet the curve again at the point ¢’ (say)
83 —1)— (8 — 1) =31(41* +3 — 47 - 3)
8( =) =3t 4 - 1) (£ +1)
2%+ A+t =310+ f)
20—t — =0

=3t

LA

-t
(=2 +1)=0=¢=tor -5
the line (1), which is tangent at the point # is normal at

—t
the point —
P 2

3t= 3:>t= iﬂ
3t 3

Hence, the required lines are
89
\/Ex \/7 +1 and \/7 x+y =

The correct option is (B) and (C)

89\/3_1

27

135. f(x)=1if-1<x<0

0= 1R0)=
17(0) does not exist

Also, f(x)= % for0<x<1

and, f/(x)=1for—-1<x<0

f'(x) # 0 for any xe [-1, 1]

f'(x) has neither a maximum nor a minimum.
The correct option is (A) and (C)
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Passage Based Questions

136. For the intersection of the given curves

= f() =Ja.f)= b

140.

f@=x

o1]=[¥-3]= C-1)’=E-3) g == = gd) = =, gb)=
= - 1)P—x*-3)7°=0 Jx Ja Jb
= [0 D= (=3[ - D+ (" -3)]=0 _ L _ 1
= 2[@2-4)=0= 2P=d=y=1,2 'f(x)_zﬁ - f(o_zﬁ
neglectingx:—ﬁ asx >0 _1

We have point of intersection as x = \/5 gx)=

s y=|x*—1]=(x*- 1) in the neighbourhood of x = \/E
and y =— (x> — 3) in the neighbourhood of x = \/E

(ﬂ) =2x=22

dx o

and,(@) Cne2 2 .
dx cz

Hence, if @is the angle between them, then

_|2V2-20) | _[a2] 42 _
222y | -7 7 Ja-b
~Jab

0= tan1[4\7/5] - =—ce=Jab.

The correct option is (C)

1 7’
= =
wr = O

fb)-fla@) _ f(e)
gb)-gla) g'(c)

fff
fﬁ f
(\fﬂf\f

—_

tan

The correct option is (B)

141. Let f(x) = sin x and g(x) = cosx

137. Letf(x)=ax’ +bx’ + cx, xe [0, 1]. Then, £/(x) = cosx and g'(x) = sin x
[ () =3ax” +2bx + c. Clearly, fand g are continuous on [¢, ). fand g are deriv-
Since f (x) is a polynomial function of x, it is continuous able on (o, f) g’(x) = —sinx# 0 for any x € (&, f5)
and differentiable for all xe [0, 1]. By Cauchy’s Mean Value theorem on [¢, 3], we have,
Also, fO)=0;f(1)=a+b+c=0. fB) - (@) f7(6)
A0 =£(1). "o o PP
. gB)-gla) g0
Applying Rolle’s theorem, f” (k) = 0 for atleast one value £, . .
0 <k < 1. Hence, k is a root of the equation = sinff —siner = CO_SH
3ax2+2bx+c=0, where 0 <k < 1. C(.)S‘B_Cf)sa = sing
The correct option is (B) N sino—sinf - _ cot 6, a< B< B
138. Let/(x)=(x—3)logx cos ff —cosar
Then, (1) =2 log 1 =0 and f(3) = (3~ 3) log 3 =0. The correct option is (B)
As, (x - 3) and log x are continuous and differentiable in [1, 142 f@=e = fl=éfb)=¢
3], therefore (x — 3) log x = f (x) is also continuous and dif- g =e¢* = g@=e’gh)=e’
ferentiable in [1, 3]. Hence, by Rolle’s theorem, there exists ff)=¢" = f(c)=¢€
a value of x in (1, 3) such that dE)=—e¢ = g()=—¢°
f(x)=0= logx+(x—3) i =0=xlogx=3—x f(b) = fla) _ [0 eb A
The correct option is (B) g([{) )= ;g(a) (c) elmet et
139. Let o, B (o< ) be any two real roots of = % =
f(x)=e*—sinx. “C
Then, f (&) =0=/(f) N % —
Moreover, f(x) is continuous and differentiable for xe [¢, f]. e’ —e
Hence, from Rolle’s theorem, there exists at least one x in = —e¢"P=—e*=a+b=2c
(e, B) such that a+b

S ®)=0= —e*
= —e (Il +e'cosx)=0=¢"cosx=—1

—cosx=0

The correct option is (A)

2
The correct option is (A)
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Match the Column Type

143.

144.

L.

II.

IIIL.

Iv.

We have,
f)=(1+0
., 2b b? b?
x°+ FX+ 55|~ 5 +1
1+b 1+b%) 1+b
b Y 1
=(1+b) | x+ + >
( )[ 1+b2J 1+6% 1+b°
m(b)= % So, range of m (b) = (0, 1].
1+b
The correct option is (A)
Let f'(x) =log (1 +x)—x

- = —— 1= X
I+x 1+x

= f (x)<0,forx>0

= f(x) is decreasing for x > 0

= f(x)<f(0), forx>0

= log(l+x)—x<0,forx>0

ie., log(l+x)<xforx>0.

The correct option is (C)
Let

n+l n n—1 2
X X X
f(x)= a0m+a17+a271+...+an_17+anx .

Then, f(x) is continuous and differentiable in [0, 1], as
it is a polynomial function of x.

Also, f(0)=0

and, f(l)= 0 ;%4 %
n

a
o+l =0
n+1 2

n—1
Hence, by Rolle’s theorem, there exists at least one real
number ¢ € (0, 1) such that /" (¢) =0, i.e., ¢ is a root of
the equation agx"+ apx" '+ ... +a, x+a,=0.

The correct option is (B)

Letf(x) = ax* + b + e + dx

Then, f(0)=0and f(3) =8la +27b+ 9c + 3d
=327a+9b+3c+d)

=0 (v 27a+9b+3c+d=0)
Therefore, 0 and 3 are roots of the polynomial f (x).
So, by Rolle’s theorem, there exists at least one root
of the polynomial f” (x) = 4ax’ + 3bx> + 2cx + d lying
between 0 and 3.

The correct option is (D)

. Clearly, f (x) decreasing just before x = 3 and increas-

ing after x = 3. For x = 3 to be a point of local minima,
fB3)2f3-0)= -15212-27+In(a’—3a+3)
= 0<d’-3a+3<1

= 1<a<2.

The correct option is (C)

1I.

III.

Iv.

We have,
Ja+l

f(x)z( a+1 —le3x+ln(a1)
-

definedVxe R,a>1
N 1

and, f'(x)= 3[“1—1]):2—1
a—

Clearly, /(x) is negative V x € R, if

7\'(14_1_1<0

a—1
= \/m<a—l
= a+l<d®-2a+1
= a(a-3)>0
= a€ (—,0)U(3,0)

Since a > 1, therefore we have ae (3, o).

[a>1]

The correct option is (D)

We have,

fx)= X+ ax® + a*x + 2sin’x

and, f'(x)=3x>+2ax+a®+2sin 2x
which is positive V x € R, if

3 +2ax+a*-2>0Vxe R

which is true, if discriminant < 0

ie, a*— 3(512 -2)<0

ie., a@>3

ie, ae€ R~ [—\/5,\/3]

The correct option is (A)

We have,
f(x)=le™ —e ™|, (a>0)
e —e™ x<0
= fx)= -
e’ —e ™ x>0
—a(e_‘”‘+e‘”),x<0
= fx)=

a(e‘”‘ + e“‘”), x>0
Then, we have for a > 0
xX)<07mx<0

= fis decreasing

and, f(x)>07xx>0

= fis increasing.

The correct option is (B)



Assertion-Reason Type

145.

146.

147.

148.

Applications of Derivatives

14.57

We have, y = ¥+ bx+c

= Q =2x+b
dx

Since the curve touches the line y = x at the point (1, 1)

(2x+b)](1’1) =lie,2+b=1 = b=-1

Also, the curve passes through the point (1, 1)
l=1+b+cie,c=-b=1

d
y:xz—x+1$l=2x—l.
dx
1
NOW,Q<O$ 2x-1<0 = x< —
dx 2

The correct option is (A)

sinx
We have, f(x) =
xXcosx—sinx  cosx(x—tanx)
x X

But tan x >x and cos x > 0, for 0 <x <§
. . T
f” (x) <0 in the interval (0, 5)

Thus, f'(x) is decreasing in (0, %)

The correct option is (A)

sin x 0
Letf(x)=9 x
1, x=0
Then, /* (x) = xcosxz—sinx
X
cosx(x —tanx) . Vg
:72 <Olfx€ 0,* .
X 2

( tanx > x and cosx >0 when 0 < x < %)

f(x) is decreasing in (O, %) . Since 0 <x <§ R

T 2 sin x

f(*) <f(x)<f(0) = — < <1

2
The correct option is (C)

. . T
We know that sin x <x if 0 <x < 3

. . . T .
Since cosx is decreasing in | 0, 7 cos (sin x) >cosx.

. T T
Also, since 0 < x < E,n0<cosx<1< 3

(M

149.

150.

151.

7 sin (cos x) < cos x [Usi
. . . T
Hence cos (sin x) > cos x > sin (cos x) if 0 < x < 2

The correct option is (A)
Letf(x) =xtanx

= flx)=tanxx1+x sec’x > 0, forx e (O, %) .
. . T
So, f(x) is increasing for xe (O, 5) .

Since, 0 < ar< < %.n’f(a) >f(B)

= oatanf>atan f ie., tan >
tana  f
The correct option is (A)
Since g (x) is decreasing,

g (xy) < g (x)) when x, > x;,.
Since f'(x) is increasing,

Flg )] 2fTg ()]

= h(x))2h(xy) whenx,>x,.

ng (1)]

= & (x)is a decreasing function of x and % (0) = 0.

Also, domain of 4 = [0, o) and range of /& = [0, o).
h(x)=0,V xe [0,oc).
The correct option is (C)

We have, f(x) = ! - forallx. )
1+x
= f(x)>0,forall x (- 1+x%>0)

From (1), it follows that f (x) is differentiable at all x,

therefore, f'(x) is also continuous at all x.
By mean value theorem in [0, 2]

JS(2)-71(0) 1
—2 = =f(c)= —— where0<c<2
2-0 re@ 1+¢?
£(2)-0 1 2
= = ——orf(2Q)=
2 1+ 2 /@ 1+ 2
Now, 0 <c <2,
2 < 2 or 2 <2
1+ 1407 1+c2
2 2 2
and, > == =04
1+¢2 1422 5
or, 3 >0.4
1+c¢

From (2), (3) and (4) it follows that 0.4 <f(2) < 2.
The correct option is (A)

2

3)

“)
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152.

153.

154.

We have,

f(x)=tanx,x € [0, 7/7]

and, f(x) = sec’x, x € [0, 7/7]

Applying Lagrange’s theorem on f(x) in the interval
[0, 7/7], we have

S (7 /7))~ f(0)

£ = for some ¢ in l:O, g]

(r/7)-0
Since, sec’x is strictly increasing in [0, E] , therefore we
have, 7
S0)<f(c)<f(#7)
i, 1<2UD 27y <secd(m/4) =2

(/7
e, Z<fmin<E
T 7

The correct option is (A)
We have,
fx)=In(nx),x>1
1

, X
x In(x)
Since fis continuous and differentiable in (1, o), therefore
applying Lagrange’s theorem on f'in (a, b), we have

_ )~ f(@
b—a

and, f'(x)= >1

1

for some c in (a, b)

Since,

is strictly decreasing in (a, b), therefore we have
xInx

f ()< f(c)<f(a)

I _JfO-f@__1
binb b-a alna
The correct option is (A)

Let f(x)=sin (tan x) — x, x € [0, /4]
Then, /(x) = sec’xcos (tan x) — 1

= tan’xcos (tan x) + cos (tan x) — 1

ie.,

2 tan2 X
> tan“xcos (tan x) —

using cosx — 12> -

= tan’ x l:cos (tanx — %):I

In the interval 0 < x < /4, we have 0 <tanx < 1
= cos 1 <cos(tanx)<cos =1

Now, 1 <m/3 = cosl>cos8/3=1/2
Thus, cos (tan x) > 1/2 7x € [0, /4]

= f(x)=0mxe [0, /4]

= f(x) increases in [0, /4]

155.

156.

157.

= f(x)>f(0)=0.

The correct option is (A)

We have,

f)=(1+xf-xP-1,x>0and0<p<1

Then, fix)=p (1 +xy ' —px? !
_ [ 1

e A

= f(x) strictly decreases in (0, )

= f(x)<A0)=0

ie, (I1+xP<1+x’Vx>20and0<p<l1

}<0Vx>0

. 1
Now, putting x =% andp=— (n21), we get
n

a 1/n a 1/n
(f + 1) < (f) +1
b b

= (a + b)l/n < al/n + bl/n

The correct option is (A)

We have,
foo="22 150
X
, 1-Inx
Then, f’(x)= > —<0Vx>e
X

= f(x) strictly decreases in (e, o)
Thus, we have

£303) < /202)
In(303) _ In(202)
303 202

= 2021n(303)<303n(202) = 30322<202°"
The correct option is (C)
Let f(x)=lnx—x,x>0

Then, /() = ~—1= "% <0 Vx> 1
X X
>0VO0<x<l1

= f(x) strictly increases in (0, 1)
and strictly decreases in (1, o)

= f(x) has greatest value at x = 1
= fx)<Al)=—1<0
ie., Inx<x

Now, we have
e?%<0<6/2

ie, 0<60<0/2

ie., cos0>cos @>cos /2
ie., 0<cos <1

i.e., In(cos 6) <0 [.
Also, we have

Inx <0 Vxe (0, 1)]

(M
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e??<9<6/2

ie, -0/2<In 0<In 0/2[.. Inxisincreasing in (0, o)]
ie, —0/2<In6<0/2 [Using In x<x]
ie., 0<cos(lnf <1 2)

Previous Year's Questions

158.

159.

160.

161.

From (1) and (2), we get
In (cos 6) <cos (In 6)
The correct option is (A)

The equations of two curves are

=37 +2=0 (1)
and 3x%y—1y-2=0 )
On differentiating the above Equations (1) and (2) with
respect to x, we get

25
dx ), 2xy

X2 — )2

() 4) ()
dx ), dx ), 2xy x? —y2
=-1

Hence, the two curves cut at right angle.

—2xy

The correct option is (A)

Key Idea :A function f{(x) is said to be increasing function,
if f’(x) > 0.

2 f(x)=cot " x+x

x2

1
s () =— +1= >0
S 1+x° 1+x°
Hence, the above f'(x) is increasing function since /’(x) > 0

for all x.

The correct option is (A)
We have that
)= (e + 1P 1)

1 1
(x+17° (x —1)2/3]
(x=D*° - (x+ 1"
TN
Clearly, the derivative /’(x) does not exist at x = +1. Now,
f’(x) =0, implies that
@-DP=@+ 1>

This givesx =0

=L
' f(X)—3[

Clearly, /’(x) # 0 for any other value of x € [0,1]. The value
of flx)atx=01is 2.
Hence, the greatest value of f'(x) is 2
The correct option is (C)
S(x)=0atx=p,q
s 6p* + 18ap + 124° =0

162.

163.

164.

165.

166.

167.

and, 6¢° + 18ag + 124> =0

f’x)<0atx=p

and f7(x)>0atx=gq.

Clearly f”(x) >0 forx=2a=>g=2a<0forx=a=>p=a
or p2 =g=>a=2.

The correct option is (C)

@) =6(x-1) = f x)=3x-1)>+c

and f"(2)=3 = ¢=0

Therefore, f(x) = (x — 1)* + kand f(2) = 1

= k=0 = f(x)=@x-17

The correct option is (B)

Eliminating 6, we get the equation (x — a)* + y2 =d.
Hence normal always pass through (a, 0).

The correct option is (A)

We find ? =tan6® which implies slope of normal = —cot@
X

Equation of normal at 0is

y—a(sin @— O cos 0) =—cot O (x — a(cos 6+ Osin )

= ysinf-a sin® @ +a @ cos Osin @ =—x cos O
+a cos®> @+ a Osin O cos O

= xcos O+ysinO=a

Clearly this is an equation of straight line which is at a
constant distance a from origin.

The correct option is (D)
The function f(x) = 3x*—2x+1is increasing when f'(x) =
6x—220 = xe[l/3,0]
The correct option is (C)
Given that f{1)=-2 and f'(x) 22 V x € [, 6]
Applying Lagrange’s mean value theorem
SO-1D _ s
5
= f(6)=10+A1)
= f(6)210-2
= f(6)=8.
The correct option is (A)
dv
0

50
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168.

169.

170.

171.

172.

173.

174.

. dr _ 50
dt 4n(15)

1

T l6m
The correct option is (B)
Let f(x) = ax" +a, x""
f(0)=0.
Also, f(o)=0
By Roll’s theorem, f’(k) = 0 for some & € (0, ).
The correct option is (B)

wherer=15

+ ... +ax, then

2. 1 .
§+ — is of the form x+ — =2 and equality holds forx =1
x x

The correct option is (A)

. .. dy
Given curve implies that — = 2x —5

dx
my=(2x—=5)0=-1,my= (2x — 5)(3’0) =1

= mm,=-1
The correct option is (B)
Equation of the normal is

Y-y= -@(X -x)
dy

= G= (x+yﬂ,0)
d

x
dy
So, |[x+y—|=|2x
r2 1o
dy dy
=y—=xory—=-3x
ydx ydx
= ydy=xdx or ydy=-3xdx
2 2 2 2
I NE S
2 2 2 2

= x- y2 =-2¢ or 3 -*-y2 =2c.
The correct option is (A) and (D)
Using Lagrange’s mean value theorem, we write

i SO=SD
Se= o
:>l: log3 —logl

c 2

2
=c=——=2logse
log,3

e
The correct option is (A)

Point must be on the directrix of the parabola.
Hence the required point is (-2, 0).

The correct option is (D)

Let f(x) =x'— px + ¢

175.

176.

Now for the extrema,

V(p/3) /

~(p/3)

fx)=0
= 3x3—p=0

:>X2=

SLx=x L

e

The correct option is (A)
x4+ 14x° + 16x° + 30x — 560 = 0
Let f(x)=x+14x +16x° +30x
= f(x)=7x"+70x" +48x* +30> 0V x.
f(x) is an increasing function V x.
So it intersects the x-axis at exactly one point.
The correct option is (B)
Since P(x) = rad o +ex+d,
P'(x)=4x> + 3ax? + 2bx + ¢
x=0is asolution for P’(x)=0 = ¢=0
P(x)=x4+ax3+bx2+d (1)
Also, we have P(—1) < P(1)
= l-at+b+d<l+a+b+d = a>0
P’(x) =0, only when x = 0 and P(x) is differentiable in
(-1, 1), we should have the maximum and minimum at the
points x =—1, 0 and 1 only

Also, we have P(—1) < P(1)

Max. of P(x) = Max. {P(0), P(1)} and Min. of P(x) =
Min. {P(-1), P(0)}
In the interval [0, 1],
P'(x) = 4x° + 3ax® + 2bx = x (4x* + 3ax + 2b)

P’(x) has only one root x =0, 4x* +3ax +2b =0 has no
real roots.

(Ba)*=32b<0 = 3 <b
32

b>0
Thus, we have a >0 and 5> 0

P(x)=4x> + 3ax® + 2bx >0,V x € (0, 1)
Hence P(x) is increasing in [0, 1]

Max. of P(x) = P(1)
Similarly, P(x) is decreasing in [-1, 0]
Therefore Min. P(x) does not occur at x =—1.
The correct option is (B)



177.

178.

179.

180.
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Given line

x—-y+1=0

And the parabola

x= y2

L dy dy 1 . .

implies1=2y— = — = — = Slope of given line (1
p Y ae 2 pe of g 1

I BN _lm_(lz_l
2y TTRTITS

= (v0)= G%)

L1y
The shortest distance is 42 1 3 = ﬂ
i+l 42 8
The correct option is (A)
Parallel to x-axis
= ﬂ =0
dx

8
=1-—=0

e
= x=2
= y=3
Equation of tangent is y — 3 = 0(x — 2)
= y-3=0
The correct option is (C)
@) k—2x, ifx<-1

x =
2x+3 ifx>-1
s
k- 2x /
1
-1 This is true
lim fix) < — 1 where k = -1

The correct option is (C)

szﬂ'l’z

After 49 minutes volume =45007 —49 (727)=972 1
gnﬁ =972x

=7 =729
=r=9

4
v=—mr3
3

dv_i rzﬂ

—=—x
dr 3 dt

(M

181.

182.

183.

184.

18s.

727 = 47t i
dt

T2
dt 4-9-9 9
The correct option is (C)

f'(x)=l+2bx+a
X

f has extremevalues and differentiable

= f(-)=0
=a-2b=1
1(2=0
1
=>a+4b=——
2
:>a=l,b=—l
2 4

f7(=1), f”(2) are negative. f has local maxima at —1, 2
The correct option is (B)

Let  h(f)=/(x)—2g(x)

as h(0)=h(1)=2

Hence, using Rolle’s theorem

W (c)=0

= f(c)=2¢'(c)

The correct option is (D)

F)=2 4241
X

2Bx? + x + o = 0 has roots —1 and 2
The correct option is (C)
x* +3xy—xy—3y2 =0
= x(x+3y)—y(x+3y)=0
= (x+e)(x—»)=0
Equation of normal is (y—1)=—(x—1)
=>x+y=2
It intersects x + 3y = 0 at the point (3,-1)
And hence meets the curve again in the 4™ quadrant.
The correct option is (C)
X

X Square X

X
According to the question,
4x+2nr=2
= 2x+4nr=1
1-2x
V=
T

(M



14.62 Chapter 14

Now. Area A= x>+ mr’ - tan™! (m) as x € (O’Ej
;1 5 cosx 2
=x"+ ;(ZX -1) 5
cosE + sinE
For area A to be minimum, we have tan”! 2 2
=tan” | —F—
dA 2 2 X .2 X
— =0 gives x=—— 2 cos o —sin- 2
dx & T+4 @ 2 2

From (1) and (2), we get

1 =tan”! (tan(” + x))
r= 3) 4 2

Cm+4

sox=2r f(x):%+§ as xe((),%)éf’(
The correct option is (D)
: .. Equation of normal
186. f(x)=tan™" It S?nx where x € Oﬁ T T
1—-sinx 2 y——|=2|x——
3 6
| [ +sinx?) The correct option is (C)
=tan —_—
1-sin’x
— tan”! 1+sinx
|cosx|

N | —
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