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ORIGIN

Let X" O X, Y OY,Z O Zbe three mutually perpendicular
lines which intersect at O. Then O is called the origin.
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Fig. 22.1
COORDINATE AXES

X' OX is called the x-axis, Y'OY the y-axis, Z’OZ the z-axis
and taken together these are called the coordinate axes.

Coordinate Planes

1. X OY is called the xy-plane.
2. Y O Zis called the yz-plane.
3. Z O X is called the zx-plane.

These three, taken together, are called the coordinate
planes.

The three co-ordinate planes divide the space into eight
parts and these parts are called octants.

Coordinates

Let P be any point in space. Draw PL, PM, PN perpendic-
ulars to the xy, yz and xz planes, then

1. LP is called the x-coordinate of P.

2. MP is called the y-coordinate of P.
3. NP is called the z-coordinate of P.

Fig. 22.2

These three, taken together, are known as coordinates of
P.

Sign of co-ordinates of a point

The signs of the co-ordinates of a point in three dimension
follow the convention that all distances measured along or
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parallel to OX, OY, OZ will be positive and distances moved
along or parallel to OX’, OY', OZ’ will be negative.

TRICK(S) FOR PROBLEM SOLVING

m Coordinates of any point on x-axis are of the form
(a, O, O). Similarly, the coordinates of any point on the
y-axis are of the form (O, b, 0), while those of points on
z-axis are of the form (O, O, c).

m Coordinates of any point in the xy plane are of the form
(a, b, 0). Similarly, the coordinates of any point in the yz
plane are of the form (O, b, ¢), while those of any point in
the zx plane are of the form (a, O, ).

m The equation of xy plane is z = 0. Similarly, the equations
of yz plane and zx plane are x = O and y = O respectively.

DISTANCE FORMULA

1. Distance formula: The distance between two points
A(x, v, z) and B(x,, y,, z,) is given by

AB= J[(x,— %)+ (5= 3)*+ (2,— 2,)°]

2. Distance from origin: Let O be the origin and P(x, y,
z) be any point, then

OP= /(x’+ y*+ 2%)

QIMPOKTANT POINTS

m For any point P(x, y z), the position vector 7 of P is
given by 7 = xi + yj + zk. Conversely, the coordinates of
any point whose position vector is ¥ = xi + yj + zk are
P(x, y, z).

m The distance of any point P(x, y, z) having position vector

F =X +yj + zk from the origin is /x* + y* + z* which

K is equivalent to the modulus of the vector PQ.

DISTANCE OF A POINT FROM COODINATE
AXES

Let P(x, y, z,) by any point in the space. Let P4, PB and PC
be the perpendiculars drawn from P to the axes OX. OY and

OZ respectively.
PA=("+27)
PB= (2 +x")
PC=J@ 1)

Then,

Z
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Section Formula

1. The coordinates of the point dividing the line joining
P(x,y,,z)and Q(x,, y,, z,) in the ratio m: m, inter-

nally are
£m1x2 +m2x1 m1y2 +m2y1 mIZZ +mZZlJ
B B
m, +m, m, +m, m, +m,

2. The coordinates of the point dividing the line joining
P(x,,y,,z)and Q(x,, y,, z,) in the ratio m,: m, exter-

nally are
[mlxz TIyX, MYy, —myy, mz, —m,z J
m, —m, m;, —m, m —m,

3. The coordinates of the mid-point of the join of (x , y,,
z)and (x,, y,, z,) are

X +X, »+y, ztz,
2 7 2 7 2

VECTOR FORM

1. Internal Division: If the point R divides the join of
PQ internally in the ratio of m : n, then position vec-
tor of R(7) is

. mr, + nr;
m+n

2. External Division: If the point R divides the join of
PQ externally in the ratio of m : n i.e., internally in
the ratio m : (—n), then the position vector R(7) is

a mr, —nr,
m—n

3. If is the point R is the mid point of the line joining
PQ, then m : n=1: 1, therefore the position vector
R(7) is o

hthn

2

]_/::

Coordinates of the general point

The co-ordinates of any point lying on the line join-
ing points P(x,, y, z) and Q(x,, y, z,) may be taken as
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(kx2+xl ky + 3, kZZ"'le, which divides PQ in the

k+1 7 k+1 7 k+1

ratio k : 1. This is called general point on the line PQ.

Centroid of a triangle

The coordinates of the centroid of the triangle ABC, whose

vertices are A(x,, y,, z,), B(x,, y,, z,) and C(x,, y,, z,), are
Wttt

X, +Xx, + X, z, +z, +z,
b b
3 3 3

Centroid of a Tetrahedron

If (x,y,z) (x,, ¥,, 2,), (x3, Vs 23) and (x,, y,, z,) are the
vertices of a tetrahedron, then its centroid G is given by

X, +X, +xX;+x, y+y,+y,+y, z,tz,+z;+tz,
4 ’ 4 ’ 4

A(xlsylszl)

o D(x4s Ya» 24)

B(xza Y2 22) c

C(X3, y3, Z3)
Fig. 22.4

SOLVED EXAMPLES

1. If P(p),0(q),R(¥) and S(s5) be four points such that
3p+8g =67 +5s, then the lines PQ and RS and
(A) skew (B) parallel
(C) intersecting (D) none of these
Solution: (D)
Given: 3p+8g = 6F +55
3p+8G 6r+55
8+3 546
= The point which divides PQ in the ratio 8 : 3 is the

same as the point which divides RS in the ratio 5 : 6.
Hence, the lines PQ and RS intersect.

2. The edge of a cube is of length ‘@’ then the shortest
distance between the diagonal of a cube and an edge
skew to it is

(A) a2

©) \2/a

Solution: (D)

Requaried distance = KL

B) a
D) a2

(o)l

5

Z
C D
F___ _____ 7 1,/
Vit I A
: X
%) A
Y/B E
DIRECTION COSINES

If a line makes angles ¢, B, ¥ with the positive directions
of x-axis, y-axis and z-axis respectively, then cos, cosp,
cosy are called its direction cosines.

The direction cosines are generally denoted as I, m, n
i.e., [ =cosq, m = cosf, n =cosy.

The angles o, B, yare known as direction angles.

Direction Ratios

Three numbers a, b, ¢ proportional to the direction cosines
[, m, n of a line are known as the direction ratios of the line.
Thus a, b, ¢ are the direction ratios of a line, provided

Useful Results on Direction Cosines and
Direction Ratios

If P(x, y, z) is a point in space such that r = OP has direc-
tion cosines /, m, n, then
(@) x=l|r|,y=m|r|,z=n|r|
(b) I|r|, m|r|, n|r|are projections of r on OX, OY, OZ
respectively.
(©) r=|r|(li +mj+nk)and 7 =1i +mj+nk
@ P em+n’=1.
(e) If r= a}' + b}’ +ck, then
(a) a, b, c are the direction ratios of r.
(b) Direction cosines of r are given by

a b
[ = ,m = ,
Nat +b* +¢2 Nat +b*+ 2

c
Na' +b* +c?
(f) Direction ratios of the line joining two points P(x,,y,,

zl.) an(.i O(x,, Vo z)arex,—Xx,,y,— ¥, z,—Z,, and its
direction cosines are

n=
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X=X NN 5T E cosO = a,a, +bb, +cc,
IPQ| " [PQ|  [PQ] J@ + b7 +c2Ja + b2 +¢
(g) The direction cosines of

(a) Ox are (1,0, 0) TRICK(S) FOR PROBLEM SOLVING

(b) QY are (0, 1,0) The two line are orthogonal if
(¢) Ozare(0,0,1)

aa, +bb, +cc, =0
CAUTION and parallel if

Direction cosines of a line are unique but direction ratios of a b, ¢
a line are not unique and can be infinite.

ANGLE BETWEEN TWO LINES SOLVED EXAMPLES

If 6 is the angle between two lines whose direction cosines
are [, m,n and [, m,n,, then
cos@=1[1 +mm,+nn, and

3. A vector r is inclined at equal angles to OX, OY and
OZ. If the magnitude of r is 6 units, then r is equal to

: . . (D) B +j+k) B) B+ j+k)
inf = - +(nl, —ml) +(m, —1 . .
S \/(mlnz mym)” +(mly, —nyb)" +(Lm, —L,m)) (©) Z\B(l+j+k) (D) _2\/5(1 +ieh)
TRICK(S) FOR PROBLEM SOLVING Solution: (C, D)

Let r be inclined at an angle « to each axis, then

m If LI, +m.m, +n.n, =0, then two vectors r, and r, having I=m=n=cosa

direction cosines /,, m,, n, and I,, m,, n, are orthogonal.
L m n
m [f - =—1=— then two vectors are parallel.
/2 mZ n2
m Any vector equally inclined to all the three axes have
direction cosines as

Since ’+m*+n*=1 = 3cos’a=1 = cosa==%

&~

Ifaisacute:/=m=n=
ML D A
BB TB r =|r|(li + mj+nk)

. . . R l n n " R

m If any line makes angles &, 5, % 0 with four diagonals of .+_kJ _ 2\/5(1. L4,

1~ 1
a cube, then = 6($l +$J NG

2 2 2 2 4
cos’a + cos'f +cosTy + cosd 3 If o is obtuse l=m=n=—L:|r|=6
m If I, m,n and [, m, n, are the d.c’s of two concur- \/_
rent lines, then the d.c.’s of the lines bisecting the angles r=|r| ([f +m}'+ n]:f)
between them are proportionalto /. =/, m, m_n £ n,. 1 1 1 .
m The angle between any two diagonals of a cube is = 6(——5——}——1(]
cos™ ( 1] \/5 \/?_, 3

3) =23 + j+k).
m The angle between a diagonal of a cube and the diagonal
of a face of the cube is cos™! \E _ 4. If the pI'O_]C.CUOl’l of a line segment on x, y and z axes
3 are respectively 3, 4 and 5, then the length of the line
m If the edges of a rectangular parallelopiped be a, b, segment is
¢, then the angles between the two diagonals are (A) 3\/5 (B) 5\/5
e e
cos [ (C) 5v2 (D) none of these

a’ +b%+c?

Solution: (D)
Let I, m, n be the d.c’s of the given line segment PQ.
[ =cosa, m = cosf3, n = cosy
If @is the angle between two line having direction ratios @, where ¢, B, y are the angles which the line segment

b, c and a, b, c,, then PQ makes with the axes.

Angle in terms of Direction Ratios
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Suppose length of line segment PQ = r.
Thus, projection of line segment PQ on x-axis
=PQ cosa=rl.
Also the projection of line segment PQ on x-axis
= 3 (given)
Ir=
Slmllarly, mr=4,nr= 5
Now squaring and adding these equations, we get
(Iry*+ (mr)?* + (nmr)*=32+42+5°
= PP+m+nr)=9+16+25
= =50 CP+rmtnr=1)
5v2

= r=+50=

. A vector r is equal inclined with the coordinate axes. If
the tip of r is in the positive octant and |r|= 6, then r is

(A) 243(1 = j+k) (B) 2B(~i+j+k)
(©) 243(I +j—k) (D) 23(I+j+k)

Solution: (D)
Let /, m, n be the DC’s of r. Then / = m = n (given).

NG

1 I~ 1,
S0 r=[r| (i +mj+nk)= 6[— —j+_k]
3 3 3

P+m*+ni=1 = 3*=1 = I= =m=n

=23+ j+k)

. Equation of the line passing through (1, 1, 1) and par-
allel to the plane 2x + 3y +z+5=01s
(A) x—1 _ y—1 _ z—1
1 2 1

(B) x—1 _ y—1 _ z—1

-1 1 -1
x=1_ y-1_ =z-1

3 2 1
x—1 y-1 z-1
®) 2 31
Solution: (B)
If the direction ratios of the line are /, m, n then it is
perpendlcular to the normal to the plane.

2[+3m+n=0

And the only values of /, m, n that satisfy this equation
are—1,1,-1.

*. (B) is the correct answer.

©

. The locus of x> +)? +22=0is
(A) acircle
(©) (0,0,0)
Solution: (C)
X+y*+z22=0 = x=0,y=0,z=0.

(B) asphere
(D) none of these

10.

11.

. The locus of a point, such that the sum of the squares

of its distances from the planesx +y +z=0,x—z=0
andx—2y+z=01is9,is
(A)x*+y*+22=3
C)x*+y*+22=9
Solution: (C)

Let the variable point be (¢, S, ¥), then according to
the question

(|a+/3+rlj2+(|a—yljz+[la—2ﬂ+y J2=9
3 V2 J6

= ?+pP+yP=9

So, the locus of the point is x* +)? +z2=9.

(B) ¥*+)y*+22=6
(D) ¥*+y*+22=12

. Perpendicular distance of the point (3, 4, 5) from the

y-axis, is
(A) 34 (B) Va1
© 4 D) 5

Solution: (A)
Distance of (¢, 3, p) from y-axis is given by

d=+a’+y’

*. Distance (d) of (3, 4, 5) from y-axis is

d=~3+5 =J9+25=+/34

The number of straight lines that are equally inclined
to three dimensional coordinate axes, is

(A)2 (B) 4

© o6 (D) 8

Solution: (B)

If o, B3, yare the angles made by the line with x, y, and
z-axis respectively, then
cos’a+ cos’ 3+ cos*y=1

Given o= =1, . 3cosfa=1
1
or cosa =+—
3
. .. . 1 1 1
Possible direction cosines are —3,i—3, —3 .

Different sets of Dc’s are (

— S
>
&|~
w
N—— ;/

1 1 -1 -1 1
(E’E’EME’?E
and (_—1 2 LJ
NERRVERNE]
Thus, four lines are equally inclined to axes.

The direction ratios of the linex—y+z—-5=0=x-3y
— 6 are
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(A) 39 1a72 (B) 29451
3 1 =2 2 -4 1
©) =, —=.—1—= D) —=,——=.——
V4’147 14 Va1’ Va1’ Va1
Solution: (A)
If [, m, n are the d.c’s of the line, then
1-I-1-m+1-n=0
and 1-1-3-m+0-n=0
I m _ n
0+3 1-0 -3+1
Hence the d.r’s of the line are 3, 1, 2.

PROJECTION

Projection of a line joining the points P(x,, y,, 7)) and
0(x,, y,, z,) on another line whose direction cosines are
I, m and n : Let PQ be a line segment where P = (x, y,,
z)) and Q = (x,, y,, z,) and 4B be a given line with d.c.’s
as [, m, n. If the line segment PO makes angle 6 with the
line AB, then

Projection of PQ is P’Q’ = PQ cos6

= (x, —x,)cosor + (y, — y,)cosf3 + (z, — z,)cosy
= (x2 7x1)l + (yz 7y1)m + (Zz 7Z])n

TRICK(S) FOR PROBLEM SOLVING

For x-axis, =1, m=0,n=0

Hence, projection of PQ on x — axis = x, — X,.
Similarly, projection of PQ on y —axis =y, — y, and projection

of PQon z-axis=z, - z,.

VECTOR FORM

1. To get the projection of vector a along the direction
of b then take the dot product of @ with the unit
vector along b

.. Projection of a on b=ab
2. If = a}'+ b} +ck is any vector, then the projection
of 7 on a line whose direction cosines are (/, m, n) is
|7 | cosq—7.(Ii +mj+nk)=al +bm+cn
where, i + mj+ nk is the unique unit vector along
the line whose direction cosines are given.

STRAIGHT LINE

The vector equation of a straight line passing through a
given point with position vector a and parallel to a given
vector b is

r=a+1b
where A is a scalar.

TRICK(S) FOR PROBLEM SOLVING

m The position vector of any point on the line is taken as a
+ Ab.

= ris the position vector of any point P(x, y, z) on the line.
Therefore, ¥ = xi + yj + zk.

Cartesian Form The equation of a straight line with
direction ratios a, b, ¢ and passing through a fixed point
(x, ¥z, 1s

X=X _ Y= _

o

a b c
m The equation of a line whose direction cosines are /, m, n
and which passes through the point (x,, y,, z,) is
X=X _Y=¥ _
/ m c

zZ—Z

z-2z,

m The coordinates of any point on the line

X=X Y=Y _ Z7 % are given by
a b c
(x, + ad,y, + bA, z, + cA), where 1 is a real number.

m Equation of x-axis:
x-0 y-0 z-0
10
Equation of y-axis:
x-0 y-0 z-0
o 1
Equation of z-axis:
x-0 y-0 z-0

o o 1
N

Vector Equation of a line Passing through
two Points

ory=0,z=0

orx=0,z=0

orx=0,y=0.

The vector equation of a line passing through two points
with position vectors a and b is

r=a+ A(b-a)
Cartesian Form The equation of a line passing through
two given points (x,, y,, z,) and (x,, y,, z,) is given by

zZ—Z

X=x _V=h _
W= Z7Z

Xy =X
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Changing unsymmetrical form to
symmetrical form
The unsymmetrical form of a line ax + by + cz+d =0, a'x

+ b’y + ¢’z + d" =0 can be changed to symmetrical form
as follows:

bd'-b'd da' —d'a
x— Y-
ab’'—a'b _~ ab'—d'b __ Z
bc'-b'c ca'—c'a ab'—a'b
ANGLE BETWEEN TWO LINES

Vector Form The angle between the two lines
r=a + b, and r=a + ub,

. b, -b
is given by cos@ = ——2—
|b, [[b, |
Cartesian Form The angle between the two lines
X=h _Y=h _Z74%
al bl Cl
and X=X, Y-y, _zZ-%
aZ bZ CZ

a,a, +bb, +cc,

2 2 2 2 2 2
\/a1 +b +¢ \/a2 +b; +¢,

is given by cos0 =

INTERSECTION OF TWO LINES

Let the two lines be ~— 1 =2~ _ 274 (1)
al bl cl
and X—X2:y—y2:Z—22 (2)
a, b, G

Step I: Write the coordinates of general points on (1) and
(2). The coordinates of general points on (1) and (2) are
given by
X=h _Y~h _zZ74% -2
a

1
X=X _ Y=

a b

2

and = =u

2
respectively. i.e., (A +x,bA+y +cA+z)and (a,u+
Xp byt y, e it 2y).

Step II: If the lines (1) and (2) intersect, then they have a
common point.

aAtx =a,u+x,bAty =bputy,
and cAtz =cu+tz,

Step III: Solve any two of the equations in A and p
obtained in step II. If the values of A and y satisfy the third
equation, then the lines (i) and (ii) intersect, otherwise they
do not intersect.

Step IV: To obtain the coordinates of the point of intersec-
tion, substitute the value of A (or y) in the coordinates of
general point (s) obtained in step 1.

PERPENDICULAR FROM A POINT TO A LINE

Let the equation of the line be
x-a y-b z-c

=r (say)
/ m

\
\G’Q?:\
3

v

Fig. 22.6

and A(¢e, B, ) be the given point. Then,
1. the coordinates of the foot of the perpendicular from
A on the given line are
P(lr+a,mr+b,nr+c)
2. length of perpendicular (4P) is

\/(lr+a—ot)2+(mr+b—,B)2+(nr+c—y)2
3. equation of the perpendicular is given by
__y=B __z=vy
Irt+a-a mr+b—-pB nr+c-y
where r = (a—a)l + (f—b)m + (y—c)n

X—a

Vector Form
Length of the perpendicular from a point A(r,) upon the
line r = a + Ab is given by
[(a—r)xb]|
|b|

Alternate Method

Find the foot of the perpendicular from the point (1, 6, 3)
to line.

Also, find the length of the perpendicular and the equa-

tion of the perpendicular.

. . _1 _
Any point on the line r_ry—l_z

(A, 1+21,2+3A). 12
Let this point be P, the foot of perpendicular from A(1,
6, 3) to the line is

can be taken as
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Direction ratios of the given line are 1, 2, 3. Direction
ratios of AP are

A-1,1+21-6,2+31-3
1e., A-1,24-5,31-1
A(1,6,3)

Fig. 22.7

Since, AD is perpendicular to the given line
I(A-1)+22A-5)+3B3A-1)=0
= A-1+41-10+914-3=0
= 141-14=0 = Ai=1
Thus, coordinates of P are (1, 1 +2,2 + 3),1i.e., (1, 3,5)
Foot of perpendicular is (1, 3, 5).
Length of perpendicular is
AP = J(1-1)* +(3—6)* +(5-3)°

—Jo+9+4=13

Equations of perpendicular, i.e., equations of AP are

x-1_ y-6 z-3
1-1 3-6 5-3
x-1 y-6 z-3
0o -3 2

ie.,

SKEW LINES

Two straight lines which are not parallel and which do not
intersect, are known as skew lines. Clearly, two skew lines

are never coplanar.
PLANE 2

Fig. 22.8

PLANE 1

Line of Shortest Distance

If /, and /, are two skew lines, then the straight line which
is perpendicular to each of these two non-intersecting lines
is called the “Line of shortest distance.”

IMPORTANT POINTS

There is one and only one line perpendicular to each of
lines /, and I,

Shortest Distance Between two Skew Lines
X=X V=)

zZ—Z

Let the two skew lines be = and
/) m, n
X=X% Y=V, 275
12 m2 n2

Therefore, the shortest distance between the lines is
given by

N=X V=N T4
, m n
d= L nm, n,
\/(mlnz —m2n1)2 +(nl, _llnz)2 +(lm, _mllz)2
VECTOR FORM

Shortest distance between the lines
r=a +Ab andr=a, + ub, is
| (az_ al)’ (b] x b2)|

d=
|b,x b, |
A N
B
1
P D
Fig. 22.9

TRICK(S) FOR PROBLEM SOLVING

m Shortest distance between two parallel lines r = a, + Ab
andr=a, + ubis
_ [(a, —a,)xb]|
Ib|
m Two linesr=a, + Ab, and r = a, + ub, will intersect
provided d = 0, i.e., when

(a,-a)-(b,xb)=0

The Plane

Plane It is a surface such that if any two points on it are
taken, then every point of the line joining them lies on it.
General Equation of a Plane The general equation of a
plane is

ax+by+cz+d=0

where a, b, c, are not all zero.
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QIMPORTANT POINTS

m a, b, ¢ are the direction ratios of the normal to the plane
ax + by +cz+d=0.

m Equation of yz-plane is x =0

m Equation of zx-plane is y =0

m Equation of xy-plane is z=0

m Equation of any-plane parallel to xy-plane is z = c.
Similarly, planes parallel to yz-plane and zx-plane are x =
K c and y = c respectively.

Equation of a Plane in Normal Form

Vector Form If 7 be a unit vector normal to a given plane
and p be the length of perpendicular from the origin to the
plane, then the equation of the plane is given by,
r-n=p

Cartesian Form If /, m, n be the direction cosines of the
normal to a given plane and p be the length of perpendicu-
lar from origin to the plane, then the equation of the plane
is Ix + my + nz =p.

r
A

pn
o

Fig. 22.10

Transformation of General Form to Normal Form To
reduce the general equation ax + by + ¢z + d = 0 to normal
form, we follow the following working rule:

(a) Write the terms containing x, y and z on left hand side

and the constant term on the right hand side.
(b) If the constant term on the right hand side is not posi-

tive, make it positive by multiplying both sides by —1.
(c) Divide each term by va* +b*> +c*, we get

b
ax N )y N cz
i\/a2 +b*+c? i\/a2 +b* +¢? i\/dz +b% +c?

4
a’ +b* +c’
where + sign is to be taken if d > 0 and — sign is to be taken
ifd <0.

Equation of a Plane Passing through a
Given Point
Vector Form The vector equation of a plane through a
given point r and perpendicular to 7 is

(r-r)-n=0

Cartesian Form The equation of a plane passing through
a given point A(x,, y,, z,) and normal to the plane having
direction ratios a, b, ¢ is

a(x—x)+by-y)+tclz—z)=0

Equation of a Plane in Intercept Form

If a plane makes intercepts of lengths a, b, ¢ with x-axis,
y-axis and z-axis respectively, then the equation of the
plane is

X

pa Z + i =1

a b c

Equation of a Plane Passing through Three
Points

Vector Form The equation of a plane passing through
three points having position vectors r|, r,and r is [r —r r
-r,r-r]=0

Cartesian Form The equation of a plane passing through
three given points A(x,, v, z,), B(x,, ,, z,) and C(x,, y,, z,)
is

X-x, Y-y z-z
X=X, Y=y, z-2|=0
X=X, Y-y, z-1,

Equation of a Plane through Two Given
Points and Parallel to a Given Vector
Vector Form The equation of a plane through two given

points having position vectors r, and r, and parallel to a
given vector m is

(rirl) ) [(rzirl) X m]=0
Cartesian Form The equation of a plane passing through
the points (x, y, z,) and (x,, y,, z,) and parallel to a line
having direction ratios a, b, c is
Y- yl
Y=>W"
a b c

X=X zZ—Z

X—X, z—2,|=0

Equation of a Plane Passing through a
Given Point and Parallel to Two Given
Vectors

Vectors Form The equation of a plane passing through
a point having position vector a and parallel to two given
vectors b and ¢ is
r =a+ Ab + uc, where A and u are scalars
or (r—a)-(bxe¢)=0orr-(bxc)=a-(bxc)

Cartesian Form The equation of a plane passing through
a point (x, y,, z,) and parallel to two lines having direction
ratios a, b, c and a,, b, c,is
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xX—X
a, b, ¢ |=0

a, b, )

Planes Parallel to a Given Plane

Cartesian Form Equation of a plane parallel to the plane
ax+by+cz+d=0isax+ by +cz+ k=0, where kis a
constant to be detemined by the given condition.

Vector Form The equation of a plane parallel to the plane r
.n=d isr.n=d, where d, is a constant to be determined
by the given condition.

Angle between Two Planes

Angle between two planes is the angle between their nor-
mals.
Vector Form The angle between the planes r . n =d, and
r-n,=d, is given by,

n -n
In [[m, |

cosf = !

Cartesian Form The angle between the planes
ax+bytcz+d =0

and ax+b,y+cz+d =0is given by

aa, +bb, +cc,

2 2 2 2 2 2
\/al +b +¢ \/a2 +b;, +¢,

cosf =

TRICK(S) FOR PROBLEM SOLVING

m Ifa,a, +bb, +cc, =0, then the planes are perpendic-
ular to each other.

a b ¢
m If —~=—="1 then the planes are parallel to each
aZ bZ CZ
other.

Angle between a Line and a Plane

The angle between a line and a plane is the angle between
the line and the normal to the plane.
Vector Form If 6 is the angle between the line r=a+ Ab

and the plane r . n = d, then
b-n

sinf = ——
(b} [n]

Cartesian Form If 6 is the angle between the line

X=h _Y=h _

q b 1 G

zZ—Z

ax+by+cz+d=0,then
aa, +bb, +cpc,

sinf =
\/al2 +b]2 +c12\/a§ +b22 +cz2

TRICK(S) FOR PROBLEM SOLVING

- X - z-2z |
YN ! is parallel to the plane
a b, G

ax+by+cz+d=0,thenaa,+bb,+cc,=0.

u If the line =

POINT OF INTERSECTION OF ALINE AND A
PLANE

Working rule for finding the point of intersection of a line
and a plane:

Step I: Write the coordinates of any point on the line in
terms of some parameter r (say).

Step II: Substitute these coordinates in the equation of the
plane to obtain the value of r.

Step III: Put the value of 7 in the coordinates of the point
in step L.

TRICK(S) FOR PROBLEM SOLVING

The ratio in which the line segment PQ, joining P(x,, y,, z,)

and Q(x,, y,, z,). is divided by plane
ax+by+cz+d=0is —(Wij.

ax, + by, +cz, +d

Planes Bisecting the Angles between Two
Planes

Cartesian Form The equations of the planes bisecting the
angles between the planes ax +by +cz+d, =0 and ax
+by+cz+d =0are

(ax+by+cz+d) _ (a,x+b,y+c,z+d,)
2 2 2 2 2 2
\Ja, +b +¢; Ja, +b; +c;

Vector Form The equations of the planes bisecting the
angles between the planesr . n, =d andr . n,=d are

(1

r.m, —d,| _ r.n, —d,|

I, | I, |
. d d
or r.(nlinz):_li_z
[n [ |n, |

Bisector of the Angle Containing the Origin After
making the constant term in both the equations positive,
the positive sign in (1) gives the bisector of the angle which
contains the origin.

Bisector of Acute/Obtuse Angle

(a) Write the equations of the given planes such that
their constant terms are positive.



Three Dimensional Geometry 22.11

(b) If aja, + bb,+ c,c, > 0, then origin lies in obtuse
angle and hence positive sign in (1) gives the bisector
of the obtuse angle.

(¢c) Ifaa,+bb,+cc,<0,then origin lies in acute angle
and hence positive sign in (1) gives the bisector of the
acute angle.

Distance of a Point from a Plane

Vector Form The length of the perpendicular from a point
having position vector a to the plane r . n = d is given by,

_|an—d|

n|
Cartesian Form The length of the perpendicular from a
point P(x,, y,, z,) to the plane ax + by + cz + d = 0 is given

by,
_ax, +by, +cz, +d |

Na? +b* +¢2

Distance between Two Parallel Planes

Vector Form The distance between two parallel planes r .
n=d andr.n=d, is given by,
_ |d1 _dz ‘
[n|
Cartesian Form The distance between two parallel planes
ax+by+tcz+d=0andax+by+cz+d =0is,
given by,
| d] B dz |

2 1 2
Jal + b+ ¢

Planes Passing through the Intersection of
Two Planes

Vector Form The equation of a plane passing through the
intersection of the planesr . n, =d andr.n,=d, is
(r.m —d)+k(r.n,—d)=0
or r.(n +hkn)=d +kd,
where £ is an arbitrary constant.
Cartesian Form The equation of a plane passing through
the intersection of planes
ax+by+tcz+td=0andax+by+cz+d =0is
(ax+by+cz+d)+klax+b,y+cz+d)=0, where
k is an arbitrary constant.

Two Sides of a Plane

The two points P(x,, y,, z,) and Q(x,, y,, z,) lie on the same
side or the opposite sides of the plane ax + by + cz + d =
0 according as ax, + by, + cz, +d and ax, + by, + cz, +d
have the same sign or the opposite signs.

Condition for a Line to Lie in a Plane

Vector Form If the line r = a + Ab lines in the plane r -
n = d, then
b-n=0 and a-n=d.
Bl S A R SR TP
m n
in the plane ax + by + ¢z + d = 0, then
(@) ax +by +cz,+d=0,and
(b) al+bm+cn=0.

Cartesian Form If the line i

Condition for the Two Lines to be
Intersecting (Coplanar) and the
Equation of the Plane Containing Them
Vector Form If the lines r =a, + Ab, and r = a, + ub, are
intersecting (coplanar), then

[a b b]=[a,bb,]
and the equation of the plane containing the two lines is

[rb b,]=[a b b,]
or [rb b,]=[a,b b ]

zZ—Z

Cartesian Form If the lines L =2~ _ and

m n
1 1 1
xX—-x, y—-y, z-z ) .
2 = 2= 2 are intersecting (coplanar)
[ m n

2 2

Xy =X
then /

1

Vo=V 7z

L m, n,

and the equation of the plane containing the two lines is

X=X Y=y Z—z
A m, n |=0
I m, n,
X-x, y-y, z-2z,
or A m, n |=0
L m, n,

IMAGE OF A POINT IN A PLANE

Let P and Q be two points and let 7 be a plane such that

(i) Line PQ is perpendicular to the plane 7z, and
(ii) Mid-point of PQ lies on the plane 7.

Then either of the point is the image of the other in the
plane 7.

To find the image of a point in a given plane, we pro-
ceed as follows

(i) Write the equations of the line passing through P and
normal to the given plane as
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X=X Y-y _z-2

1

a b c
TP(xl,yl,zl)

ax+bytcz+d=0

R

I
I
I
I
:
T
(x; +ar,y, +br,zy+cr)§

Fig. 22.11
(ii) Write the co-ofdinates of image Q as
(x, +ar,y, +br,z, +cr)
(iii) Find the co-ordinates of the mid-point R of PQ.
(iv) Obtain the value of » by putting the coordinates of R
in the equation of the plane.
(v) Put the value of  in the coordinates of Q.

IMAGE OF A LINE ABOUT A PLANE

Let the line be ~— 1 ="M 275 04 the plane be
aq ) G
ax+by+tcz+d=0
Find point of intersection (say P) of the line and the
plane. Find image (say Q) of point (x, y,, z,) about the
plane. Line PQ is the reflected line.

SOLVED EXAMPLES

12. The direction ratios of a normal to the plane through
(1,0,0),(0, 1, 0), which makes an angle of T with the
plane x + y =3 are 4
(A) 1,42,1 (B) 1,132
© 11,2 (D) 2,1,1
Solution: (B)

Any plane through (1, 0, 0) is
Ax-1)+Byry-0)+C(z-0)=0 (1)
It contains (0,1,0)if-4+B=0 2)
Also, (1) makes an angle of ” with the plane x + y =
4

|A+ B|
VA& + B+ + 1
= (A+BP?=A>+B*+(C?= 24B=C*? 3)
From (2)and 3), C* =24 = C=+24
Hence A:B:C:: A: A:+24.
. Direction ratios are 1:1:%+/2

bid
3, therefore, cos Z =

13.

14.

15.

The equation of the plane through the points (2, 3, 1)
and (4, -5, 3) and parallel to x-axis is
(A)x-z-1=0 (B) 4x+y—-11=0
C)y+4z-7=0 (D) none of these

Solution: (C)

Any plane parallel to x-axes is by +cz+d=0.
If it passes through (2, 3, 1) and (4, -5, 3), then
3b+c+td=0and —5b+3c+d=0,

b c d . b ¢ d

ie.,

_—= =— 16, —=—=—
1-3 —5-3 945 1 4 -7
Hence, the plane parallel to x-axis is y + 4z — 7 = 0.
The equation of the plane perpendicular to the yz-plane
and passing through the points (1, -2, 4) and (3, -4, 5)
is

(A)y+2z=5 B) 2y+z=5
(C)y+2z=6 (D) 2y+z=6
Solution: (C)
Let the plane be

ax+by+cz+d=0, (D)
The yz-plane isx=0orlx+ 0.y +0.z=0. 2)

Since (1) and (2) are perpendicular to each other, we
have

a1+b-0+c-0=0,1e,a=0.
. The plane (1) reduces to

by+cz+d=0.
Now since it passes through (1, -2, 4) and (3, -4, 5),
we get —2b+4c+d=0
and —4b+5¢+d=0
giving i =< i
-1 -2 6

Thus the plane is y + 2z = 6.
x+1 y-12 z-7

The point in which the line cuts
-1 5 -2

the surface 11x*> — 5)? —z2=0is

(A) (23 _39 1) (B) (29 3’ _1)

(C) (13 29 3) (D) (19 2, _3)

Solution: (A, C)
x+1  y-12 z-7
-1 5 2

Any point on the line is (- — 1, 5r + 12, 2r + 7) for
every value of r.

If this point lies on the surface 11x* — 5)? + 2= 0,
then

1(=r—=1=5Gr+12*+ 2r+7)*=0

Let

ie., 11072 + 5507 + 660 = 0,
ie., r+5r+6=0
ie., r+3)(r+2)=0, ie,r=-3,-2

For these two values of r, the two points in which the
given line cuts the surface are (2, -3, 1) and (1, 2, 3).



16.

17.

18.
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The equation of the plane through the line x + y +z + 3

=0=2x—y+3z+1and parallel to the line * = Y _ %
is 1 2 3

(A)x—5y+3z=17

C)x+5y+3z=7

Solution: (A)

Any plane through the given line
2x—y+3z+1+AUx+y+z+3)=0

(From S+ AS" = 0)

B) x—5y+3z=-7
(D) x+5y+3z=-7

If this plane is parallel to the line oo E, then the

normal to the plane is also perpendicular to the above
line or

Q+MDI+A-12+@B+A1)3=0
(From [\[, + m m,+nn,=0)
This gives A = —% and the required plane is
x=5y+3z-7=0
The equation of the plane containing the line
X+l _y=3_2+2 hdthe point (0, 7, —7) is

-3 2
A)x+y+z=2 B) x+y+z=3
C)x+y+z=0 (D) none of these

Solution: (C)

Any plane containing = tl_y-3_z+2

-3 2 1
a(x+1)+tb(y—3)+c(z+2)=0 (1)
where -3a+2b+c=0 (2)
If the plane through (0, 7, —7), then
a+4b—-5¢=0 3)
From (2) and (3), g - b =< )
-10-4 1-15 -12-2
i.e., 2:ézg
I 1 1

Hence the plane (1) becomes
x+)+@-3)+(z+2)=0,ie,x+y+z=0

The equation of the plane passing through the straight
x-1_ y+l1 z-3

2 -1
plane x + 2y +z=12is
(A)9x+2y—-5z+4=0
B) Ix—-2y—-5z+4=0
(C)Ix+2y+5z+4=0
(D) none of these

line and perpendicular to the

Solution: (B)
Any plane through the given line is
ax—1)+by+1)+c(z-3)=0 (1)

19.

20.

21.

where 2a—b+4c=0 (2)
If this plane is perpendicular to x + 2y + z = 12, then

their normals are also perpendicular to each other.

at2b+c=0 3)
b c
From (2) and (3), @ _ = ,
@ @) -1-8 4-2 4+1
. a b c
ie., Lok
-9 2 5

. plane (1) becomes
Yx-1D+2(0+1)+5=z-3)=0
Ox—2y—5z+4=0

The position vectors of points 4 and B are | — j 4 3k

1.e.,

and 37 + 3+ 3k respectively. The equation of a plane
is r.(5i +2j—7k)+9=0. The points A and B

(A) lie on the plane

(B) are on the same side of the plane

(C) are on the opposite side of the plane

(D) none of these

Solution: (C)

The position vectors of two given points are

a=i—j+3k and b=3{ +3]+3k and the equation

of the given plane is ro(55+2}—712)+9 =0 orr-n

+d=0.

We have, a-n+d=(i — j—3k)-(5 +2] - 7k)+9
=5-2-21+9<0

b-n+d=3i+3]-3k)-(5 +2]-7k)+9
=15+6-21+9>0

So, the points a and b are on the opposite sides of the

plane.

and

Linesr=a +tb and r=a, +sb, lie on a plane if
(A)a xa =0 (B) b, xb,=0
(C) (a,—a).(b,xb,)=0 (D) none of these
Solution: (C)
Lines lie in a plane if

(a,—a)-(b,xb)=0

* b, xb,isavector Ltob,b,.

A square ABCD of diagonal 2a is folded along the
diagonal AC so that the planes DAC and BAC are at
right angle. The shortest distance between DC and 4B
is

A) f3a ®) %
2a \/g
© % (D) (7}:

Solution: (B)

When folded coordinates will be D(0, 0, a); C(a, 0, 0);
A(—a, 03 0)7 B(05 —a, 0)
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22.

23.

24.

Equation of DC is, Y
X _y_ z-a D
a 0 -a
Equation of 4B is, y Z Z 0%
xta y z
a -a 0 %

. 2a
-. Shortest distance = —.

V3

The equation of the plane containing the line
r=i+j+1(2i +j+4k),is

(A) r-(i+2j-k)=3

(B) r-(i+2j-k)=6

(C) r(=i—2j+k)=3

(D) none of these

Solution: (A)

The position vector of any point on the given line is
P+ ] +1Q20+ j+4k) = 1+20)i +(1+1) ] + 4tk

This liesonr - (7 +2j—k)=3

if (A+20)-1+(1+8)-2+4t(-1)=3
ie., if 1+2t+2+2t—4t=3.1.e.,1f 3 =3 which
is true.

Hence, the plane r-(i +2j—k) =3 contains the given
line.

The line of intersection of the planes r- (Gi-j+ 12) =1
and r-(i +4j—2k) =2 is parallel to the vector

(A) =2 +7]+13k (B) 2i+7)-13k
(©) —2i-7j+13k D) 2i +7j+13k
Solution: (A)

The line of intersection of the planes
r-(3i— j+k)=1 and

r-(i+4)- 212) =2 is L to each of the normal vectors
n, =3i—j+kand n, =i+4j-2k
.. It is parallel to the vector
n xn, =(3i — j+k)x (i +4]—2k)
=-2{+7]+13k

The distance between the planes r-(27 —}'+3l€) =4
and r-(6;i =3/ +9k)+13=0 is

5 10
A) —— B) —
) 3V14 ®) 3v14
(©) ol (D) none of these

314

25.

26.

Solution: (C)
The distance between the parallel planes

r-(2i - j+3k)=4

and r-(2§—}+3l€):—%

r(6i —3j+9k)+13=0

sor-(2f—}’+3l€)+—?

‘ 3
1S —(7———
V22 H (=1 +3
4+E 25
3 3] 3 25
Ja+1+9 V14 3147

The ratio in which the plane r-(i —2]‘+21€) =17
divides the line joining the points —2{ +4j+7k and
3i—5)+8k is
(A)3:5
(©)3:10
Solution: (C)
Let the plane r - (i — 2j + 3k) = 17 divide the line join-
ing the points

—2i+4j + 7k and 3i — 5j + 8K in the ratio 7 : 1 at the
point P.

{ Reqd. distance = |d|;k}
n

(B) 1:10
D) 1:5

C 3t-2. -5t+4 . 8t+7
P is i+ +
t+1 t+1 t+1

This lies on the given plane,

3t—2.1+—5t+4(_2)+81+7(3):17
t+1 t+1 t+1

= 3t-2+10t—8+24t+21=17t+ 17
3

t=—=—

20 10

k

200 =17-21+10=6 =
Reqd. ratio is 3 : 10.

A plane is parallel to lines whose direction ratios are
(1,0,-1) and (-1, 1, 0) and it contains the point (1, 1,
1). If it cuts coordinates axes at A, B, C then the vol-
ume of the tetrahedron OABC is

(A) 9/5 cu units (B) 9/4 cu units

(C) 9/2 cu units (D) none of these

Solution: (C)

Let the equation of the plane through (1, 1, 1) be
ax—1)+b(y—1)+c(z-1)=0

Since it is parallel to the straight lines having dr’s (1, 0,

—1)and (-1, 1, 0), therefore



27.

28.
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a—c=0and -a+b=0
= a=b=c
Therefore, equation of planeisx—1+y—1+z—-1=0

or T2

3 3 3
Its intercepts on coordinate axes are 4(3, 0, 0), B(0, 3,
0) and C(0, 0, 3). Hence, the voluem of tetrahedrron

OABC.

[abc]

300

:l() 30 :Zzgcu.units.

0 0 3

N =

[*)}

-1 _y+1 z-

Gives the line L :> 3 and the plane 7

:x—2y=0. Of the followi%lg assertions, the only one
that is always true is
(A)LisLtorx

(C) L is parallel to

(B) Lliesinx
(D) none of these

Solution: (B)

Since 3(1) +2 (-2) + (1) (-1)=3-4+1=0,

. given line is L to the normal to the plane i.e., given

line is parallel to the given plane.

Also (1,1, 3) lies on the plane x — 2y —z =0 if
1-2(-1)-3=01ie,1+2-3=0

which is true .. L lies in plane 7.

The distance between the line

r=2-2j+ 3k + A(i — j+4k) and the plane

r-(i+5j+k)=5is

10 10
A) — B) —
(A) 9 (B) 3
©) ? (D) none of these

Solution: (B)
The given lineisr=a + tb
where a =2i - 2j + 3k, b=1i-j + 4k and given plane is

r-n=p,
where n:f+5}’+l€,p=5
Since b-n=1-5+4=0

- given line is parallel to the given plane ... the dis-
tance between the line and the plane is equal to length
of the perpendicular from the point a = 2i — 2j + 3k on
the line to the given plane.

.. Reqd. distance = |(2i —2i+3k)-(+5i+k) - 5|

| JI+25+1 |

10

-5

_‘2—10+3—5

V27

29.

30.

The equation of the plane containing the two lines
ol vl _Zgng X_y=2_ztl

2 -1 3 2 -1 3
(A)8x+y—-5z—-7=0
B) 8x+y+5z-7=0
(C) 8x—y—-5z-7=0
(D) none of these

Solution: (A)

Equation of any plane through the first line is

ax—1)+b(y+1)+cz=0 (1)
where 2a—b+3c=0 (2)
It will pass through the second line if (0, 2, —1), a point
on the second line lies on it
ie., if —a+3b-c=0
Solving (2) and (3), we get

a b ¢ a b

)

—=—=—or
-8 -1 5 8 1

Hence equation of required plane is

x-H+(@p+1)-52=0 = 8x+y-5z-7=0.

c
=5

If the straight linesx=1+s5,y=-3 - As,z=1+ As
and x=é,y=1+t, z =2 —¢ with parameters s and ¢

respectively, are co-planar, then A equals

(A)0 B) -1
© _L (D) =2
2
Solution: (D)
The given lines are
y+3 z-1
1 == =4 (1)
-2 A
z-2
and 2x=y-1= 0 =t )
The lines are coplanar, if
0-(-1) -1-3 -2-(-1)
1 -2 A =0
1 1 -1
2
Operate C, > C, + C,
1 -5 -1
1 0 A|=0
Lo
2

= 5[—1—%j:0 = A=-2
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31. A straight line 7 =a+Ab meets the ;lane r.n=0 in
P. The position vector of P is

(A) g+%%5 B) -4}
b-n b-n
B) a—%i) (D) none of these
n

Solution: (C)
The straight line r=a+Ab meets the plane ., =0
in P for which A is given by

(Zz+/ll;)~ﬁ:0 = i1=-21Z
b-n

Thus, the positive vector of P is

SPHERE

A sphere is the locus of a point which remains at a constant
distance from a fixed point. The constant distance is called
the radius and the fixed point is called the centre of the
sphere.

EQUATION OF A SPHERE

Vector Equation The vector equation of a sphere of radius
a and centre having position vector ¢ is|r — ¢|=a

IMPORTANT POINTS

The vector equation of a sphere of radius a with centre at
the origin, is | r|=a.

Cartesian Equation The equation of a sphere with centre
(a, b, ¢) and radius £ is given by

(x—ay+(y-by+(z-cf=Fk

P

/

0]
Fig. 22.12

IMPORTANT POINTS

The equation of a sphere with centre at origin and radius k is

X2+ Y2+ 22 =K

General Equation of a Sphere
The general equation
X*+yP+ 224 2ux + 2vy + 2wz +d =0

represents a sphere with centre (—u, —v, —w) and radius

equal to Vu’+ v+ w'—d
Equation of a Sphere through Four Points

Equation of a sphere passing through four non-coplanar
pOintS (xla yp 21)5 (xza y27 Zz); (x3’ y3’ Z3) and (x45 y4> Z4) iS

Xy +zr ox oy oz 1
2 2 2
Xty +z o ox oy oz 1
Nt+yitzn o ox, y, z, =0
2 2 2
XYtz X,y oz |1
2 2 2
Xptyetzy Xg Yy Z4 1
or
(a) Assume the equation of the sphere to be
X+ + 22+ 2ux + 2vp + 2wz +d=0 (1

(b) Put the coordinates of four given points in Eqn. (1) to
obtain four equations in u, v, w and d.

(¢) Solve the four equations obtained in Step (b) to get the
values of u, v, w, and d.

(d) Put the values of u, v, w and d obtained in Step (c) in Eqn.
(1) to obtain the required equation of sphere.

Equation of a Sphere, the Extremities of
Diameter Being given

Cartesian Form The equation of a sphere described on the
join of two points

P(x,, v, 2) and O(x,, y,, 2,)
as diameter is given by

=x)(x=x)+(-y) (y=y)+E-2)(E-2)=0.

P

(x1,y1»Z1) (Xz,yz, 22)

Fig. 22.13
Vector Form The vector equation of a sphere, described
on the join of two points P and Q, having position vectors
a and b, as diameter, is given by
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(r-a).(r—b)=0
or |r~r.(a—b)+a.b=0
or [r—af +|r-b=|a-bJ?

Condition of Tangency

Vector Form Condition for the plane r.n = d to touch the
sphere|r—c¢|=a is

len—d|
[n|

Cartesian Form Condition for the plane Ix + my + nz =
p to touch the sphere x* + y*+ z2 + 2ux + 2vy + 2wz + d =
0is (ul + vm +wn + p)* = (P + m* + n?) (> + VvV + w?* —d).

SECTION OF A SPHERE BY A PLANE

Consider a sphere intersected by a plane. The set of points
common to both sphere and plane is called a plane section
of a sphere. The plane section of a sphere is always a circle.
The equations of the sphere and the plane taken together
represent the plane section.

Let C be the centre of the sphere and M be the foot
of the perpendicular from C on the plane. Then M is the
centre of the circle and radius of the circle is given by

PM =~CP* -CM"*.

P v o
Fig. 22.14

The centre M of the circle is the point of intersection of the
plane and line CM which passes through C and is perpen-
dicular to the given plane.
Centre: The foot of the perpendicular from the centre of
the sphere to the plane is the centre of the circle.
(Radius of circle)? = (Radius of sphere)? — (Perpendicular
from centre of sphere on the plane)?
Great Circle: The section of a sphere by a plane through
the centre of the sphere is a great circle. Its centre and
radius are the same as those of the given sphere.

SOLVED EXAMPLES

32. The radius of the circular section of the sphere|r|=35
by the plane r-(i + ] + k) =33 is
(A) 16 (B) 8
(C) 4 (D) none of these

33.

34.

Solution: (C)

The sphere|r|=5 has centre at the origin and radius 5.
Distance of the plane
r-(i+j+k)= 343 from the origin.

33 W3
i+j+kl P+

Vd

3.

Thus, in figure

OP=5,0N=3.

NP>=0P> -~ ON*= (57~ (3= 16, .. NP=4
Hence, the radius of the circular section = NP = 4.
The equation of the sphere whose centre has the posi-
tion vector (3f + 6 j — 4k) and which touches the plane

r-(20 +2j+k)|=10 is
(A) [r—(3i +6] —4k)|= 4
(B) |r—(3i +6] +4k)| =4
(©) |r—(3i+6)—4k)|=2
(D) none of these
Solution: (A)
The centre of the sphere has the position vector
3i+6] —4k.
Radius = The distance of the centre whose position
vector
a=3i+ 6}' — 4k from the plane
r-(2i +2j+k)|=10
_|a-n-d]|
n|
|Gi+6)—4k)-(2i 2] —k)-10]
V22 + (=2 +(-1)

6-12+4-10] _|-12] 12

V4+4+1 3 3
Centre = (3, 6, —4); Radius = 4.
Required equation of the sphere is

lr—(3i +6)—4k)|=4

The equation |r|*—r-(2i +4—2k)—10=0 rep-
resents a
(A) circle
(C) sphere of radius 4
(E) none of these

=4

(B) plane
(D) sphere of radius 3
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3s.

36.

Solution: (C)

Since the equation|r|*— 2 (r - a) + A =0 represents a

sphere of radius +/|a|” —A, therefore
Irf—r-(2i +4) —213) —10=0 represents a sphere of

radius = |7 +2j —k[* +10 =6 +10 = 4.

The radius of the circle x? + y? + 2> = 49,
2x+3y—z—5x/ﬁ= 0 is
(GVING

©) 46

Solution: (B)

The sphere x? + 2 + z2 = 49 has centre at the origin (0,
0, 0) and radius 7.

B) 2J6

(D) none of these

P

Distance of the plane 2x+3y —z — 514 =0 from the
origin.

. [2(0)+3(0) - (0) - 514 ) [-s14] N

J2 3 (1) Jia e T
Thus in Fig.
OP=7,0N=5

NP?=OP? — ON* = (7)*— (5)* =49 — 25 = 24
NP =24/6.
Hence the radius of the circle = NP = 2\/6 .

The smallest radius of the sphere passing through (1,

0, 0), (0, 1,0) and (0, 0, 1) is
(A) \E (B) \ﬁ
3 8
5

5
© \ﬁ
6
Solution: (A)

Let the sphere be x> +)* + 2> + 2ux + 2vy + 2wz + d=0

It passes through (1,0,0) = 1 +2u+d=0 (1)
It passes through (0, 1,0) => 1 +2v+d=0 2)
It passes through (0,0, 1) = 1 +2w+d=0 3)
1+d
U=vyv=wW=——
2

Radius of the sphere = vVu’ +v> +w? —d
_ %1/3(1+ Ay —4d

37.

38.

39.

= %\/3d2 +2d+3

4x3x3-(2)* _32_8

Now 3d* +2d+3 > ===
12 3

X3
radius 2lx\/§:\/§
2 3 3

Radius of the circle r’+r-(2i—2j—4k)—-19=0
r(i—2j+4k)+8=0
(A)5
©3
Solution: (B)
Given circle is intersection of sphere
X+ +22+2x-2y—-4z-19=0

and plane x—2y+2z+8=0
Centre of sphere is (-1, 1, 2).

p = Length of the L from, (-1, 1, 2) upon (2)

(B) 4
(D) 2

(1
2)

_1-2+4+8 9
VI+4+4 3

R =Radius of the sphere =v1+1+4+19 =5
Radius of the circle = \/R> — p* =+25-9 =16 = 4.
The position vector of the centre of the circle
Ir|=5r-(G+j+k)=3/3 is
(A) N3(i + j+k)

(C) 3(i+j+k)

Solution: (A)

The equation of ON is r = A(i + j + k)

B) i+j+k

(D) none of the above

(1

P

X

Since it passes through the origin and is parallel to the
vector (i +j + k), any pt. on it is A(i + j + k). If this pt.
lies on the plane r-(i+ j+k) =33
AG+j+K)x(i+j+k) =33

or A(1+1+1) =33

A=43

Putting the value of A in (i), we get the position vector
N i.e., centre of the circle as \/g(i +j+k).

then

The coordinates of a point which is equidistant from
the points (0, 0, 0), (a, 0, 0), (0, b, 0) and (0, 0, ¢) are
given by



40.

Single Option Correct Type

1.
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b

b}

YR

afabe B (—_a, )
()(2’2’2) ®) 272
o) (¢ b —< D —_aé—_c)
()(2’2’2) ()(2’2’2
Solution: (A)

Sphere passing through (a, 0, 0) (0, b, 0) (0, 0, ¢) and
(0,0,0)is x*> +y*+z2—ax — by — cz = 0. Its centre
ab c). g . .
—,—,— | is equidistant from given points.
( 2 2) q g p
A plane passes through a fixed point (a, b, ¢). The

locus of the foot of the perpendicular to it from the
origin is a sphere of radius

®) L1

(D) tfone of these

(A) Na’ +b* +¢’
(C) a*>+b*+ ¢
Solution: (B)
Let the foot of the perpendicular from the origin on
the given plane be P(¢e, B, ). Since, the plane passes
through A(a, b, c).
s AP LOP = ofoc—a)+ B(B-b)+ y(y—c)=0
Hence, the locus of (¢, 3, y)is

xx—a)+y(y—>b) +z(z—c)=0
= X+y*+z22—ax—by—cz=0,

which is a sphere of radius %\/az +b*+¢?

EXERCISES

The equation of the plane through the points (2, 3, 1)
and (4, —5, 3) and parallel to x-axis is
(A)x-z-1=0 (B) 4x+y—-11=0
(C)y+4z-7=0 (D) none of these

. The edge of a cube is of length ‘@’ then the shortest

distance between the diagonal of a cube and an edge
skew to it is

(A) a2
(C) \2/a

(B) a
(D) a2

. A square ABCD of diagonal 2a is folded along the diag-

onal AC so that the planes DAC and BAC are at right
angle. The shortest distance between DC and AB is

(A) V2a (B) 2413
(C) 2an5 (D) (3/2)a

The line of intersection of the planes r - (3i —j + k) =
I andr - (i +4j — 2k) =2 is parallel to the vector

(A) =2i+7j+ 13k

(B) 2i+7j—13k

(C) =2i—7j+ 13k

(D) 2i+7j+ 13k

The smallest radius of the sphere passing through (1,

0,0), (0, 1, 0) and (0, 0, 1) is
3
o

2

o
5 5

© \E (D) ,/ o

6.

10.

The position vector of the centre of the circle [r| =5, r
S(i+j+k)=33is
(A) V3(i+j+k)
(©)3(+j+k)

B)i+j+k
(D) none of the above

. Perpendicular distance of the point (3, 4, 5) from the

y-axis, is
(A) V34 (B) V41
©) 4 D) 5

. A plane passes through a fixed point (a, b, c¢). The

locus of the foot of the perpendicular to it from the
origin is a sphere of radius

(A) Na*+ b+ ¢
1
(B) E\/a2+ b+ ¢’

©C)a+b+c
(D) none of these

. The direction ratios of the line

xX—y+z—-5=0=x-3y—6are

(A) 3’ 13 -2 (B) 2a _4, 1
o3 12 R
NN Jar Jar n

A straight line r = a + Ab meets the p lane r -n =0 in
P. The position vector of P is

a-n a-n
A) a+—D>D B) a——b
(A) b (B) bon

(C) a— ;—nb (D) none of these
‘n
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11.

12.

13.

14.

15.

16.

17.

18.

From the point (1, -2, 3), lines are drawn to meet the

sphere x> + )* + z*> = 4 and they are divided internally

in the ratio 2 : 3. The locus of the point of division is

(A) 5x2+ 524+ 52—-6x+ 12y +22z=0

B) 5(x+y*+22)=22

(C) 5Sx2+ 5>+ 522 — 2xy — 3yz —zx — 6x
+12y+5z+22=0

(D) none of these

The length of the perpendicular from the origin to the
plane passing though three non-collinear points a, b, ¢ is
[abc]
(A)
[axb+cxa+bxc|
2[abe

(B) [abc]

[axb+bXxc+cxal|

(C)labc]
(D) none of these

The lines r =a + A(b X ¢) and r = b + (e x a) will
intersect if

(A)axe=bxXxc
(C)bxa=cxa

(B)a-c=b-c
(D) none of these
The length of the perpendicular from the origin to the

plane passing through the point a and containing the
liner=b+ Acis

[abc] [abc]
l[axb+bxc+cxal| |[axb+bxc|
abc abc
[abc] (o) __label
[bxec+cxal [cxa+axDb|

The equation of the plane which contains the origin
and the line of intersection of the planes r.a = p and
rb=gqis

(A)r-(pa—gb)=0
(C)r-(qa+pb)=0

B) r-(pa+gb)=0
(D) r-(qa—-pb)=0
The vector equation of the line of intersection of the
planesr - (i+2j+3k)=0andr - 3i+2j+k)=0is
(A)r=Ai+2i+Kk) B) r=Ai-2i+k)
(C©) r=A>1i+2i-3k) (D) none of these

The plane x +y +z = 543 and sphere x2 +)? + 2= 5
(A) touch each other
(C) do not meet

(B) cutin a circle
(D) none of these

If P(x, y, z) is a point on the line segment joining O(2,

2,4) and R(3, 5, 6) such that the projection of OP on

the axes are ?, %, % respectively, then P divides

OR in the ratio

19.

20.

21.

22.

23.

24.

(A)1:2
©)2:3

From the point P(a, b, ¢) the normals drawn to planes
vz and zx are P4, PB, then the equation of plane OAB
is

(A) bex+acy +abz=0

(B) bex+acy —abz=0

(C) bex —acy +abz=0

(D) —bex +acy +abz=0

A mirror and a source of light are situated at the origin
O and at a point on OX, respectively. A ray of light
from the source strikes the mirror and is reflected. If
the DRs of the normal to the plane are 1, -1, 1, then d.
c’s of the reflected ray are

122 122
A) - 2 = B) ——,=,=
W 333 ® =333

1 2 2 1 22
C__9__’__ D __5__’_
© =333 B =3733

A variable plane moves so that the sum of recipro-
cals of its intercepts on the three coordinate axes is
constant A. It passes through a fixed point, which has

coordinates {11
A) (4L A4, Q) (B) (I’I’Ij

1 1 1
©) A -4,-4) (D) [_E’_I’_Ej

Equation of the sphere with centre in the positive
octant which passess through the circle x> +)* =4, z =
0 and is cut by the plane x + 2y + 2z = 0 in a circle of
radius 3 is

A)x*+y*+22-6x—-4=0

B) ¥*+)y*+22-6z +4=0
©O)¥*+y*+22-6z—-4=0

D) x*+y*+22-6y—-4=0

The equation of the sphere touching the three coordi-
nate planes is

(A) ZxX*+2a(x+y+2z)+2a*=0

(B) Zx*-2a(x+y+z)+2a*=0

(C) Zx*+2a(x+y+2)+2a*=0

(D) Ex*t2ax t2ay+2az+2a*>=0

The line r = a + b touches the sphere r> —2r - ¢+ h =
0, ¢* > h at the point with position vector a if

(A)(a=b)-¢=0
B)(@a-c¢)-b=0
(C)(b-c)-a=0

(D)a-b+b-c+c-a=0



25.

26.

27.

28.

29.

30.

31.
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Equation of the projection of the line 8x —y —7z=8§, x
+y+z=1ontheplane Sx —4y—z=51is

x-1 y =z x y-1 =z
A _— = B —_——— =
) 1 2 3 ®) 1 2 -3

x y z-1 x y+1 z+l1
C _——=— = — D —_—= =
© 1 2 3 @) 1 -2 3

The cartesian equation of the plane

r=(1+A-pwi+Q2+Aj+GB-21+2wkis
(A)2x+y=35 (B) 2x—y=5
C) 2x+z=5 D) 2x—z=5

The angle between the straight lines whose direction

cosines are given by 2/ +2m —n=0, mn +nl+Im =0,
is

T

(A) B) <

3

©

If a variable line in two adjacent positions has direc-
tion cosines [, m, n and [ + &I, m + om, n + 6n, then the
small angle 66 between the two positions is given by
(A) 60%=4(OF + om* + on?)

(B) 060%=2(0F + om*> + on?)

(C) 66*= (0P + om> + dn?)

(D) none of these

(D) none of these

N RS

If I, m, n and [, m,, n,are d.c’s of the two lines
inclined to each other at an angle 6, then the d.c.’s of
the internal bisector of the angle between these lines
are

A) L+1, m+m, n+n,
2sin6/2” 2sin6/2° 2sin6/2
B) L+, m+m, n+n,
2¢0s60/2° 2¢0s6/2” 2cos6/2
11 _lz m, —m, n,—n,

2sin6/2° 2sin6/2” 2sin6/2
ll _lz m, —m, n—n,
2¢0s0/2° 2¢0s0/2” 2cos0/2

The plane Ix + my = 0 is rotated about its line of inter-
section with the plane z = 0 through an angle . The
equation of the plane in its new position is

(A) Ix+my+z NP +m’ sino =0
(B) lx+my+z NP +m’ tana =0
(C) x+ my £z NI* +m* cotar =0

(D) none of these

P is any point on the plane Ix + my + nz = p; a point Q
is taken on the line OP such that OP - OQ = p?, then
the locus of O is

32.

33.

34.

35.

36.

37.

38.

(A) Ix + my + nz=p(x>+)*+ %)
B) p(lx + my + nz) =x*+ > + 22
(©) plx +y +2) = Ix* + my* + nz?
(D) none of these

The planes 3x —y +z+ 1 =0, 5x +y + 3z = 0 intersect
in the line PQ. The equation of the plane through the
point (2, 1, 4) and perpendicular to PQ is
A)x+y—-2z=5 B) x+y—-2z=-5
©C)x+y+2z=5 D) x+y+2z=-5.

The equation of the plane containing the linesr=a +
Abandr=a, + ub is

(A)r-(a,—a)xb=[aab]
(B)r-(a,—a)xb=[aab]
(C)r-(a,+a)xb=[aab]

(D) none of these

The equation of the sphere inscribed in a tetrahedron,
whose facesarex=0,y=0,z=0andx+2y+2z=11s
(A) 32(x*+y*+2)+8(x+y+2)+1=0

(B) 32(x*+y*+2)—8(x+y+2z)—1=0

(C) 2 +y*+z2)-8(x+y+2)+1=0

(D) none of these

The perpendicular distance of a corner of a unit cube
from a diagonal not passing through it is

(A) B)

© \f

The centre of the sphere which touches the lines y = x,
z=candy=—x,z=—c lies on
(A) xy=2cz
(C) yz=2cx

N

(D) none of these

B) xy=-2cz
(D) yz=—-2cx

If P be any point on the plane /x + my + nz =p and O
be a point on the line OP such that OP. OQ = p*. The
locus of the point Q is

(A) Ix+my+nz=x>+y*+2*

(B) Ix + my + nz =p(x* +y* + 2%)

(©) p(Ilx + my + nz) =x*+)*+ 22

(D) none of these

Through a point P(h, k , [) a plane is drawn at right
angles to OP to meet the coordinate axes in 4, B and
C. If OP = p, then the area of A ABC is

5 5

p
A
) 2hkl ® a hkl
5
c) £ D) none of these
© 4hkl )
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More than One Option Correct Type

39.

A variable plane passes through a fixed point (a, b, ¢)
and meets the coordinate axes in 4, B, C. The locus of
the point common to the planes through 4, B, C paral-
lel to coordinate planes is

(A) ayz + bzx + cxy = xyz

(B) ayz + bzx + cxy = 2xyz

41.

(A) AB is perpendicular to OC
(B) BC is perpendicular to O4
(C) CA is perpendicular to OB
(D) AB is perpendicular to CA

If the median through 4 of a A ABC having vertices 4
=(2,3,5),B=(-1,3,2)and C= (4, 5, ) is equally

a b ¢ inclined to the axes, then
©) —+—+-=1
x y z (A)A=7 (B) u=10
(D) none of these (€) 4=10 (D) u=17
40. If OABC is a tetrahedron such that O4*> + BC*= OB* +
CA?> = 0C? + AB?, then
Match the Column Type
42. 43.
Column-I Column-II Column-I Column-II
I. The centre of the sphere hav- (A) (-1, 4,-2) I. The radius of the circle x* + y* + 2> = 10
ing the circle 49, (A) m
X+ +2-3x+4y-2z-5 2x+3y—z—5V14=0 is
=0,5x—2y+4z+7=0asthe
. . II. The locus of the foot of the perpen- Jia
great circle is ) o h (B) V14
dicular from the origin on the variable
Il The plane 2x—2y+2+12=0 (B) (2,-3, 1) lane through the fixed point (2, —4, 6)
2 2 p g p s bl
touches the sphere x* +y? + 2% — is a sphere of radius
2x —4y +2z—3 =0 at the point
ks althe pott III. The distance of the line L whose vector (C) 3
I 4(3,2,0),B(5, 3{2)’ C(_g_’ 6, (O -1.-1,-1) equation is r = 2i — 2j + 3k + A(i — j
— 3) are three points forming + 4k) from the plane 1 whose vector
a triangle. If AD, the bisector equation is r - (i + 5§ + K) = 5, is
of ZBAC meets BC in D, then IV. Th i fthe ol hich :
coordinates of D are - The equation of the plane which meets ) Jo

IV.

The point in which the line
x+1 y-12 z-7
-1 5 -2
the surface 11x*—5)? —z2=01is

19 57 17
(D) (_9_3_)
cuts 8 16 16

the axes in 4, B and C, given that the
centroid of the triangle ABC is the

point (&, B, ), is X+ 2 + Z—k, where
‘e a B v

Previous Year's Questions

44.

45.

A plane which passes through die point (3, 2, 0) and
x-4 y-7 z-4.
= = is:
5 4
A)yx—y+z=1
C)x+2y—z=1

the line

[2002]

B) x+y+z=5
D) 2x—y+z=5

A parallelopiped is formed by planes drawn through
the points (2, 3, 5) and (5, 9, 7), parallel to the coordi-

46.

nate planes. The length of a diagonal of the parallelo-
piped is: [2002]
(A) 7 unit (B) /38 unit

©) J155 unit (D) none of these

The equation of the plane containing the line
X=X Y-y

A s a(x—x)+b(y—y)+clz—

l m n
z,) =0, where: [2002]



47.

48.

49.

50.

51.

52.

53.
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(A) ax, + by, +cz, =0
a b c

Q) —=2-=%

()l m n

A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1),
B(2, 1, 3) and C(—1, 1, 2). Then the angle between the

B) al+bm+cn=0

(D) Ix,+my, +nz =0

faces OAB and ABC will be [2003]
19 17

A) cos™ (—j B) cos™ (—)

(&) 35 ®) 31

(C) 30° (D) 90°

A line makes the same angle 6, with each of the x and z
axis. If the angle S, which it makes with y-axis, is such

that sin’3 =3 sin’0, then cos’6 equals [2004]
2 1

A) = B) -

(A) 3 B) E
3 2

C) = D) =

© . D) s

Distance between two parallel planes 2x + y + 2z = 8

and4x +2y+4z+5=01s [2004]
3 5

A) = B) =

( )2 (B) 5
7 9

C) — D) Z

© 5 (D) 5

A line with direction cosines proportional to 2, 1, 2
meets each of the linesx=y+a=zandx+a=2y =2z
The co-ordinates of each of the point of intersection
are given by [2004]
(A) (3a, 3a, 3a), (a, a, a)

(B) B3a, 2a, 3a), (a, a, a)

(C) (3a, 2a, 3a), (a, a, 2a)

(D) (2a, 3a, 3a), (2a, a, a)

If the straight linesx=1+s, y=-3—-As,z=1+ As

t .
and x =5,y =1+t¢,z=2—t with parameters s and ¢

respectively, are co-planar then A. Equals [2004]
(A) -2 (B) -1

1
©) - 5 (D) 0

The intersection of the spheres x> + y? + z2 + 7x — 2y

—z=13 and x* +)* + 22 — 3x + 3y + 4z = 8 is the same

as the intersection of one of the sphere and the plane
[2004]

B) x—2y-z=1

D) 2x-y—-z=1

A)x-y—-z=1
(C) x—-2z=1

x+1 _ y-1 z-2
2 2
and the plane 2x—y++Az+4=0 is such that

If the angle O between the line

. 1
sin0 = 3 the value of A is [2005]

54.

5S.

56.

57.

58.

59.

60.

5 -3
A) 2 -3
(A) 3 (B) 5

3 4
© " (D) 5

If the plane 2ax — 3ay + 4az + 6 = 0 passes through the

midpoint of the line joining the centres of the spheres
[2005]

X2+ +22+6x—8y—2z=13 and

xX2+y? + 22— 10x + 4y — 2z = 8, then a equals

(A) -1 B) 1

(©) -2 (D) 2

The two linesx=ay+b,z=cy+d;andx=d’y+1b’, z

= ¢’y + d’ are perpendicular to each other if  [2006]

(A) ad’ + cc’ =-1

(B) ad’ +cc’=1

© L+5-

a ¢

The image of the point (-1, 3, 4) in the plane x — 2y =
0 is [2006]

17 19
) (‘?‘?“j

(B) (15,11, 4)
(D) (8,4,4)

Let L be the line of intersection of the planes 2x + 3y +
z=1and x + 3y + 2z = 2. If L makes an angles & with

the positive x-axis, then cosa equals [2007]
1 1
(A) —= ®) -
5 2
1
O 1 D) —=
V2

If a line makes an angle of % with the positive direc-

tions of each of x-axis and y-axis, then the angle that
the line makes with the positive direction of the z-axis

is [2007]
N B ~
()6 ()3
(o) R D) ~
()4 ()2

If (2, 3, 5) is one end of a diameter of the sphere x* + )?
+ 22 — 6x — 12y — 2z + 20 = 0, then the coordinates of

the other end of the diameter are [2007]
(A) (4,9,-3) (B) (4,-3,3)
(C) (45 39 5) (D) (49 3: _3)

The line passing through the points (5, 1, @) and (3, b,
1—7,_—13) then
22

[2008]

1) crosses the yz-plane at the point (O,
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61.

62.

63.

64.

65.

66.

(A)a=2,b=38 B)a=4,b=6

(Ca=6,b=4 D)a=8,b=2

If the straight lines x—lzy—222—3 and
k 2 3

x=2 -3 z-1 . .
=72 intersect at a point, then the

3 k
integer k is equal to [2008]
(A) -5 B) 5
(©€) 2 (D) =2
Let the line x;Z = y—51 = Z+2 lies in the plane x +
3y— oz + B=0.Then (¢, f) equals [2009]
(A) (6,-17) (B) (=6,7)
(©) 5,-15) (D) (=5, 15)

A line AB in 3-dimensional space makes angles 45°
and 120° with the positive x-axis and the positive
y-axis respectively. If AB makes an acute angle 6 with

the positive z-axis, then 6 equals [2010]
(A) 45° (B) 60°
(C) 75° (D) 30°
. y—-1 z-3
If the angle between the line x = - = ) and the
. — 5
plane x+ 2y+ 3z= is cos ) then A equals
[2011]
3 2
A) = B) =
(A) 5 (B) 5
5 2
C) = D) =
© 3 D) 3

Statement - 1: The point A(1, 0, 7) is the mirror image

of the point B(1, 6, 3) in the line %: yT_l = Z;Z.
[2011]
Statement - 2: The line: %z yT—l = Z%Z bisects the

line segment joining 4(1, 0, 7) and B( 1, 6, 3).

(A) Statement-1 is true, Statement-2 is true; Statement-
2 is not a correct explanation for Statement - 1

(B) Statement-1 is true, Statement-2 is false.

(C) Statement-1 is false, Statement-2 is true.

(D) Statement-1 is true, Statement-2 is true;
Statement-2 is a correct explanation for
Statement- 1

An equation of a plane parallel to the plane x — 2y + 2z
=5 and at a unit distance from the origin is [2012]
(A)x=2y+2z-3=0

B)x—2y+2z+1=0

C)x—-2y+2z-1=0

D)x—-2y+2z+5=0

67.

68.

69.

70.

71.

72.

1=y+1=z—1 and x—3=y—k=?

3 4 1 2

If the lines x2—

intersect, then the value of & is equal to [2012]
2
(A) -1 B) =
9
9
© = (D) 0
2
x-2 y-3 z-4 x-1_ y-4

and
1 —k k 2

are coplanar, then & can have [2013]

If the lines

(A) exactly one value
(C) exactly three values

(B) exactly two values
(D) any value

Distance between two parallel planes 2x + y + 2z = 8

and 4x +2y+4z+5=01s [2013]
5 7
A = B) —
2 2
9 3
© = D) =
2 2
The image of the line X1 yl_3 = 2_54 on the
plane 2x —y +z+ 3 =0 is the line [2014]

x+3 y-5 z-2

&) 3 1 -5
(B) x+3:y—5:z+2
-3 -1 5
©) x—3:y+5:z—2
3 1 -5
(D) x—3=y+5=z—2
-3 -1 5

The angle between the two lines whose direction
cosines satisfy the equations / + m + n =0 and > = m?

+n? is [2014]
INE B) *
(A) 3 B) .
o D) =
© . (D) 5

The distance of the point (1, 0, 2) from the point of
x=2 y+l1 z-2

intersection of the line 1 and the
plane x —y +z =16, is: [2015]
(A) 8 (B) 3421
(©) 13 (D) 2414



73.

74. The distance of the point (1, =5, 9) from the plane x —y
+z =5 measured along the line x=y =z is:

Three Dimensional Geometry 22.25

The equation of the plane containing the lines 2x — 5y
+z=3andx +y+4z=>5, and parallel to the plane, x +

3y+6z=1,1s:
(A)x+3y+6z=-7
B)x+3y+6z=7
(C)2x+6y+12z=-13
(D)2x+6y+12z=13

» 2 B) 310
10
(20151 (©) 103 ®) 5

75. If the line .

x-3 y+2 z+4

my —z =9, then > + m? is equal to:

(A)2

[2016] © 18

(B) 26
(D) 5

lies in the plane, /Ix +

[2016]
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Single Option Correct Type
1. Any plane parallel to x-axes is by + cz+d =0. Z
If it passes through (2, 3, 1) and (4, -5, 3), then C D
3b+c+d=0and—5b+3c+d=0, 4 o
. b ¢ d . b c d K
1.e, —= =—. 16, —=—=—, I
1-3 —5-3 9+5 14 N 4
Hence, the plane parallel to x-axisisy +4z—7=0. 0 ! 7 X
2. Requaried distance = KL /B E

oo g5

3. When folded co-ordinates will be D(0, 0, a); C(a, 0, 0); A(—

a, O, 0)5 B(O’ —a, 0)
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Equation of DC'is,
r_ry_z-7a

a 0 -—a
Equation of 4B is,
xta_y _z

a —ll_6

. 2a
Shortest distance —.

3

4. The line of intersection of the planes
r-(3i—j+k=1and
r- (i+4j—2k)=21is L to each of the normal vectors
n =3i—-j+kandn,=i+4j-2k
It is parallel to the vector
n xn,=3i-j+k)x({i+4j-2k)

=-2i+7j+13k.
5. Let the sphere be x* +)? + 22 + 2ux + 2vy + 2wz + d=0
It passes through (1,0,0) = 1 +2u+d=0 (1)
It passes through (0, 1,0) => 1 +2v+d=0 2)
It passes through (0,0, 1) => 1 +2w+d=0 3)
1+d
Uu=v=w= ———
2

Radius of the sphere =+u’ +v> +w’ —d
1

= 31+ dy— 4d
2

N3d®+ 2d+ 3

1
2

4% 3x 3—-(2)* 32 8
Now, 3d°+ 2d+ 3> 3x3-0@r _32_8

4% 3 1 3
radius zlx\/gz\/g
2 \3 3
6. The equation of ONisr= A (i +j + k) (1)

N

10.

11.

Since it passes through the origin and is parallel to the vector
(i+j+K),any pt. onitis A (i + j + k). If this pt. lies on the
planer - (i+j+k)= 33
then, A(i+j+K) - (i+j+k =33
o, A(l+1+1)=343

A=13

Putting the value of A in (1), we get the position vector N i.e.,
centre of the circle as /3 (i+j+Kk).

Distance of (¢, B, p) from y-axis is given by

d=\od+ 7y

.. Distance (d) of (3, 4, 5) from y-axis is

d=+3+5=9+25 =/34.

. Let the foot of the perpendicular from the origin on the given

plane be P(c, B, 9. Since, the plane passes through A(a, b,
).

AP LOP = oa(a—a)+BB-Db)+y(y-c)=0
Hence, the locus of (¢, 3, Pis

xx—a)+y(y—>b) +z(z—c)=0

= X+y*+2—ax—by—cz=0,

which is a sphere of radius %\/a‘ +b+c’

. If [, m, n are the d.c’s of the line, then

1-/-1-m+1-n=0

and, 1-/-3-m+0-n=0
I m _n
043 1-0 -3+1

Hence, the d.r’s of the line are 3, 1, -2.

The straight line r = a + Ab meets the plane r - n =0 in P for
which A is given by

(a+1b) - n=0= A= 21
b.n

Thus, the positive vector of P is
r=a-— ﬂb

b.n
Suppose, any line / through the given point (1, -2, 3) meets
the sphere x* + )? + z2 = 4 in the point (x, y, ).
Then, x/+ y'+ z}= 4 (1)
Now, let the coordinates of the point which divides the join
of (1, -2, 3) and (x, y,, z,) in the ratio 2 : 3 be (x,, y,, z,).
Then, we have

233l 503
2T T T
2. +3(-2) 5y,+ 6
S0 or == )
22,433 52,- 9

Putting the values of x,, y,, z, from (2) in (1), we have
(5x,—=3)+(5y,+6) +(52,-9) =4 x4
= 25(x2+y)+2)—30x,+ 60y, — 90z, + 110 =0



12.

13.

14.

15.

16.

17.

Three Dimensional Geometry 22.27

The locus of (x,, y,, z,) is
S(*+)P+z2)—6(x—2y+32)+22=0
The vector equation of the plane passing through points a, b,
cis
r-(axb+bxc+exa)=[abec]
Therefore, the length of the L from the origin to this plane is
given by

[abe]

l[axb+bxc+exal

The lines r=a + A(b X ¢) and r = b + u(c X a) pass through
points a and b, respectively and are parallel to vector b X ¢
and ¢ X a, respectively. Therefore, they intersect if a — b, b x
¢ and ¢ X a are coplanar and so

(a—b) - {(bxe)x(ecxa)}=0

= (a—b)-([bcalc—[beccla)=0

= ((a-b)-¢)[bca]=0

= a-¢c-b-c=0 = a-c=b-c

The given plane passes through a and parallel to the vectors

b—aandec.

. itis normal to (b —a) X c.

Hence the equationis (r—a) - [(b—a)x¢]=0

or, r-[bxe+cxal=[abc]
The length of the L from the origin to this plane is
[abc]

[bxc+exal

Any plane through the intersection of r - a=p

and, r-b=gqis

r(a-Ab)=p-Jq (1
Since it passes through the origin

0-(a-Ab)=p-Aq
= p-A=0 = /1—5-

Putting this value of A in (1), we get

r-(a—pb):p—pq=0

q q

ie,r-(ag— pb)=0

This is the required equation.

The line of intersection of the planes r . (i + 2j + 3k) =0 and
r.(3i + 2j + k) = 0 is parallel to the vector (i + 2j + 3k) x (3i
+2j + k) =—4k + 8j — 4k. Since both the planes pass through
the origin, therefore their line of intersection will also pass
through the origin. Thus, the required line passes through the
origin and is parallel to the vector — 4i + §j — 4k. Hence, its
equation is

r=0+ A'(—4i+8j—4k) = r = Ui-2j + k) where A=—41".
Distance of plane x + y +z = 543 from centre (0, 0, 0) of
sphere x*> +)* + 22 =5

53

= =5 (radius of sphere), so plane touches it.

NP+ 41

18.

19.

20.

13 19 26
Since OP has projections 35 and 5 on the coordinate

1 1
axes, therefore OP = ?i + ?9 j+ ?61(. Suppose P divides

the join of Q(2, 2, 4) and R(3, 5, 6) in the ratio A : 1. Then,
the position vector of P is

3A+2)., [(5A4+42), [6A+4
i+ j+ k.
(}Hlj (AHJ (M—lj

3A+2)., (5A+2), (6A+4
= i+ j+ k.
A+1 A+1 A+1
3442 13 5A+2 19 6A+4 26
A+l 57 2+ 57 A+1 5
= 2A=3=1=3/2.

PA, PB are perpendiculars drawn from P(a, b, ¢) on yz and zx
planes

A(0, b, ¢) and B(a, 0, ¢) are points on yz and zx planes.
The equation of plane passing through (0, 0, 0) is
Ax+By+Cz=0
which also passes through 4 and B

A-0+B-b+C-c=0 (1)
A-a+B-0+C-c=0 2)
Solving (1) and (2), we get

A B C

bc—0 ac—-0 O—ab
= A= Abc,B=Aac, C=— Aab
Required equation is
bex +acy —abz=0
Let the source of light be situated at A(a, 0, 0), where a # 0.
Let OA be the incident ray and OB the reflected ray. ON is the
normal to the mirror at O.

0
ZAON = ZNOB = 5 (say)

dr’sof Od are a, 0,0 and soitsd.r’sare 1,0, 0

d.r’s of ON are L L.

NN

0(0, 0, 0)
Let [, m, n be the d.r’s of the reflected ray OB. Then,
I+1 I m+0 1

2co0s6/2 :ﬁ’ 2co0s6/2 B 3
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21.

22,

23.

24.

d n+0 1
an =—
2c0802 3
2 -2 2
= 7_1’ = T = -
=1 3 m= == n 3
1 2 2
= Il=—— m=——,n=—.
3 3 3
1 22
Hence, d.c’s of the reflected ray are 333
Let equation of the variable plane be
ENPANE (1)

a b ¢
The intercepts on the coordinate axes are a, b, ¢ . The sum of
reciprocals of intercepts is constant A, therefore

I 1 1

L I S ) W R W

a b c a b c

(%, %, %) lies on the plane (1)
Hence, the variable plane (1) always passes
through the fixed point (l, l, lj

A A A
Equation of a sphere through the given circle is
X+ +2-42+z=0
Centre of the sphere is (0, 0, —4/2) and the radius

r=40+0+A%/4+4

Let d the distance of the plane x + 2y + 2z = 0 from the centre
of the sphere.

then, d = 0+2x0+2(-A2) :H
V1+2%+27 3

Since the sphere (1) cuts the plane in a circle of radius 3,
P-d=3=4+4-19=9=51/36=5

= P=36=>1=+6

Since the centre lies in the positive octant, A <0

and hence the required equation is

X+ +z22—6z-4=0.

Let the radius of the sphere be a; then the distance of its
centre from coordinate planes which it is touching should be
equal to radius a. Hence, its centre is (@, a, a). But since the
centre can be in any octant we say that its centre is (+a, *a,
+a) and radius a, so that its equation is (x £ @)’ + (y £ a)* +
(zxay=a’orx’+y*+ 22+ 2ax + 2ay £ 2az + 24> =0
There can be an infinite number of such spheres depending
on the value of a.

In case the radius, i.e., a be fixed, then only eight such
spheres can be drawn.

The given line meets the given sphere at points for which (a
+1b*)?—2(a+1tb).c+h=0o0r”b*+2¢(a.b—b.c)+a*-2a.c
+h=0

The line = a + b touches the given sphere at r = a, if the
two values of ¢ obtained from (1) coincide with =0. = a> —
2a.c + h = 0 which shows a lies on the sphere and a.b — b.c
=0=(a—-c).b=0.

25.

26.

27.

Any plane through the given line is
x+y+z—1+A8x-y—-7z-8)=0 @)
= 1+8)x+(1-A)y+(1-71)z-1-81=0
It is perpendicular to the plane 5x —4y —z=5
if (1+8)5+(1-A () -(1-7)=0=1=0
So that (1) becomesx+y+z—1=0
Now, the line of intersection of the planes
x+y+z—1=0and 5x — 4y —z =5 is the required line of
projection, which clearly passes through (1, 0, 0) and if /, m,
n are direction ratios of the line then / +m +n =0 and 5/ —
4m—-n=0
I m _ n
“1+4 5+1 -4-5

I m n I m n
= == = —=—=—
3 6 -9 1 2 -3
and hence the requaired equation of the projection is
=l y_z
1 2 -3
We have,

r=(+A-@i+(2-Dj+3-21+2uwk

= r=(i+2j+3Kk)+ A%i—j—2Kk) + u(-i+2K).

which is a plane passing through

a =i+ 2j + 3k and parallel to the vectors

b=i—-j—2kandc=—-i+2k.

Therefore, it is L to the vector

n=bxc=-2i—-k.

Hence, its vector equationis (r—a) - n=0

= r-n=a-n

=>r- (2i-k=-2-3=>r-Q2i-k)=5

So, the cartesian equation is

(xityj+zk) - Qi+k)=5

or,2x +z=>5.

Relations are

2l-2m—n=01ie,n=2[+2mand mn+nl +Im=0.

Eliminating n, we have (m +[) 2/ +2m) +Im =0

ie., 2P+ 5Im+2m*=0or 2/ +m) (1+2m)=0.

When 2/ + m =0, we have from 2/ +2m —n=0, n =m.

Thus L S ﬁa
-1 02 2

i.e., d.c.’s of one line are proportional to [-1, 2, 2].

Again, when / + 2m = 0, we have from 2/ +2m —n=0,n=1.
I m n
2 -1 2

i.e., d.c’s of other line are proportional to [ 2, -1, 2].

5

Now, if 8 be the angle between the two lines, then

cosf o Tl2¥2-1+22

JE+22 422+ +2)

ie, 0= 1 7 or the two lines are at right angles to each other.
2



28.

29.

30.

Three Dimensional Geometry 22.29

[/, m,n] and [+ O8I, m + Om, n + On] are d.c.’s
P+m>+n’=1 €))

and, (I+ 8P+ (m+ dmy+ (n+ dny=1

ie., (P+m?+n?+ (6P + om*+ on?) + 210

+2mdém +2ndn =1

or, O + om? + on* =-2(16l + mdm + ndn) from (1) 2)

Now, cos 60 = I(I + Ol) + m(m + dm) + n(n + on)

=P+m*+n*+10l+mén+ndn

-1 ,% [87 + Gm? + °] from (1) and (2)

or, O + om? + on* = 2(I — cos 60)
=22 sin’ % 00

1Y 1 1
=4 | - —00 ~—560.
[259J as sin 5 5

=06

Let O4 and OB be two lines withd.cs/,m ,n and [, m,, n,.
Let O4 = OB = 1. Then, the coordinates of 4 and B are (/,,
m, n)and (I, m,, n,), respectively. Let OC be the bisector of
ZAOB. Then, C is the mid point of 4B and so its coordinates

are

(ZIH2 m, +m, nl+nzj

s

2 7 2 2
L+1, m+m, n+n,
R

2 2 2
We have, OC = L+ 4| +(”1 +n
2 2 2

1
:5\/(112 +ml2 +n]2)+(122 +m22 +n22)+2(1112 +mm, + nn,)

s dar’s of OC are

1
= 51/2 +2cos6 [ cos@=11 +mm,+nn)
= %\/2(1 +cosf) = cos[%j.

I mmﬂ")
B\lv -
C[ll+lz m; +m, ”1+”2]
2 T 2 T2
Ay, my, )
X

E[ L= m—m, nlfan

X

2 2 2
D (1, —m,, —n,)

v
L+l m+m, n+n,

2(0C)” 2(0CY " 2(0CY
L+, m+m, n+n,

2¢0s0/2” 2c0s0/2° 2cos0/2

d.c’s of OC are

or,

The plane has been rotated about its line of intersection with
the plane z = 0; hence it will pass through the intersection of
the plane /x + my =0 and z=0.

Let the equation of the plane after rotation be

31.

32.

33.

Ix+my+Iz=0; (1)
then it makes an angle o with the plane
Ix+my=0. (2)
[ l+m-m+21-0
cosa =
JE+m 2@ +m?)
P+ m?)

P+ m’+ 1)

(P+m?+ ) cos’a=P +m?

or, Acos’a= (P +m?) (1 — cos’a),
ie., 2= (P+m?) tan’a
or, A=+ +m’ tana.

Putting this value of A4 in (1), the required plane is given by
Ix+my+zJIP +m’ tana =0
Let Q be the point (x', )/, 2).
Also, let OP=rand OQ =+ |/(x" + y'* + z'*). Then, equa-
tion of OQ (in distance form) is

X v z

X v 2
So, coordinates of the point P, which is at a distance » from

O are

This point P lies on the plane Ix + my + nz = p.

r2 12
yp zp
+n r'z =P,

12
/ xfz +m N
or, p(IX'+my +nz')=r?=x"2+)"2+z?).
Locus of Q(x', ), 2') is
p(bx +my + nz) = x> +)* + 2%
Let [/, m, n] be the direction -cosines of PQ, then
3 -m+n=0
and, 5/+m+3n=0,
I m _n I m _n
31 5-9 345 1 1 22
Now, a plane L to PQ will have /, m, n as the coefficients of
x,yand z.
Hence, the plane L to PQisx +y—2z=A.
It passes through (2, 1, 4);
2+1-24=2ie,A=-5.
Hence, the required plane is
xX+y-2z=-5.
The required plane passes through the points having position
vectors a, and a, and is parallel to the vector b. Therefore,
if r is the position vector of any variable point on the plane,

then the vectors r —a,, a, —a, and b are coplanar.
(r—a)-((a,-a)xb)=0
= r-(a,—a)Xb-a -(a,xb)=0

= r-(a,—a)xb=J[a a,b]



22.30 Chapter 22

34.

35.

36.

Let (a, b, c¢) be the centre and 7, the radius of the sphere.

The sphere is inscribed in the tetrahedron, hence the length
of the perpendicular from the centre (a, b, ¢) upon each of
the faces = radius of the sphere

a b c_l—a—2b—2c_r
1

:Tzl

Vi+4+4
. l—-a-2b-2c
ie,a=b=c=—""_——"—=7 1
3
From (1), we get
3a=1-a-2b-2c 2)

and,a=b=c
3a=1-a-2a-2a=8a=1.. a=_

1
and, then r =a= 3

Centre is | 1 l,l and radius = 1
888 8

b

Hence, the required sphere is

(Aot
8 8 8 8
= 32+’ +z2)-8(x+y+z)+1=0.
Let the edges OA4, OB, OC of the unit cube be along OX, OY,
OZ, respectively. Since
OA=0B=0C=1 unit
OA=i,0B=}j,0C =k
Let CL be perpendicular from the corner C on the diagonal
OP. The vector equation of OP is: r = A (i +j + k)
. OL = projection of OC on OP = OC . OP = k
(i+j+k) 1

BB

1 2
NOW,0C2=0L2+CL2:>CL2=0C270L2=l—gzg
= CLz\/g

3
z
0,0, 1)
. NEPENGEN
L B0, 1,0)
o
i
(1,0, 0)

X

Let equation of sphere be x2 + y* + 2 + 2ux + 2vy + 2wz + d
=0

The line y = x, z = ¢ intersects it at the point where

232+ 2(u + v)x + (2 +2we +d)=0

Since the line touches the sphere, the roots of this equation
are coincident.

37.

38.

4(u+v)>?—-8(c?+2wec+d)=0 )
Similarly, for second line
4(u—vy—8(c*—2wec+d)=0 2)

Subtracting (2) from (1), we get 4uv — 8wc =10
= uv=2wc
Locus of centre (—u, —v, —w) is xy = —2c¢z
Let P be the point (x,, y,, z,) on the given plane, then Ix, +

my, +nz, =p (1
Let O be (e, B, 7). Since, O, P, Q are collinear, therefore
LN A g (say) ()
a By

Now,OP.0Q=p* = \Jxi+yi+ z\Jd+ B+ =p
= k(o ) =p 3

Also, from (1) and (2), k (loc+ mfB+ ny) = p; From (3) and (4)
we have p (lao+ mB+npy = (> + >+ p?)
Locus of Q= (e, B3, y) is p(lx + my + nz) = x> + y* + 22

Here, OP =W+ k’+ = p

h k
DRs of OP are: s
R+ R+ + 2
! G rEl
R+ki+l> p PP

Since OP is normal to the plane, therefore, equation of plane
is

ﬁx+ﬁy+iz:p or hx + ky + Iz = p?
p p p

2 2 2
a=|2 0,0|,B=]0,2,0|,c=]0,02-
A k /

VA

o

X

Now, Area of AABC, A= |4} + A + 4,

where, Af_v is area of projection of AABC on xy plane = area
of AAOB

p/h 0 1
1 2 p'
Now, 4 =—| 0 plk 1=
o2 2 |hk|
0 0 1
4 4

P and A = P
2|k 2 |ih|

5

A=A + £+ 42 =L
> 2hkl

Similarly, 4 =
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More than One Option Correct Type

= —-2b-c=-2c-a=(a-b)-c=00rBA-OC=0

six*+ )y +22-2x—4y+2z-3=0

x—1:y—2:z+1:}L
2 -2 1

X z
39. Let the plane be a * % * ; =1 Therefore, 4B is perpendicular to OC. Similarly, BC is per-
b pendicular to O4 and CA4 is perpendicular to OB.
It passes through (a, b, ¢); .. LA (1)
a By 41. Mid-point of BC is (E, 4, 2+ uj
Now, coordinates of the points 4, B, C are (¢, 0, 0), (0, /3, 0) 2 2
and (0, 0, ), respectively. Direction ratios of median through 4 are
Equations of the planes through 4, B, C parallel to co-ordi- _ _ _
nate planes are %—2,4—3,2;u—5,i.e.,y S,I,HZ8
Y=o (@)
y=p 3) A(2,3,5)
and, z=7y. 4)
The locus of their point of intersection will be obtained by
eliminating ¢, B, ¥ from these with the help of the relation
.
We thus get
£+é+£ L B(-1,3,2) Cn, 5, 1)
r oy oz The median is equally inclined to axes, so, the direction
ie., ayz +bxz + cxy =xyz. ratios must be equal, so
which is the required locus. r—5 T
40. Let OA =a, OB = b, OC = ¢, then, we have — Tl=T = A=Tu=10
) > ’ ’ 2 2
a-at(b-c)-(b—c)=bb+(c—a)(c—a)
42. TEquation of any sphere through the given circle is x* + )2 + Any point on the line is PRQA+ 1,-24+2, A1)
22 =3x+4y—2z-5+ A(5x—2y+4z+7)=0. Centre of the This point will lie in the plane if it satisfies the given equa-
sphere is tion of the plane such that
(375/1 21 -4 274/”tj 2QA+1)=2(=2A+2)+(A-1)+12=0
27 27 2 = 94+9=0
Since the given circle is a great circle, the centre of this A=—1
sphere lies on the plane Sx 2y + 4z +7=0 Hence, coordinates of point of contact are
5(3—5),)_2(2/1—4)+4(2—4/1) 4720 P(-1,4,-2)

2 2 2 43. II Let P(u, v, w) be the foot of the perpendicular from the
= —45A+45=0=>1=1 origin to the plane, then OP is normal to the plane, so that
and the coordinates of the centre are (-1, —1, —1). direction ratios of the normal to the plane are u, v, w and

II. Equation of the line passing through centre of sphere (1, 2, as it passes through the point (2, —4, 6), its equations is
—1) and perpendicular to the plane of sphere having direction u(x=2) +v(y +4) + wiz—6)=0.
ratios (2, -2, 1) is Since (u, v, w) lies on it.
uu-2)+tviv+4)+ww-6)=0
B = ¥tV +w -2utdv-6w=0
//’T\\\ Z-2y+z+12=0 The locus of (u, v, w) is
— R Dt dy—62=0.
U which is a sphere of radius =+1+4+9 = Ji4.
III. The given line is

L:r=2i-2j+3k+A+(i—j+4k)

[From: r = a + Ab]
a=2i+3kandb=i-j+4k
and the plane is

where
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44.

45.

w:r-(i+5j+k)=5 [Fromr - n=d]

Hence, the given line L is parallel to the plane 7 and the

—i sk 0
where n=i+5j+k distance between them is NS
Now, b-n=(@i-j+4k)- (i+5)+k) S N 13) 3
. Let the equation of plane be
=(1) () + 16 + (@)D o P
=1-5+4=0. 2 E ()
The line L is perpendicular to the normal to plane 7. a b oc
In the equation of the plane, replacing r by the position vec- The plane meets the axes in 4, B and C, the coordinates of
- Of‘ihe e Onpline . V‘V’e etg yhep A, B and C are (a, 0, 0), (0, b, 0) and (0, 0, c) respectively.
s P »We B Coordinates of the centroid of AABC are
a n—z' 2 (5K = S (a+0+0 0+b+0 O+0+cj (a b Cj
= - : = s ) il R S B
(2;112)513’1 5 3 3 3 3°3°3
= —, =
@)D+ 2E) +(3)D) L But the given coordinates of the centroid of AABC are (a, f3,
= 2-10+3=5 = -5=5whichis false. )
Thus, A4 does not lie on plane 7. u
Hence, the line L is parallel to plane & and does not lie on 3 =a = a=3a
plane 7.
Distance of line L from plane 7 g = = b=3p
= Distance of any point on L from plane 7
c
= Distance of 4 from plane 7 3 =y = c¢=3
Clan-5] (20 -2j+3k)-(i+5]+k)-5 Substituting these values of @, b, ¢ in (1), we get
n] Jay +(5y +17 XLy
3a 38 3y
C12-10+3-5] 10 .y -
- 27 33 = 4o +—=3
V27 NE PR
Previous Year's Questions
Key Idea: A line will be a plane, iff X ‘l N _YTN_ZTA
(a) the r?ormal to tl.le pl'ane is perpendicular to the line. alx—x) + by —y) +e(z—z)=0.1f
(b) apoint on the line lies on the plane. al+bm+en=0
In the given choices equation x — y + z = 1 is satisfied by (3, 47
2, 0) and (4, 7, 4). Thus the equation of plane which passes )
throught (3, 2, 0) and the line. X—%_ 2 . 7_ 224 has
equationx —y +z=1.
A parallelopiped is formed by planes drawn through the 5
points (2, 3, 5) and (5, 9, 7), parallel to the coordinate planes. 4
Let a, b, ¢ be the lengths of edges, then 3
a=5-2=3,b=9-3=6,andc=7-5=2 \\/
So the length of di 1 of th llelopiped
o the length of diagonal of the parallelopipe 48. 1= cosO, m = cosh, n = cos
=Va'+b' +c cos?0+ cos?0+ cos’ff =1 = 2 cos’0= 1- cos’B=sin’B = 3
=J9+36+4 sin’6 (given) .
20 =
— 49 = 7 unit And so cos?8=3/5.
49. Given equation of planes:

46.

4 _YTN _ 272 Jiein the plane ax

Key Idea : A line X
/ m n

+by+cz+d=0,if

(a)al+bm+cn=0,and

(b) ax, + by, +cz, +d=0.

Therefore, the equation of the plane containing the line

2x+y+2z—-8=0,4x+2y+4z+5=0=2x+y+2z+5/2
=0
Hence the distance between planes

|d —d,|  [-8=5/2] 7

it JrRere2 2




50.

51.

52.

53.

54.

SS.

56.

Three Dimensional Geometry 22.33

Any point on the line %: y-lka = % =1 (say)is (s, 1, —a

t,) and any point on the line * ; a_r_ % =1, (say)is (2,

—a,1,1,). 1

Now direction cosine of the lines intersecting the above lines
is proportional to

2t,—a—t,t,~t +a,t,—t)
Hence (2t,—a—t =2k, t,—t, ta=kandt,— 1t =2k
On solving these equations, we gett, = 3a, t, = a.

Hence the points are (3a, 2a, 3a) and (a, a, a).

z—1 X

Given lines ——=2—= =s and y-1

21
== 712 =¢ are coplanar then plane passing through these

lines has normal perpendicular to these lines
= a—-bl+cl=0and g+b—c=0 (where a, b, c are

direction ratios of the normal to the plan)

From above equations, we get A. = —2.

Required plane is S, =S, =0

where S, =x*+)*+22+7x -2y —z—13=0and

S, =x*+y"+22-3x+3y+4z-8=0

which implies that 2x —y —z=1.

Angle between line and normal to plane is

cos(ﬂ—@J:Z_HZ\/I
2 3x \/m

where @is angle between line &

plane
. 21
= sinf = =—
3J5+4 3
= lzé.
3
Plane

2ax — 3ay + 4az + 6 = 0 passes through the mid point of the
centre of spheres x> +)? +z2+ 6x — 8y —2z=13 and x> +)* +
z2 — 10x + 4y — 2z = 8 respectively centre of spheres are (-3,
4,1)and (5, -2, 1)

Mid point of centre is (1, 1, 1)

Satisfying this in the equation of plane, we get
2a-3a+4a+6=0

= a=-2.

Equation of lines x=b =y= z-d
a c

and, x—=b :y:z—,d

a/
Lines are perpendicular = aa’” + 1 + ¢¢’ = 0.
If (¢, B, y) be the image, then

E_z(ﬁ+3jzo
2 2
Lo—-1-2B-6=>a-28=17 (1)

57.

58.

59.

60.

61.

a+l pB-3 y-4 2
1 2 0 @
From (1) and (2)

and

9 13
a=_,f=——y=4
sP=57

No option matches.

If direction cosines of L be [, m, n, then 2/ +3m +n=10
Also, [+3m+2n=0

Solving both the equations, we get

L_m_n
3 -3 3
1 1 1
I'min=—47=:——:—= = cosa=

&=

NEINERRNE]

Given that [ = Cosﬁ,m =cos™
4 4

We know 2 +m?+n*>=1
= Lo

2 2
= n=0
Hence, the angle with positive direction of z-axis is E,
Coordinates of centre are (3, 6, 1) 2
Let the coordinates of the other end of diameter (¢, 3, 7).
en, a+2:3’ﬂ+3:6,y+5:1

2 2 2
Hence, =4, f=9 and y=-3.

Th

Equation of line passing through (5, 1, @) and (3, b, 1 ) is

x=5 y-1 z-a _
2 1-b a-1

If line crosses yz-plane i.e., x = 0.

Thenx=21+5=0

= A=-5/2,

Since, y=/l(1—b)+1:177

5 17
= ——(1-b)+1=—
2( ) 2

= b=4.

Also, z:l(a—1)+a:—%

5 13
= —-—(a-D+a=-——
2( ) 2

= a=6
Given lines * 1 =2 =2 _273 g x=2_y=3_z-1
2 3 3 k 2
Since lines intersect in a point, we have
k2 3
3 k 2|=0
I 1 =2

2k*+5k—25=0and so, k=—5 or 5/2.
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62.

63.

64.

65.

66.

67.

Direction ratios of line = (3, =5, 2)
Direction ratios of normal to the plane = (1, 3, —)
Since line is perpendicular to normal we write
3(H-53B3)+2(-x)=0
= 3-15-2a=0=20=-12=0=-06
Also (2, 1, —2) lies on the plane
2+3+6(-2)+pB=0=pB=7
s (a,p)=(-6,7)

o 1
[ =cos45°= NG

m=cos120°= —l

n=cosf
where 6 is the angle which line makes with positive z-axis.
Now 2 +m?+n*=1

= l+l+c0s29=1
2" 4
cos29=l
4

= cosf =% (0 being acute)

sinf =

1+4+34

Vi+41221+4+9
3 5432 -

2
— == = l i
NVSENFTEN V) 3

sinf =

Statement - 1: AB is perpendicular to given line and mid

point of AB lies on line

Statement - 2 is true but it is not correct explanation as it is

bisector only.

If it is perpendicular bisector then only statement - 2 is cor-

rect explanation.

Equation of plane parallel tox =2y +2z—-5=0isx — 2y +
2z+ k=0 (@)

Perpendicular distance from O(0, 0, 0) to (1) is I
Ld
V1+4+4
= [kl=3
= k=%3

xX—2y+2z-3=0

Any point on X—_I:yTH:ZXI
4t+1)
And any point on xI3=y?_k=%=s is(s+3,2s+ks)

=t is 2t + 1, 3t — 1,

68.

69.

70.

71.

72.

73.

Given lines are intersecting

= t:—é ands=-5 .. k:2
2
1 -1 -1
Since,|I 1 —k|=0
k2 1

(1+2k)+1(1+k)-12-k =0
RP+1+2k+1-2+k=0
P +3k=0
(kW)(k+3)=0

2 values of k.
Given 4x + 2y +4z=16
4x+2y+4z=-5

g2 217
min \/% 6 2'

Line is parallel to plane
Image of (1, 3,4)is (3, 5, 2).

I=—m-—n
m? + n* = (m + n)*
= mn=0
L 11 1 1
So possibilities are | ——=,—=,0 | or | ——=,0,—=
2 42 2 2

= cosb :l
2

= O:E.
3

Let the point of intersection be (2 + 31, 44— 1, 124+ 2)
Q+30)-@dA-1)+124+2=16
= 11i=11
= A=1
= point of intersection is (5, 3, 14)
= distance = /(51> +9+12°
=J16+9+144 =13.
Let equation of plane be (2x — 5y +z —3) + A(x +y +4z —
5)=0
As plane is parallel tox + 3y + 6z—1=0
2+A A-5 1+44

1 3 6
= 6+34=1-5
= 11=-21
a=_U

Also, 64—30 =3 + 124

= —-64=33

So the equation of required plane is
Ax—-10y+2z-6) - 1l(x +y +4z—-5)=0
= —TIx-2ly—42z+49=0

= x+3y+6z—-7=0.
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74. Equation of line parallel to x = y = z through 75. Given line is
.ox—1 +5 z-9 x=3 y+2 z+4
(1,—5,9)1sT:yT: =i 2yl
If P(A+ 1, =5, A+ 9) be the point of intersection of line and given plane is x + my —z=9
and plane, we have Now, it is given that the line lies on the plane
(1,-5,9) S 2l-m=-3=0 = 2-m=3 (1)
Also, (3, -2, —4) lies on the plane
/ s 31-2m=5 2)
P Solving (1) and (2), we get
I=1,m=-1
P+m>=2

A+t1-A+5+21+9=5

= A=-10

= Coordinates of the point P are (-9, —15, —1)
Required distance =10+/3
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